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We study a generalization of the GI/G/1 queue in which the server is turned
off at the end of each busy period and is reactivated only when the sum of the
service times of all waiting customers exceeds a given threshold of size D. Using
the concept of a "randomly selected" arriving customer, we obtain as our main
result a relation that expresses the waiting-time distribution of customers in this
model in terms of characteristics associated with a corresponding standard
GI/G/1 queue, obtained by setting D = 0. If either the arrival process is Poisson
or the service times are exponentially distributed, then this representation of the
waiting-time distribution can be specialized to yield explicit, transform-free for-
mulas; we also derive, in both of these cases, the expected customer waiting
times. Our results are potentially useful, for example, for studying optimiza-
tion models in which the threshold D can be controlled.
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288 J. Li and S.-C. Niu

1. INTRODUCTION

We study in this paper a generalization of the GI/G/1 queue in which the server
is turned off (i.e., becomes unavailable for service) at the end of each busy pe-
riod and is activated again only when the sum of the service times of all wait-
ing customers exceeds a threshold of size D, a fixed nonnegative real number.
We shall call this model, of which the standard GI/G/1 queue is the special case
with D = 0, the GI/G/1 queue under the Z)-policy.

The special case of our model in which the arrival process is Poisson, i.e.,
in the M/G/l setting, was first formulated and studied by Balachandran [3] and
Balachandran and Tijms [4]. Their primary interest was in optimal system con-
trol: Under the assumption that the system incurs a fixed "switching cost" each
time the server is turned on and a "holding cost" at a constant rate per unit of
unfinished work per unit time, they derived a formula for the long-run (time)-
average cost to the system as a function of D. This formula was then used to
determine the optimal value D* that minimizes the long-run average cost, and
to compare the resulting optimal long-run average cost to that of an M/G/l
queue under a related N-policy, which, originally introduced in Yadin and Naor
[21] and further studied in Heyman [9], differs from the D-policy in that the
server is activated when the number of waiting customers reaches level N. After
studying several special classes of service-time distributions, it was conjectured
that the £>-policy is superior to the TV-policy for all service-time distributions;
this was subsequently confirmed by Boxma [5].

Our primary interest in this paper is to study the waiting-time distribution
(in queue) of customers in the more general GI/G/1 queue under the jD-policy.
In addition to being of interest in its own right, the waiting-time distribution
can be useful, for example, in the analysis of an optimization model in which
the holding cost is incurred at a rate that is per unit of customer sojourn time
(defined as the sum of waiting and service times), as opposed to per unit of un-
finished work [2;3, p. 1017, paragraph 1;21]; in fact, knowledge of the waiting-
time distribution makes possible, at least in principle, the analysis of more
general models in which the holding cost is a nonlinear function of customer so-
journ time. In the M/G/l setting, such a model with linear holding cost has
been studied in Rubin and Zhang [18] and, independently, in Li [11], where it
is shown, among other results, that under this cost assumption the optimal D-
policy is, perhaps surprisingly, not necessarily superior to the optimal Af-policy,
a result that can be attributed to the fact that, unlike the standard M/G/l-FIFO
queue where the virtual workload found by an arriving customer always equals
his actual waiting time, the waiting time experienced by an arriving customer in
the M/G/l queue under the Z)-policy will typically be longer than the virtual
workload if the server is unavailable for service at his arrival epoch.

The waiting-time distribution under the /V-policy has been studied, in the
M/G/l setting, by Neuts [12,13] and by Shanthikumar [19]; in the same setting,
Heyman [10] has studied the expected sojourn time under yet another related
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THE WAITING-TIME DISTRIBUTION FOR THE GI/G/1 QUEUE 289

7-policy, according to which the server is activated T time units after it was last
turned off (if there is no waiting customer when the server is activated, it is
turned off immediately). For the £>-policy case, the waiting-time distribution,
even in the M/G/l setting, does not appear to have been studied in the litera-
ture before, and this is perhaps due to the difficulties that arise when one at-
tempts to follow classical solution methods (e.g., the embedded Markov chain).
Our main result, which is a relation that expresses the waiting-time distribution
of customers in the GI/G/1 queue under the D-policy in terms of characteris-
tics associated with the standard GI/G/1 queue, will be proved by constructive
arguments that are based on the concept of a "randomly selected" arriving cus-
tomer. We believe our method of proof, which is closely related to that used ear-
lier in Niu [14] and Niu and Cooper [16], is of some independent interest.

The outline of the rest of our paper is as follows. In Section 2, we formally
define the concept of a randomly selected arriving customer and state our main
result, Theorem 1; we also summarize how to specialize Theorem 1 to the
M/G/l and the GI/M/1 settings, to obtain explicit, transform-free formulas for
both the distribution and the expectation of waiting times. In Section 3, we pro-
vide proofs for the results stated in Section 2. Finally, in Section 4, we give some
additional comments and, in particular, show that our method of analysis can
also be used to study the waiting-time distribution of customers in the GI/G/1
queue under the TV-policy.

2. MAIN RESULTS

We begin with some assumptions and notation. We assume that: Customers ar-
rive according to a renewal process whose interarrival times follow distribution
function F(-) with mean 1/X; the successive service times (brought in by arriv-
ing customers) are i.i.d. random variables, independent of the arrival process,
following distribution function G(-) with mean l/fi; the arrival rate X is less than
the service rate /x, so that p = \/n < 1 and the system is stable; and, finally, the
first customer arrives at time zero, finding an empty system, and, when wait-
ing times are considered, customers are served in the order of their arrival.

For / > 1, let W-, be the waiting time of the /th customer before the com-
mencement of his service. Then, with lf l() denoting the indicator function of
a given set B, the long-run (or limiting) proportion of customers with a wait-
ing time less than or equal to x, x > 0, is given, w.p.l (with probability 1), by

i } l 0 . x ] ( i ) (1)
n-»oo n j = \

(our model is regenerative, so that v[0,x] is a constant w.p.l). As we vary x,
Eq. (1) generates a probability measure v on the Borel subsets of the nonnega-
tive real line. The waiting time W of a randomly selected arriving customer is,
then, defined to be a random variable whose distribution is determined by v;
i.e., let P{ W< x) =p[0,x]. Notice that, for any given sample path, the term
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290 J. Li and S.-C. Niu

\/n in Eq. (1) can be interpreted as the "probability" of selecting any one of the
first n customers, and \\$,x\ (Wt), 1 < /' < n, as the "conditional probability" for
the / th customer, if selected, to have a waiting time not exceeding x; therefore,
by letting n -> oo, we are indeed taking the viewpoint of a randomly selected ar-
riving customer. (For related discussions, see Niu [14, Section 1] and Niu and
Cooper [16].)

Under the £>-policy, the server is activated as soon as the sum of the ser-
vice times of all waiting customers exceeds D. We shall say that a busy period
is of "type y," henceforth referred to as ay-busy period, if the number of wait-
ing customers equals j when the server is activated. Fory > 1, denote by bj the
probability that a busy period is of typey; then, it is easily seen that

bj = P\ 2 S, < A S S , >D]= G[J-"(D) - G"HD), (2)
(.1=1 /=i J

where S,, /' > 1, denotes the service time brought in by the / th arriving cus-
tomer in the busy period (a generic service time will be denoted by S), and
Gln](-) denotes the «-fold self-convolution of G().

Denote by E(Kj) the expectation of the number of customers Kj served in
ay-busy period (E(Kj) is finite if and only if p < 1), and let

(3)

which can be viewed as a "weighted version" of bj (a more precise interpreta-
tion of this will be given in Section 3). Note that if we denote by K the number
of customers served in a "typical" busy period (for a fixed D), then

E(K) = flbiE(Ki), (4)
, = i

the denominator of Eq. (3).
Let the notation (X\B) denote a conditional random variable A'given the

occurrence of event fi, and let =d denote equality in distribution. Define, for

/= l
E ; E , A (5)
Z = l /

where E/r,1 S, is interpreted as zero wheny = 1; in particular, we note that, in
ay-busy period, the total service requirement of all waiting customers immedi-
ately after server activation is distributed as Rjj. The distribution function of
Rkj, 1 <k<j, will be denoted by Gkj(-).

Clearly, if D = 0 in our model, then we have a standard GI/G/1 queue. We
shall denote by //(•) the waiting-time distribution of a randomly selected arriv-
ing customer in this corresponding GI/G/1 queue. For t > 0, denote by N =
\N(t), t > 0} a "delayed" renewal process (e.g., Ross [17, p. 74]) whose first
interevent time is distributed as T, a generic interarrival time in our model, and
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THE WAITING-TIME DISTRIBUTION FOR THE GI/G/1 QUEUE 291

the subsequent ones as /, a generic idle period in the corresponding standard
GI/G/1 queue; i.e., let

0, if T>t,

( A )
1 +sup /7>0: £ / , < ; - T , if T<t.

N(t) =

Also, denote by m(t) = E[N{t)], t > 0, the delayed renewal function associ-
ated with N, and, for a given random variable X, define an associated distri-
bution function Vx(-) by

•%x(x) = \-E[m({X-x)+)]/E{m{X)}, x > 0 (7)

(see Niu [14, Eq. (12), with mD(-) replaced by m(-) here]), where y+ =
max(0,y) for any real number y. Then, it is shown in Niu [14, p. 165, Corol-
lary 1] that

rs'(x), x>0 . (8)
1=0

We are now ready for the statement of our main result.

THEOREM 1: The waiting-time distribution of a randomly selected arriving cus-
tomer in the GI/G/l queue under the D-policy is given, for x > 0, by

P[W<x]

(9)

where Vj(-) = VRJJ(') end the symbol * denotes a convolution.

Our proof of Theorem 1, which will be given in Section 3, is based on the fol-
lowing ideas: (i) classify customers according to the type of busy period in which
they arrive; (ii) study the waiting times of customers in different types of busy
periods; and (iii) obtain the waiting-time distribution of a randomly selected ar-
riving customer, whom we shall call the "test customer," by "conditioning" on
the type of busy period in which he belongs.

An important observation concerning Theorem 1 is that, apart from bj
and Gk_tj(-), which are, from Eqs. (2) and (5), known in principle, the com-
plete evaluation of the right-hand side of Eq. (9) requires as input E(Kj),
%(•), and //(•), all of which can be linked eventually to knowledge of the dis-
tribution of /: From Eqs. (8) and (7), we have that both //(•) and ¥,(•) for
j > 1 depend on m(-). In Section 3, we will prove that

y > i , (io)
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292 J. Li and S.-C. Niu

which implies that E{Kj) for j > 1 also depend on m(-). Since m(t) =
ET=oF* Ali](t) for t>0 (see Eq. (6)), where A(-) denotes the distribution of
/, we see that, indeed, A(-) is the fundamental piece of input information
needed for the evaluation of P{W < x}; this, we believe, is a very interesting
structural insight of Theorem 1.

In the remainder of this section, we summarize our results for two special
cases, Poisson arrivals and exponential services, for which Eq. (9) can be eval-
uated explicitly; in particular, we give, for both cases, explicit formulas for the
expected waiting time E(W). Before proceeding, we note that, after substitut-
ing Eqs. (3) and (4), Eq. (9) can be rearranged into the following more compact
form:

P{W<x\ = >>, y,FlJ-k]*Gk-ij(x) + [E(Kj) -j]%* H(x)\

(ID

2 . 1 . Poisson Arrivals

We assume here that F(-) is the exponential distribution and G ( ) is arbitrary.
Under this assumption, we have / = d T. Therefore, m(t) = \t, implying that
E[m(S)] - p and ^ 5 ( - ) = Ge(-) (see Eq. (7)), where

[l-G(y)]dy, x>0, (12)
o

the forward-recurrent-time distribution of a service time. It follows that Eq. (8)
simplifies to the well-known formula (e.g., Cooper [6, p. 217, Eq. (8.40)])

H(x) = S (1 - p)p'G[
e
n(x), x > 0. (13)

/=o

Next, from Eq. (10), we have

-P). (14)

To calculate E(Rjj), we note that P[RJJ > x] = 1 for 0 < x < D and that, for
x>D,

; Si < A S s, > z?
i /=i

j-i i / (j-\

- P l V ^ v V ^ n ID) V c <r n
~ r \ Zj^i > X, 2-t^i — u \ I r \ 2u Ji• ^ A

.1=1 i=i )l O=i i .

(15)
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THE WAITING-TIME DISTRIBUTION FOR THE GI/G/1 QUEUE 293

where the numerator of the second expression was evaluated by conditioning on
2/=/ S,; therefore,

E(RJJ)= ( P[Rjj>y}dy
Jo

! - t)]dGlj-l](t)dy. (16)

Substitution of Eq. (16) into the right-hand side of Eq. (14) now yields a for-
mula for E(Kj).

Finally, we have, similar to Eq. (12),

which can be calculated using Eqs. (15) and (16); and Eqs. (13), (17), (14), and
(4) together evaluate Eq. (11) to an explicit expression (which we omit) for the
waiting-time distribution in the M/G/ l queue under the £>-policy.

We can also derive an explicit formula for the expected waiting time: Let
Ns = [Ns(t), t > 0) be the renewal process associated with successive service
times, defined by Ns{t) = sup{n > 0 :S" = 1 S , < t], and let ms(t) denote
its corresponding renewal function. Then, we prove the following theorem in
Section 3:

THEOREM 2: For the M/G/l queue under the D-policy, we have

E(W)= *
ms(D)

* [i-^g (° [1 + ms(D - t)] dms(t) + (° tdms(t)}
) + 1 (. X Jo Jo )

(18)

where E(WM), given by the well-known formula (e.g., Cooper [6, p. 189,
Eq. (4.2)])

is the expected waiting time of customers in the corresponding standard M/G/l
queue. ( Eq. (18) is closely related to a formula for the average number of cus-
tomers in the system, involving the second moment ofN(D), given in Rubin
and Zhang [IS, p. 333, Eq. (4.7)].)

2.2. Exponential Services

We assume here that G(-) is the exponential distribution and F(-) is now arbi-
trary. Under this assumption, it is easily seen that

Rjj =dD + S (20)
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294 J. Li and S.-C. Niu

for every j > 1. Since the number of customers who arrive after server activa-
tion in ay-busy period is determined by RJJ, it follows from Eq. (20) that this
number, distributed as A} —j, does not depend on j ; therefore, we will denote
its generic version by KA. It also follows from Eq. (20) that the form of %(•)
(see Eq. (7)) is independent of j , and we will denote a generic ¥,-(•) by * (•).
With these observations, Eq. (11) simplifies to

P[W< x\ = —l— f f > , £ FU~"] * G*-,.,U) + E(KA)* * H(x)} , (21)
z(K) O=i *=i J

where

E(K)=pD+l+E{KA), (22)

since bj = [(nD)J-x/(j- l)!]e""° fory > 1.
It is well known (e.g., Cooper [6, pp. 270-272, Eqs. (14.22) and (14.11)],

or from Eq. (8) here) that, for the GI/M/1 queue,
H(x) = 1 - ue-il-")lix, x>0, (23)

where w is the smallest root of the equation

Jo
>-{l-a)»ydF(y). (24)

Therefore, in view of Eqs. (21) and (22), it remains for us to determine E(KA)
and 4r(-) (we note in passing that in this case G*_ii7-(-)» 1 < k <j, reduces to
the Beta distribution).

For the standard GI/M/1 queue, it is known [15, p. 285, Eq. (16)] that

Jo
A(x)=p( e-{l-")»y[F{y + x)-F(y)]dy, x > 0. (25)

Denote by m,(-) the renewal function of the renewal process N7 = \Ni(t),
t > 0) associated with successive idle periods /, for / > 1 (defined similar to
Ns). Then, we prove in Section 3 that

- eo) (26)

and

'[aj + m,(D-x)], 0<x<D,

Substitution of Eqs. (22), (23), (26), and (27) into the right-hand side of Eq. (21)
now yields an explicit formula (which we omit) for the waiting-time distribution
in the GI/M/1 queue under the Z)-policy.

Finally, we also prove the following theorem in Section 3:
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THE WAITING-TIME DISTRIBUTION FOR THE GI/G/1 QUEUE 2 9 5

THEOREM 3: For the GI/M/l queue under the D-policy, we have

m,{D-t)dt\ +E{WGI),
i rD

- co JoE(K)[p 2p n 1

(28)

where E( WGt), given by

E(WGl) = " (29)

(see Eq. (23)), is the expected waiting time of customers in the standard GI/M/l
queue.

3. PROOFS

We begin with Theorem 1. We will first argue that aJt given by Eq. (3), is the
"probability" for the test customer to belong to ay-busy period: Observe that
(i) the distribution of the total number of customers served in a y'-busy period
depends explicitly on y", and (ii) it is more likely for the test customer to arrive
in "longer" busy periods (the classical "inspection paradox"); i.e., the probabil-
ity for the test customer to belong to a y'-busy period does not, in general, equal
bj (see Eq. (2)). To account for this length-biasing effect, we shall interpret the
number of customers served in ay-busy period as a "sojourn in statey" in a dis-
crete-time (or an ordinal) semi-Markov process. Then, it is easily seen that un-
der this interpretation aj is the proportion of "time epochs" (or indices) this
semi-Markov process spends in "state y," and E(Kj) is the expected sojourn
time in statey. Hence, an application of, for example, Theorem 4.8.3 in Ross
[17] yields Eq. (3).

For a fixed j > 1, we now study waiting times of arriving customers in y'-
busy periods. Our key idea is to further classify these customers into two types:
Those who arrive when the server is inactive are said to be of type one; those
when the server is active, type two. Let 7r,i and irj2 be the "probabilities" for
the test customer to be of type one and of type two, respectively. Then, since
there are exactly y type-one customers in each y'-busy period, we have, from a
standard renewal reward argument (e.g., Ross [17, p. 78, Theorem 3.6.1]),

TrJi=j/E(Kj) = l-Trj2. (30)

We shall analyze in detail waiting times of these two types of customers sepa-
rately.

Suppose first that the test customer is of type one and that he is the Arth ar-
riving customer in ay-busy period, where 1 < k <y. Then, since the server re-
mains inactive until the arrival epoch of theyth customer, the waiting time of
the test customer equals the (independent) sum of (i) the elapsed time between
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296 J. Li and S.-C. Niu

his arrival epoch and that of they'th customer and (ii) the total service require-
ment of the k — 1 customers who arrived before him. The random variable in
(i) is, of course, the sum of j — k (independent) random variables each distrib-
uted as F{); therefore, it follows the distribution function Flj~k](-) (when
k —j, FlJ~k](x) equals 1 for x > 0, and 0 otherwise). The random variable in
(ii) is easily seen to have the representation (Sfr,1 S, | £/",' S, < D, S/=, S, > D);
therefore, its distribution function is denoted by G^_i,y(-) (see Eq. (5)). Fi-
nally, since a type-one customer is equally likely to be any one of the first j ar-
rivals in the busy period, we conclude that the waiting-time distribution of a
randomly selected type-one customer is given, for x > 0, by

* E F " - * ' * G * _ W U ) . (31)
J * = i

We next focus on type-two customers. The idea here is to view the first j
customers (all of whom are type one) in a ./-busy period as a single "super-
customer," with a (total) service requirement RJJ, and to imagine that the server
is activated by the arrival of this supercustomer. With this view, it is easily seen
that the waiting times of type-two customers are identical to those of custom-
ers who request ordinary services, with distribution function G ( ) , in a corre-
sponding GI/G/1 queue with an exceptional service, distributed as RJJ, at the
beginning of each busy period. This motivates the following key result, which,
we believe, is of independent interest.

Proposition 1: The waiting time Wo of a randomly selected "ordinary cus-
tomer" (i.e., one who does not initiate a busy period) in an exceptional-first-
service GI/G/1 queue has distribution function

P{Wo<x]=V$*H(x), x>0, (32)

where S denotes an exceptional service time.

PROOF: Observe that, under the standard FIFO (first-in-first-out) queue disci-
pline, the waiting time of a customer in the exceptional-first-service GI/G/1
model equals the workload found by them at his arrival epoch. Since the work-
load is, at any time epoch, invariant under all work-conserving queue disci-
plines, we will analyze the workload in this model, first at all customer arrival
epochs and then at ordinary-customer arrival epochs, under the simplifying as-
sumption that the queue discipline is preemptive-resume LIFO (last-in-first-out).
Our argument will be based on results in Niu [14]; in what follows, familiarity
with that paper will be assumed.

Under the preemptive-resume LIFO queue discipline, let a0 be the (long-
run) proportion of arrivals finding the system empty, and, for j > 1 and x,
where x is a nonnegative j-vector, let a,(x) be the proportion of (all) custom-
ers who find, on arrival, j customers in the system with their respective remain-
ing service requirements, arranged in the same order as their arrival times,
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THE WAITING-TIME DISTRIBUTION FOR THE GI/G/1 QUEUE 297

greater than xu x2, • • • ,Xj, the components of x. Since the workload at an ar-
rival epoch is the sum of the remaining service times of all waiting customers,
a0 and a, (x) for j > 1 completely determine the workload distribution as found
by arrivals. We will, therefore, derive a set of formulas for a0 and ay(x) for
y > 1. As in Niu [14], these formulas will be expressed in terms of the delayed
renewal function m(-) defined in Section 2.

Observe that having an exceptional service at the beginning of each busy pe-
riod is the same as sampling the service time from a different distribution when-
ever an arrival finds the system empty. Therefore, our model is a special case
of the one discussed in Section 4.2 of Niu [14], where general state-dependent
interarrival and service times are allowed; in particular, Theorem 5 there directly
applies here. More specifically, we have

ao= (1 -E[m(S)] +£[w(S)])-'(l -E[m(S)]) (33)

and, fory > 1 and x > 0,

a,(x) =a0E[m(S)]{E[m(.S)]}J-l[\ - ^ ( x , ) ] T J H - * s W l . (34)
1=2

where S denotes an ordinary service time and an ill-defined product is inter-
preted as 1. (Equations (33) and (34) are derived recursively from a minor mod-
ification of Lemma 1 in Niu [14] that replaces S by S on the right-hand side of
Eq. (13) there wheny = 1; see the proof of Theorem 1 there.)

We now focus on ordinary customers. Fory > 1, let etj (x) be defined sim-
ilar to ctj: (x) but with the average taken over ordinary customers (an ordinary
customer always finds at least one other customer in the system). Since 1 — a0

is the proportion of arrivals that are ordinary, we clearly have

aij(X) = a y (x ) / ( l — c*0), (35)

a "relative proportion" (see Niu and Cooper [16, Section 3.2] for related discus-
sions). Substitution of Eqs. (33) and (34) into Eq. (35) yields, after a little bit
of algebra,

&j{x) = [1 - *sixi)]aj-l(x2,...,xj), (36)

where we have defined

aj-Ax2,...,Xj)=H -E[m(S)])[E[m{S)])J-lJ[ [1 - %(x,)] (37)
;=2

(the argument of dy_i (x2>... ,Xj) is vacuous wheny = 1). Comparison of the
right-hand side of Eq. (37) with Theorem 1 in Niu [14] then shows that as we
varyy (from 1 to oo) and x2,... ,Xj, Eq. (37) describes precisely the workload
distribution as observed by all arriving customers in a standard GI/G/1 queue.
Hence, Eq. (32) is a consequence of Eq. (36). •

We are finally in position to put the pieces together.
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298 J. Li and S.-C. Niu

PROOF OF THEOREM 1: By "conditioning" first on the type of busy period in
which the test customer arrives and then on whether he is a type one or a type
two, it is easily seen that Eq. (9) is a consequence of Eqs. (3), (30), (31), and (32)
(with S =d Rjj). (See Niu and Cooper [16, Sections 3.2 and 4.1] for a rigorous
justification of such conditioning arguments.) •

The remainder of this section will be devoted to the proofs of Eq. (10), The-
orem 2, Eqs. (26) and (27), and Theorem 3, in that order.

PROOF OF EQ. (10): Again, we shall view all type-one customers in a busy pe-
riod as a single supercustomer (whose arrival activates the server). With this
view, it is easily seen that

Kj=dj + Ko(S), (38)

where KO(S) denotes the number of ordinary customers served in an excep-
tional-first-service GI/G/1 busy period in which the first service S =d RJJ. We
will, therefore, consider such a busy period. Moreover, we will again assume,
for convenience, that the queue discipline is preemptive-resume LIFO, and
adapt related arguments given in Niu [14].

If we follow the experience of the supercustomer over time, then, from Fig-
ures 1 and 2, and associated discussions, in Niu [14, p. 164], we see that (i) each
arrival finding the supercustomer in service generates an "interruption" of S,
during which the number of customers served is distributed as that of a stan-
dard GI/G/1 busy period, which we will denote by K, and (ii) the number of
such interruptions is distributed as N(S) (see Eq. (6)). Therefore (similar to Eq.
(28) in Niu [14]),

N(S)

K0(S) =d 2 Kh (39)
; = 1

where the AT/'s denote i.i.d. versions of K. An application of Wald's identity to
Eq. (39) (note that N(S) and the £,'s are dependent; see Eq. (30) in Niu [14])
then yields

E[K0(S)]=E[N(S)]E(K). (40)

From Eq. (32) in Niu [14], we have

E(K) = l/{l-E[m(S)]}. (41)

Therefore, Eq. (10) is a consequence of Eqs. (38), (40), and (41). •

For the proofs of Theorems 2 and 3, we will need several preliminary
lemmas, all of which are valid in the general GI/G/1 setting.

LEMMA 1:

fjfyS ('xdF^~kHx) = ^ ! [\+ms(D-t)]dms(t). (42)
j=\ k=i Jo * Jo
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THE WAITING-TIME DISTRIBUTION FOR THE GI/G/1 QUEUE 299

PROOF: Let Th i > 1, be the interarrival time between the /'th and the (/' + l)th
customer in a busy period; then, we obviously have {o

xxdFlj~k] (x) =
£(21=* Ti) for 1 < Ar <y, with the sum interpreted as zero when k =j. From
this and the fact that bj = P[NS(D) = j - 1) for j > 1, we see that the
left-hand side of Eq. (42) can be written as £[E"i, ( D ) + 1 S,=S*(D> 7}]. Since

£( / > ) 7/ = 0 when k = NS(D) + 1, we then have
OO j PC

j=\ k=\ JO
xdFlJ-kHx)=E

NS(D)
7} .

J;=A
(43)

We will, therefore, complete the proof by showing that the right-hand side of
Eq. (43) evaluates to that of Eq. (42).

For k > 1, define the indicator random variable

Yk =
\ if Ns(D)>k,

O if Ns(D)<k;
(44)

then,

*:=!

NS(D) I f oo NS(D) "I

/=*• J L * = l i=k J

A " = 1 <=*
(45)

Next, by conditioning on 2*=1 S,, we have
f NS(D) "1 (•» r NS(D) k

E\Yk 2 T\=\ E\Yk S 7}

[•D f

= E

Jo L

k

E
(46)

where the second equality is due to the fact that Yk = 1 if and only if T,f=l 5, < D
(see Eq. (44)). Now, observe that if Sf=1 S, = / with t < D, then the A:th re-
newal in the renewal process Ns occurs at time t and the number of renewals in
the interval (t,D] is distributed as NS(D - t). It follows that

S

S T, S5/ = H =_ d

1=1

therefore

T,
/ = * 1=1

) = t =E

= [l
X'

(47)
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300 J. Li and S.-C. Niu

since £(7}) = 1/X for all / > 1 and the 7}'s are independent of N s . Finally,
from Eqs. (45)-(47), and the well-known fact that ms(t) = S " = 1 Glkl(t),
we have

[ NS(D) NS{D) "1 °o (-L

S E T]=gJ0-if'
« Jothe right-hand side of Eq. (42). •

Our proof of Lemma 1 actually justifies an interesting term-by-term inter-
pretation for the right-hand side of Eq. (42): For 0 < t < D, (i) dms(t) is the
"probability" of having a renewal at time / (e.g., Ross [17, p. 66, Remark (2)]),
(ii) 1 + ms(D - t) is the (conditional) expected number of renewals, including
the one at time t, in the interval [t, D], and (iii) 1/X, the expected length of one
interarrival interval, is the (conditional) expected contribution at time t to the
right-hand side of Eq. (42) from each of the renewals in the interval [t,D]. Var-
iants of this interpretation, which is reminiscent of the Lebesgue integral, will
be used again without further comment in the proofs of the next two lemmas,
to shorten the arguments.

LEMMA 2:

2 6 / 2 ("xdGk.u{x) = [ tdnts(t). (48)
j=\ k=l Jo Jo

PROOF: From Eqs. (2) and (5), it is easily seen that the left-hand side of Eq. (48)
can be written as £[Sff[ / J ) + l £*="/ S,], which, since Sfj",1 S, = 0 when k = 1,
further simplifies to £ [E^2 D ) + ' Sfj,1 S,]. A change of summation index then
leads to

oo j /»oo r

2*!/2 xdGk_Uj(x)=E\
7 = 1 Ar=l Jo L

NS(D) k

J , \ (49)
k=\ ;=1 J

Now, for 0 < t < D, if a renewal in the process Ns occurs at time t (i.e., 2f=1 S,- = /
for some k, which occurs with "probability" dms(t)), then the (conditional)
expected contribution at time t to the sum Sfif0' Sf=1 S,- on the right-hand
side of Eq. (49) is precisely /. Integrating tdms{t) from 0 to D then leads to

[ NS(D) k I fD

£ £ $ = tdmsU),
k=\ ;=i J Jothe right-hand side of Eq. (48).

https://doi.org/10.1017/S0269964800002552
subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. 
Downloaded from https://www.cambridge.org/core. Eugene McDermott Library, University of Texas at Dallas, on 26 Oct 2017 at 16:48:04,

https://doi.org/10.1017/S0269964800002552
https://www.cambridge.org/core/terms
https://www.cambridge.org/core
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Let R 3 2£k(D)+l $. be the sum of the required service times of all waiting
customers immediately after server activation. Then, an application of Wald's
identity yields immediately that

E ( R ) = [ m s ( D ) + l ) - . (50)

In the next lemma, we evaluate the second moment of R.

LEMMA 3:

- [° i
M Jo

E(R2) = [ms(D) + l]E(S2) + - tdms{t). (51)
M Jo

PROOF: This formula was established in Balachandran and Tijms [4, p. 1074,
Eq. (b)], by solving two renewal-type equations. We give an alternative proof
that is somewhat more constructive.

From the definition of R, we have

Ns(D) + i \2

= E\ S s? \+2E\ S S SiSjl (52)
L i = l J L i < A f ( D ) + l J

Since £[S,^5,<D)+1 S?] = E[ms(D) + l]E(S2) (similar to Eq. (50)), compari-
son of the right-hand sides of Eqs. (51) and (52) shows that the proof will be
complete if we can establish that

S E S,Sj] = - \°tdms(t).
L lsi<ysWs(£>) + l J M •'0

4 S E S,Sj] = - \tdms(t). (53)
L lsi<ysWs(£>) + l J

To prove Eq. (53), observe that

NS(D) j

S S SiSJ= 2 Sy-uSS,. (54)
lSi<J<,Ns{D) + \ j=\ i=\

Therefore, if, for 0 < t < D, a renewal in the process Ns occurs at time t
(i.e., S/=iS, = t for somey, which occurs with "probability" dms(t)), then,
since SJ+\, with mean \/\i, is independent of E/=1S, for every j , the (condi-
tional) expected contribution at time t to the right-hand side of Eq. (54) equals
(l/jt)f. Integrating (l/n)tdms(t) from 0 to D then yields the right-hand side
ofEq. (53). •

We are now in position to prove Theorem 2.

PROOF OF THEOREM 2: From Eq. (11), we have
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302 J. Li and S.-C. Niu

= Ŵ V S bj\ £ \ r
£•(*) 7 = 1 L Ar=l I Jo

+ [E(Kj) -j] \J xd%(x) + J xdH(x)]). (55)

After substituting Eq. (13), f~xd*j{x) = E(Rl-.)/[2E(RM)] (see Eq. (17)),
Sy", bjE(RJj) = E(R2), and S,"i bjE(Rjj) = E(R), Eq. (55) further simpli-
fies to

>=I Jo 2(1 - p) 1 - p

(56)

From Eqs. (4) and (10), S,", # / - "**(£>) + 1 (see Eq. (2)),
E(R), and Eq. (50), it is easily shown that

p). (57)

Finally, from Eqs. (42), (48), (51), (19), (50), and (57), it is straightforward to
verify that Eq. (56) reduces to Eq. (18). •

PROOF OF EQ. (26): Observe that KA =d K0(S) (see Eq. (38)), where S now
consists of two (independent) "phases," D and 5 (see Eq. (20)). We will, there-
fore, follow the argument given in the proof of Eq. (10).

From Remarks 5 and 6 in Niu [14], we have (and it is well known) that, for
GI/M/1,

E(K) = — — . (58)

1 — oi

Comparison of Eq. (26) to Eqs. (40) and (58) shows that we need to establish

E[N(S)] =w + m,(D). (59)
To prove Eq. (59), we shall, for convenience, let the two phases of S go into

service in the order 5 first, D second, and denote by Cs and CD the respective
numbers of interruptions during the two phases in that order (Cs and CD are
dependent, in general).

Clearly, we have Cs =d N(S) (similar to (ii) in the proof of Eq. (10)).
Since the duration of S is distributed as an ordinary service time, we see that the
stochastic law that governs in the time interval that begins with the arrival of
the supercustomer and ends when the supercustomer has expended S amount
of time in service (i.e., when the S-phase of S is completed) is identical to that
of a standard GI/M/1 busy period, for which we have, by substituting Eq. (58)
into the right-hand side of Eq. (32) in Niu [14], E[N(S)] = E[m{S)] = a; there-
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THE WAITING-TIME DISTRIBUTION FOR THE GI/G/1 QUEUE 303

fore, E(CS) - u. The same observation also shows that the elapsed time from
the initiation of the £>-phase of S to the first arrival after that time epoch is sto-
chastically identical to /, with distribution Eq. (25); and, since the subsequent
(independent) elapsed times between interruptions, if any, during the £>-phase
of S are also distributed as /, this implies that CD =d N/(D), the "nondelayed"
version of N(D) (see Eq. (6)). Hence, E{CD) = E[N,(D)] = m,(D), and
Eq. (59) is now a consequence of E[N{S)] = E(CS) + E(CD). •

PROOF OF EQ. (27): From Eqs. (7) and (20), we have

= 1 -E[m((S-x)+)]/E[m(S)], x > 0, (60)

where S is as defined in the Proof of Eq. (26). Observe that E[m((S - x)+)]
specializes to E[m(S)] if x = 0. We will, therefore, evaluate E[m((S - x)+)]
for x > 0. Consider two cases.

Case 1: 0<x<D. We have (S - x)+ =d {D - x) + S, which is of the same
form as S. Therefore, Eq. (59) applies with D-x replacing D on its right-hand
side, yielding

E[m((S - x)+)] =o) + m,(D - x). (61)

Case 2: x > D. Exploiting the memoryless property, we have

f 5 with probability e -^"-^,
(S-x)+=d \

[ 0 with probability 1 - e-"(x~D).

It follows that

E[m((S - x)+)] = E[m(S)]e-^x-D) = ^e~^x-D\ (62)

Substitution of Eqs. (61) and (62) into Eq. (60) now yields Eq. (27). •

PROOF OF THEOREM 3: From Eq. (27), it is straightforward to show that

[ xdif(x) = f [1 -*(x)]dx
Jo Jo

m,(D-x)dx\. (63)
J

Substitution of Eqs. (42), (48), (26) (recall that E(Kj) -j = E(KA)), (63), and
(29) into Eq. (55) yields, after a little bit of algebra,

E(W) = W F T ) 7 I [1 + ms(D - t)] dms(t)

+ f tdms(t)+—^— I m,{D-t)dt\ +E(WGl),
Jo 1 - co J o J

which, since ms(t) = pt, reduces straightforwardly to Eq. (28).
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4. COMMENTS AND ADDITIONS

4.1. If D = 0, then the right-hand side of Eq. (11) reduces, as it should,
to Eq. (8), the waiting-time distribution of customers in a standard GI/G/1
queue. This is verified as follows: Clearly, in this case, every busy period is
a 1-busy period (i.e., the server is activated immediately after the arrival of
the first customer). It follows that (i) bx = 1, (ii) \/E(Kx) = \/E(K) = 1 -
E[m(S)] (see Eq. (41)), and (iii) *,(•) = *s(-) (see Eq. (7)). Substitution of
(i), (ii), and (iii) into the right-hand side of Eq. (11) now yields, after a little bit
of algebra, Eq. (8).

4.2. The term

^^bjtF^^G^M) (64)

on the right-hand side of Eq. (11) can be given a direct interpretation: Observe
first that the limiting proportion P{ W<, x) (see Eq. (1)) can be decomposed into
the sum of two proportions ^[0,*] and v2[0,x], representing respective con-
tributions to the right-hand side of Eq. (1) from type-one and type-two custom-
ers; we then claim that Eq. (64) equals vx [0,x], To see this, let M(x) be the
number of type-one customers with a waiting time less than or equal to x in a
typical busy cycle. Then, since successive busy cycles are i.i.d., we have (e.g.,
Theorem 3.6.1 of Ross [17]) that, w.p.l, v{[0,x] = E[M{x)]/E(K). Now, if
a busy period is of type j , then, from the discussion leading up to Eq. (31), we
see that the £th (1 < k < y) type-one customer in the busy period will have a
waiting time less than or equal to x and hence be "counted" in M(x) with prob-
ability Fu~k] * Gk^XJ(x). Therefore, by conditioning on the total number of
type-one customers in a busy period, we have

E[M(x)] = f > , £ FU~k] * G*-uU).
y = l *=1

establishing our claim.
That the other term in Eq. (11) equals v2[0,x], a fact that is more difficult

to establish, is a consequence of our Proposition 1.

4.3. Proposition 1 resembles but is different from decomposition results
for vacation models, as discussed in Doshi [7,8] and other references therein.
Our constructive arguments can, in fact, be adapted to study vacation models
as well, and this will be discussed in a future paper.

By conditioning on whether or not an arrival finds the system empty (see
Eq. (33)), Proposition 1 also yields a representation for the waiting time of all
customers in the exceptional-first-service GI/G/1 queue. If, for example, the ar-
rival process is Poisson, then this representation can be specialized, as in Sec-
tion 2.1, to obtain explicit results that are transform-free counterparts of (some
of the) results obtained earlier by Welch [20] and by Avi-Itzhak, Maxwell, and
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Miller [1], among others; similar results for the exceptional-first-service GI/M/1
queue can also be obtained, using our arguments in Section 2.2.

4.4. Our method can also be used to derive the waiting-time distribution
of customers in the GI/G/1 queue under the N-policy. To see this, notice first
that under the N-policy, every busy period is an TV-busy period; therefore, there
is no length-biasing effect when a customer is selected at random. Next, we
again classify customers as either type one or type two, according to whether
or not the server is active at the time of their arrival. Lastly, fory > 1, let Rj =
X//=1 Si, and observe that the service requirement of the "supercustomer" in
every busy period is distributed as RN (as opposed to RNN, defined in Eq. (5)).
An argument similar to that leading to Theorem 1 then yields the following
result.

THEOREM 4: The distribution of waiting time W of a randomly selected arriv-
ing customer in the GI/G/1 queue under the N-policy is given, for x> 0, by

P\ W< x] = —^— i S FlN~ki * G[*-"(x) + [l - - 4 - 1 * * H(x),

(65)

where E(KN) denotes the expected number of customers served in an N-busy
period and ̂ () = */?„(•)•

If the arrival process is Poisson, then it can be shown that E{KN) =
N/(\ - p) (similar to Eq. (57)) and that ¥ ( • ) simplifies, as in Eq. (17), to the
forward-recurrence-time distribution of RN; with these (and Eq. (13)), the rep-
resentation (65) easily specializes to a transform-free formula. Corresponding
transform formulas, derived by different methods, can be found, for example,
in Neuts [13, p. 35, Eqs. (1.7.9) and (1.7.10)] (also, see Shanthikumar [19]); the
explicit term-by-term interpretations of our formula appear to be new.

In the remainder of this subsection, we will consider the case of the GI/M/1
queue under the /V-policy, for which our results appear to be new.

Again, we only need to determine E(KN) and ^(-)> and we will adapt the
proofs for Eqs. (10), (26), and (27). After replacing S with RN in Eq. (40), sub-
stituting Eq. (58), and accounting for the A/' initial customers, we see that

E(KN)=N+E[N(RN))/(l-u). (66)

Since RN consists of Ni.i.d. exponential phases, it is also easily seen that Eq.
(62) generalizes, by conditioning on the number of Poisson events at rate n in
an interval of duration x, to

(uX)
E[N((RN - x)+)] = £ ^-e-"xE[N(RN_i)], x > 0, (67)

which is needed in ^ ( - ) (defined by replacing S with RN in Eq. (60)). We will,
therefore, determine E[N(Rj)] for 1 <y < TV.
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For an arbitrary j > 1, we have, similar to Eq. (59),

E[N(Rj)] =w + E[N,(Rj.i)]. (68)

Clearly, E[N,(R0)] = 0. We will evaluate E[N,(Rk)] for k > 1 recursively.
Denote by C(I) the number of Poisson events at rate n that occur during

a generic idle period /. Our recursion will involve the distribution of C(I), which
we give in the next lemma.

LEMMA 4: For i > 0, we have

P{C(I) =/) = u - < / + 1 ) L - i > n 5 j , (69)
L n=o J

where, for n > 0,

5 = f ^Le-nydF(y). (70)
Jo n\

PROOF: From Eq. (25), we have, after a change of variable,

dA{x) =M f e-(1"
Jx

Therefore,

P{C(I)=i}= f ^ - e - » *
Jo i-

which, after an interchange of the order of integration and some algebra (which
we omit), leads to

»=o n\

Upon substitution of Eqs. (24) and (70), the last expression simplifies to
Eq. (69). •

We are now ready for the recursion.

LEMMA 5: For k > 1, we have

E[N,(Rk)] = f r " l ) + f S ^ ( C ( / ) = / ) ( l +E[N,(Rk-i)]\. (71)
\oo / o0 ,=i

PROOF: Initiate, simultaneously at time 0, two independent counting processes,
and let one of these be Poisson at rate n and the other N/. Thus, the processes
monitor, respectively, the numbers of "potential" phase-completions and inter-
ruptions (of and during Rk) over time.

Let Q be the smallest index /, / > 1, for which there is at least one Poisson
event in the time interval {T,'~=\ /n,2J,=i ^)> then> f r o m t h e independent-incre-
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ments property of the Poisson process, it is easily seen that Q has the geomet-
ric distribution with success probability 1 - P{C(I) = 0), which, from Eq. (69),
equals 60/u-

From the definition of Q, we see that the total number of interruptions, if
any, prior to the first phase-completion of Rk, which occurs somewhere inside
the time interval (S^T,1 A,,I!f=, /„), is distributed as Q - 1. Denote by L the
number of additional interruptions after the first phase-completion of Rk;
then, since E(Q - 1) = w/50 - 1, we see from Eq. (71) that the proof will be
complete if we can establish that

T 2 P\C{I) = iHI + E[N,{Rk^))\. (72)

Denote by J the number of Poisson events in the time interval ( ^ /
)?=i In)\ then, we clearly have J = d (C( / ) |C( / ) > 0). Observe that additional

interruptions after the first phase-completion of Rk can occur only if 1 < J <
k—\. Now, if 1 < 7 < k — 1, then a "genuine" interruption necessarily occurs
at time Sjp=1 h\ moreover, from that time epoch onward, both the Poisson
process and the process N7 regenerate themselves. Therefore, by conditioning
on J and noting that the number of remaining phases in Rk after time £jp=1 /„
equals k - J, we obtain that E(L) = E*T,1/J{C(/) = i\C(I) > 0) [ l +
E[N,(kk_,]\]t which, since P{C(I) = i\C(I) > 0) = P{C(I) = /HV")" 1

for / > 1, reduces to Eq. (72). •

Finally, combining Eqs. (67) and (68) and Lemmas 4 and 5 yields $(•)»
which together with Eqs. (66) and (23) reduces Eq. (65) to an explicit formula
(which we omit) for the waiting-time distribution in the GI/M/1 queue under
the //-policy.

4.5. As noted in Section 1, our results in this paper can be applied to
study, in the GI/G/1 setting, optimization models in which the threshold D is
a controllable parameter. This is currently under investigation and will be re-
ported in a future paper.
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