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Abstract

We study a generalization of the GI/G/1 queue in which the server is turned off at the end
of each busy period and is reactivated only when the sum of the service times of all waiting
customers exceeds a given threshold of size D. Using the concept of a “randomly-selected”
arriving customer, we obtain as our main result a relation that expresses the waiting-
time distribution of customers in this model in terms of characteristics associated with a
corresponding standard GI/G/1 queue, obtained by setting D = 0. If either the arrival
process is Poisson or the service times are exponentially distributed, then this representation
of the waiting-time distribution can be specialized to yield explicit, transform-free formulas;
we also derive, in both of these cases, the expected customer waiting times. Our results are
potentially useful, for example, for studying optimization models in which the threshold D
can be controlled.

AMS 1980 subject classification. Primary: 90B22; Secondary: 60K25.
IAOR 1973 subject classification. Main: Queues.
OR/MS Index 1978 subject classification. Primary: 681 Queues.
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1 Introduction

We study in this paper a generalization of the GI/G/1 queue in which the server is turned
off (i.e., becomes unavailable for service) at the end of each busy period and is activated
again only when the sum of the service times of all waiting customers exceeds a threshold
of size D, a fixed nonnegative real number. We shall call this model, of which the standard
GI/G/1 queue is the special case with D = 0, the GI/G/1 queue under the D-policy.

The special case of our model in which the arrival process is Poisson, i.e., in the M/G/1
setting, was first formulated and studied by Balachandran [3] and Balachandran and Tijms
[4]. Their primary interest was in optimal system control: Under the assumption that the
system incurs a fixed “switching cost” each time the server is turned on and a “holding
cost” at a constant rate per unit of unfinished work per unit time, they derived a formula
for the long-run (time-)average cost to the system as a function of D. This formula was
then used to determine the optimal value D* that minimizes the long-run average cost,
and to compare the resulting optimal long-run average cost to that of an M/G/1 queue
under a related N-policy, which, originally introduced in Yadin and Naor [21] and further
studied in Heyman [9], differs from the D-policy in that the server is activated when the
number of waiting customers reaches level N. After studying several special classes of
service-time distributions, it was conjectured that the D-policy is superior to the N-policy
for all service-time distributions; this was subsequently confirmed by Boxma [5].

Our primary interest in this paper is to study the waiting-time distribution (in queue)
of customers in the more general GI/G/1 queue under the D-policy. In addition to being
of interest in its own right, the waiting-time distribution can be useful, for example, in the
analysis of an optimization model in which the holding cost is incurred at a rate that is
per unit of customer sojourn time (defined as the sum of waiting and service times), as
opposed to per unit of unfinished work [2; 3, p. 1017, paragraph 1; 21]; in fact, knowledge
of the waiting-time distribution makes possible, at least in principle, the analysis of more
general models in which the holding cost is a nonlinear function of customer sojourn time.
In the M/G/1 setting, such a model with linear holding cost has been studied in Rubin
and Zhang [18] and, independently, in Li [11], where it is shown, among other results, that
under this cost assumption the optimal D-policy is, perhaps surprisingly, not necessarily
superior to the optimal N-policy; a result that can be attributed to the fact that, unlike the
standard M /G/1-FIFO queue where the virtual workload found by an arriving customer
always equals his actual waiting time, the waiting time experienced by an arriving customer
in the M/G/1 queue under the D-policy will typically be longer than the virtual workload
if the server is unavailable for service at his arrival epoch.

The waiting-time distribution under the N-policy has been studied, in the M/G/1
setting, by Neuts [12,13] and by Shanthikumar [19]; in the same setting, Heyman [10] has
studied the expected sojourn time under yet another related T-policy, according to which
the server is activated T time units after it was last turned off (if there is no waiting



customer when the server is activated, it is turned off immediately). For the D-policy case,
the waiting-time distribution, even in the M/G/1 setting, does not appear to have been
studied in the literature before; and this is perhaps due to the difficulties that arise when one
attempts to follow classical solution methods (e.g., the embedded Markov chain). Our main
result, which is a relation that expresses the waiting-time distribution of customers in the
GI/G/1 queue under the D-policy in terms of characteristics associated with the standard
GI/G/1 queue, will be proved by constructive arguments that are based on the concept of
a “randomly-selected” arriving customer. We believe our method of proof, which is closely
related to that used earlier in Niu [14] and Niu and Cooper [16], is of some independent
interest.

The outline of the rest of our paper is as follows. In Section 2, we formally define the
concept of a randomly-selected arriving customer and state our main result, Theorem 1;
we also summarize how to specialize Theorem 1 to the M/G/1 and the GI/M/1 settings,
to obtain explicit, transform-free formulas for both the distribution and the expectation of
waiting times. In Section 3, we provide proofs for the results stated in Section 2. Finally, in
Section 4, we give some additional comments, and, in particular, show that our method of
analysis can also be used to study the waiting-time distribution of customers in the GI/G/1
queue under the N-policy.

2 Main Results

We begin with some assumptions and notation. We assume that: Customers arrive ac-
cording to a renewal process whose interarrival times follow distribution function F'(-) with
mean 1/); the successive service times (brought in by arriving customers) are iid random
variables, independent of the arrival process, following distribution function G(-) with mean
1/p; the arrival rate A is less than the service rate p, so that p = A\/u < 1 and the system
is stable; and, finally, the first customer arrives at time zero, finding an empty system, and,
when waiting times are considered, customers are served in the order of their arrival.

For i > 1, let W; be the waiting time of the i*" customer before the commencement of
his service. Then, with 15(+) denoting the indicator function of a given set B, the long-run
(or limiting) proportion of customers with a waiting time less than or equal to x, x > 0, is

given, w.p.1 (with probability 1), by
.1
v[0, z] = lim - > 1,0 (W) (1)
i=1

(our model is regenerative, so that v[0, z| is a constant w.p.1). As we vary z, Eq. (1)
generates a probability measure v on the Borel subsets of the nonnegative real line. The
waiting time W of a randomly-selected arriving customer is, then, defined to be a random
variable whose distribution is determined by v; i.e., let P{W < x} = v[0, x]. Notice that,



for any given sample path, the term 1/n in Eq. (1) can be interpreted as the “probability”
of selecting any one of the first n customers, and 1}y ,(W;), 1 <4 < n, as the “conditional
probability” for the i*" customer, if selected, to have a waiting time not exceeding x; there-
fore, by letting n — oo, we are indeed taking the viewpoint of a randomly-selected arriving
customer. (For related discussions, see Niu [14, Section 1] and Niu and Cooper [16].)
Under the D-policy, the server is activated as soon as the sum of the service times of all
waiting customers exceeds D. We shall say that a busy period is of “type j,” henceforth
referred to as a j-busy period, if the number of waiting customers equals j when the server
is activated. For j > 1, denote by b; the probability that a busy period is of type j; then,

it is easily seen that

i=1 i=1

Jj—1 J
bj:P{ZSigD,ZSi>D} = Gi=U(D) - GV(D), (2)

where S;, i > 1, denotes the service time brought in by the i** arriving customer in the
busy period (a generic service time will be denoted by S), and GI")(-) denotes the n-fold
self-convolution of G(-).

Denote by E(K;) the expectation of the number of customers K; served in a j-busy
period (E(Kj) is finite if and only if p < 1), and let

bj E(K;)

U= S (K ®

which can be viewed as a “weighted version” of b; (a more precise interpretation of this will

be given in Section 3). Note that if we denote by K the number of customers served in a

“typical” busy period (for a fixed D), then
E(K)=> b E(K;), (4)
i=1
the denominator of Eq. (3).

Let the notation (X | B) denote a conditional random variable X given the occurrence

of event B, and let =% denote equality in distribution. Define, for 1 < k < 7,
k Jj—1 J
Rkj:d ZSZ’ZSZSD,ZSZ>D , (5)
i=1 i=1 i=1

where Zf:_ll S; is interpreted as zero when j = 1; in particular, we note that, in a j-

busy period, the total service requirement of all waiting customers immediately after server



activation is distributed as R;;. The distribution function of Ry;, 1 < k < j, will be denoted
by G;(-)-

Clearly, if D = 0 in our model, then we have a standard GI/G/1 queue. We shall
denote by H(-) the waiting-time distribution of a randomly-selected arriving customer in
this corresponding GI/G/1 queue. For t > 0, denote by N = {N(¢), t > 0} a “delayed”
renewal process (e.g., Ross [17, p. 74]) whose first interevent time is distributed as T', a
generic interarrival time in our model, and the subsequent ones as I, a generic idle period
in the corresponding standard GI/G/1 queue; i.e., let

0, ifT>t,
N(t) = (6)
l+sup{n>0:>" L <t-T}, ifT<t.

Also, denote by m(t) = E[N(t)], t > 0, the delayed renewal function associated with N,

and, for a given random variable X, define an associated distribution function Ux(-) by

Efm((X —z)")]

Ux(zx)=1-— Elm (X))

;o w20 (7)

(see Niu [14, Eq. (12), with mp(-) replaced by m(-) here]), where y* = max(0, y) for any
real number y. Then, it is shown in Niu [14, p. 165, Corollary 1] that

H(z) = 3 {1 - E[m(S)HEm(S)} vi@), z>o0. (8)
=0

We are now ready for the statement of our main result.

Theorem 1 The waiting-time distribution of a randomly-selected arriving customer in the
GI/G/1 queue under the D-policy is given, for x >0, by

_|_

J
1= E(Kj)] v *H(x)}’
9)

P{W <z} = i% {% F’ > FUM Gy ()

A R

where W;(-) = Wg,.(-) and the symbol x denotes a convolution.

Our proof of Theorem 1, which will be given in Section 3, is based on the following
ideas: (i) classify customers according to the type of busy period in which they arrive; (ii)
study the waiting times of customers in different types of busy periods; and (iii) obtain the
waiting-time distribution of a randomly-selected arriving customer, whom we shall call the
“test customer,” by “conditioning” on the type of busy period to which he belongs.



An important observation concerning Theorem 1 is that, apart from b; and Gj_1,;(-),
which are, from Egs. (2) and (5), known in principle, the complete evaluation of the right-
hand side of Eq. (9) requires as input E(Kj), V;(-), and H(-), all of which can be linked
eventually to knowledge of the distribution of I: From Egs. (8) and (7), we have that both
H(-) and ¥;(-) for j > 1 depend on m(-). In Section 3, we will prove that

B(K;) = j + 70 j>1, (10)
which implies that E(K;) for j > 1 also depend on m(-). Since m(t) = 352, F % All(t) for
t > 0 (see Eq. (6)), where A(-) denotes the distribution of I, we see that, indeed, A(-) is
the fundamental piece of input information needed for the evaluation of P{W < xz}; this,
we believe, is a very interesting structural insight of Theorem 1.

In the remainder of this section, we summarize our results for two special cases, Poisson
arrivals and exponential services, for which Eq. (9) can be evaluated explicitly; in particular,
we give, for both cases, explicit formulas for the expected waiting time E(W). Before

proceeding, we note that, after substituting Eqgs. (3) and (4), Eq. (9) can be rearranged into
the following more compact form:

P{W<x}_—K§: {ZF[J * Gi—1, () + [E(K;) — 4] \I/]*H(x)} . (11)

2.1 Poisson Arrivals

We assume here that F(-) is the exponential distribution and G(-) is arbitrary. Under

this assumption, we have I =¢ T. Therefore, m(t) = M, implying that E[m(S)] = p and
Ug() = Ge(+) (see Eq. (7)), where

u/ 1—G(y)]dy, x>0, (12)

the forward-recurrence-time distribution of a service time. It follows that Eq. (8) simplifies
to the well-known formula (e.g., Cooper [6, p. 217, Eq. (8.40)])

H(z) = Z(l —p)p' Gll(z), x>0. (13)
i=0
Next, from Eq. (10), we have
A E(R
By =+ 20 (14)



To calculate E(Rj;), we note that P{R;; > x} =1 for 0 < z < D and that, for x > D,
J Jj—1 J
P{Rj; >z} = P ZS,>$‘ZSZSD,ZS,>D
i=1 i=1 i=1

J j—1 j—1 j
= P{;S¢>x, ;SiSD} /P{;SigD,;Si>D} (15)

_ bi / U1 Gl —y)] AU y).

where the numerator of the second expression was evaluated by conditioning on Zi;ll Si;

therefore,
E(Rjj) = /0 P{R;j; >y} dy

- D+ % /DOO /OD 1= Gy — )] dG(t) dy . (16)

Substitution of Eq. (16) into the right-hand side of Eq. (14) now yields a formula for E(K;).
Finally, we have, similar to Eq. (12),

1

\Pﬂx)zm/jm&jw}dy, >0, (17)

which can be calculated using Egs. (15) and (16); and Egs. (13), (17), (14), and (4) together
evaluate Eq. (11) to an explicit expression (which we omit) for the waiting-time distribution
in the M/G/1 queue under the D-policy.

We can also derive an explicit formula for the expected waiting time: Let Ng =
{Ns(t),t > 0} be the renewal process associated with successive service times, defined
by Ng(t) = sup{n > 0: > ;- S; < t}; and let mg(t) denote its corresponding renewal
function. Then, we prove the following theorem in Section 3.

Theorem 2 For the M/G/1 queue under the D-policy, we have

EW) = — {1;’)/01)[1 +ms(D—t)]de(t)+/0Dtdms(t)}+E(WM), (18)

mg(D)+ 1
where E(Wyy), given by the well-known formula (e.g., Cooper [6, p. 189, Eq. (4.2)])

AE(S?)
2(1-p)’

is the expected waiting time of customers in the corresponding standard M/G/1 queue.

E(Wy) = (19)

(Equation (18) is closely related to a formula for the average number of customers in system,
involving the second moment of N(D), given in Rubin and Zhang [18, p. 333, Eq. (4.7)].)



2.2 Exponential Services

We assume here that G(-) is the exponential distribution and F'(-) is now arbitrary. Under
this assumption, it is easily seen that

Rjj =1 D + S (20)

for every j7 > 1. Since the number of customers who arrive after server activation in a
j-busy period is determined by Rj;, it follows from Eq. (20) that this number, distributed
as K; — j, does not depend on j; therefore, we will denote its generic version by K4. It also
follows from Eq. (20) that the form of W;(-) (see Eq. (7)) is independent of j, and we will

denote a generic ¥;(-) by W(-). With these observations, Eq. (11) simplifies to

P{W <z} = % {]2 bjkz::lF[j_M * Gy j(z) + E(Ka) *H(:n)} , (21)

where
E(K)=puD+1+ E(Ky), (22)

since b; = [(uD)?~1/(j — 1)Je #P for j > 1.
It is well known (e.g., Cooper [6, pp. 270-272, Eqgs. (14.22) and (14.11)], or from Eq. (8)
here) that, for the GI/M/1 queue,

H(z)=1-—we 1k x>0, (23)

where w is the smallest root of the equation
W= / e~ (=) R (y). (24)
0

Therefore, in view of Eqs. (21) and (22), it remains for us to determine E(K 4) and ¥(-) (we
note in passing that in this case, Gy_1,;(-), 1 <k < j, reduces to the Beta distribution).
For the standard GI/M/1 queue, it is known [15, p. 285, Eq. (16)] that

Alz) = #/OOO e [Py +2)— F(y)l dy, = >0. (25)

Denote by m(-) the renewal function of the renewal process N; = {N;(t), t > 0} associated
with successive idle periods I; for ¢ > 1 (defined similar to Ng). Then, we prove in Section
3 that

B w+m [(D)

E(Ka) 1—w

(26)



and
1—[w+mp(D—2)][w+m(D)]L, if0<z<D,
U(x) = (27)
1 —we #==D) [y 4 my(D)) 1, ifx>D.

Substitution of Eqgs. (22), (23), (26), and (27) into the right-hand side of Eq. (21) now yields
an explicit formula (which we omit) for the waiting-time distribution in the GI /M /1 queue
under the D-policy.

Finally, we also prove the following theorem in Section 3.

Theorem 3 For the GI/M/1 queue under the D-policy, we have

1 D 1 1 D
E(W): — —+ﬂﬂD2+ﬁ/ m[(D—t)dt
- 0

EK) [p 2 +E(Wer), (28)

where E(Wgr), given by
w

(I-wp

(see Eq. (23)), is the expected waiting time of customers in the standard GI/M/1 queue.

E(War) = (29)

3 Proofs

We begin with Theorem 1. We will first argue that a;, given by Eq. (3), is the “probability”
for the test customer to belong to a j-busy period: Observe that (i) the distribution of the
total number of customers served in a j-busy period depends explicitly on j, and (ii) it is
more likely for the test customer to arrive in “longer” busy periods (the classical “inspection
paradox”); i.e., the probability for the test customer to belong to a j-busy period does not,
in general, equal b; (see Eq. (2)). To account for this length-biasing effect, we shall interpret
the number of customers served in a j-busy period as a “sojourn in state j” in a discrete-time
(or an ordinal) semi-Markov process. Then, it is easily seen that under this interpretation
a; is the proportion of “time epochs” (or indices) this semi-Markov process spends in “state
J,” and E(Kj) is the expected sojourn time in state j. Hence, an application of, for example,
Theorem 4.8.3 in Ross [17] yields Eq. (3).

For a fized j > 1, we now study waiting times of arriving customers in j-busy periods.
Our key idea is to further classify these customers into two types: Those who arrive when
the server is inactive are said to be of type one; those when the server is active, type two.
Let ;1 and 72 be the “probabilities” for the test customer to be of type one and of type
two, respectively. Then, since there are exactly j type-one customers in each j-busy period,
we have, from a standard renewal reward argument (e.g., Ross [17, p. 78, Theorem 3.6.1}),

=1 —7Tj2 (30)

i1 =

E(Kj;)



We shall analyze in detail waiting times of these two types of customers separately.
Suppose first that the test customer is of type one and that he is the k" arriving
customer in a j-busy period, where 1 < k < j. Then, since the server remains inactive
until the arrival epoch of the j* customer, the waiting time of the test customer equals
the (independent) sum of (i) the elapsed time between his arrival epoch and that of the j*
customer and (ii) the total service requirement of the & — 1 customers who arrived before
him. The random variable in (i) is, of course, the sum of j — k (independent) random
variables each distributed as F(-); therefore, it follows the distribution function FU=*(.)
(when k = j, FU=k(z) equals 1 for z > 0, and 0 otherwise). The random variable in (ii)
is easily seen to have the representation (Zf:_f S Zf;ll S; < D, Zgzl S; > D); therefore,
its distribution function is denoted by Gy_1,;(-) (see Eq. (5)). Finally, since a type-one
customer is equally likely to be any one of the first j arrivals in the busy period, we conclude

that the waiting-time distribution of a randomly-selected type-one customer is given, for
x >0, by

J
E ST FUH S Gy (). (31)
J k=1
We next focus on type-two customers. The idea here is to view the first j customers
(all of whom are type one) in a j-busy period as a single “supercustomer,” with a (total)
service requirement R;;, and to imagine that the server is activated by the arrival of this
supercustomer. With this view, it is easily seen that the waiting times of type-two customers
are identical to those of customers who request ordinary services, with distribution function
G(:), in a corresponding GI/G/1 queue with an exceptional service, distributed as R;j;,
at the beginning of each busy period. This motivates the following key result, which, we
believe, is of independent interest.

Proposition 1 The waiting time W, of a randomly-selected “ordinary customer” (i.e.,
those who do not initiate a busy period) in an exceptional-first-service GI /G /1 queue has
distribution function

P{W, <z} =WgxH(x), x>0, (32)

where S denotes an exceptional service time.

Proof Observe that, under the standard FIFO (first-in-first-out) queue discipline, the wait-
ing time of a customer in the exceptional-first-service GI/G/1 model equals the workload
found by him at his arrival epoch. Since the workload is, at any time epoch, invariant under
all work-conserving queue disciplines, we will analyze the workload in this model, first at
all customer arrival epochs and then at ordinary-customer arrival epochs, under the sim-
plifying assumption that the queue discipline is preemptive-resume LIFO (last-in-first-out).



Our argument will be based on results in Niu [14]; in what follows, familiarity with that
paper will be assumed.

Under the preemptive-resume LIFO queue discipline, let o be the (long-run) proportion
of arrivals finding the system empty; and, for j > 1 and x, where x is a nonnegative j-
vector, let a;(x) be the proportion of (all) customers who find, on arrival, j customers in
the system with their respective remaining service requirements, arranged in the same order
as their arrival times, greater than x1, g, - - -, ;, the components of x. Since the workload
at an arrival epoch is the sum of the remaining service times of all waiting customers, aq
and o(x) for j > 1 completely determine the workload distribution as found by arrivals.
We will, therefore, derive a set of formulas for ag and «;(x) for j > 1. As in Niu [14], these
formulas will be expressed in terms of the delayed renewal function m(-) defined in Section
2.

Observe that having an exceptional service at the beginning of each busy period is the
same as sampling the service time from a different distribution whenever an arrival finds
the system empty. Therefore, our model is a special case of the one discussed in Section
4.2 of Niu [14], where general state-dependent interarrival and service times are allowed; in
particular, Theorem 5 there directly applies here. More specifically, we have

ag = {1 = E[m(S)]}H{1 — E[m(S)] + E[m(S)]} (33)
and, for 7 > 1 and x > 0,

a;j (%) = ag [Em(S){Em(S)]F " [1 = g(a)] [T - Us(a)] (34)

1=2

where S denotes an ordinary service time and an ill-defined product is interpreted as 1.
(Equations (33) and (34) are derived recursively from a minor modification of Lemma 1 in
Niu [14] that replaces S by S on the right-hand side of Eq. (13) there when j = 1; see the
proof of Theorem 1 there.)

We now focus on ordinary customers. For j > 1, let é;(x) be defined similar to a;(x)
but with the average taken over ordinary customers (an ordinary customer always finds at
least one other customer in the system). Since 1 — oy is the proportion of arrivals that are

ordinary, we clearly have

aj(x) = 1@ ’_();)0 :

(35)

a “relative proportion” (see Niu and Cooper [16, Section 3.2], for related discussions).
Substitution of Eqgs. (33) and (34) into Eq. (35) yields, after a little bit of algebra,

aj(x) = [1 = Vg(21)] aj-1(z2, -+, 25), (36)

10



where we have defined
ajo1(xg, - 5) = {1 = E[m(S)HEm(S)F ! [1 - Wg(z;)] (37)

(the argument of &;_1(x2,- -+, ;) is vacuous when j = 1). Comparison of the right-hand
side of Eq. (37) with Theorem 1 in Niu [14] then shows that as we vary j (from 1 to oo)
and x, -+, z;, Eq. (37) describes precisely the workload distribution as observed by all
arriving customers in a standard GI/G/1 queue. Hence, Eq. (32) is a consequence of Eq.
(36). 0

We are finally in position to put the pieces together:

Proof of Theorem 1 By “conditioning” first on the type of busy period in which the test
customer arrives and then on whether he is a type one or a type two, it is easily seen that Eq.

(9) is a consequence of Egs. (3), (30), (31), and (32) (with S =¢ Rj;). (See Niu and Cooper

[16, Sections 3.2 and 4.1] for a rigorous justification of such conditioning arguments.) O

The remainder of this section will be devoted to the proofs of Eq. (10), Theorem 2, Eqs.
(26) and (27), and Theorem 3, in that order.

Proof of Eq. (10) Again, we shall view all type-one customers in a busy period as a single

supercustomer (whose arrival activates the server). With this view, it is easily seen that

K; =% j 4 K,(S), (38)

where K,(5) denotes the number of ordinary customers served in an exceptional-first-service

GI/G/1 busy period in which the first service S =2 Rj;. We will, therefore, consider such
a busy period. Moreover, we will again assume, for convenience, that the queue discipline
is preemptive-resume LIFO, and adapt related arguments given in Niu [14].

If we follow the experience of the supercustomer over time, then, from Figures 1 and
2, and associated discussions, in Niu [14, p. 164], we see that (i) each arrival finding the

supercustomer in service generates an “interruption” of S , during which the number of
customers served is distributed as that of a standard GI/G/1 busy period, which we will

denote by K, and (ii) the number of such interruptions is distributed as N(S) (see Eq. (6)).
Therefore (similar to Eq. (28) in Niu [14]),

K,(5) =4 i (39)

where the K;’s denote ii.d. versions of K. An application of Wald’s identity to Eq. (39)
(note that N(S) and the K;’s are dependent; see Eq. (30) in Niu [14]) then yields

E[K,(8)] = E[N(5)] E(K) . (40)

11



From Eq. (32) in Niu [14], we have
E(K) = {1 - Elm(S)}~". (41)
Therefore, Eq. (10) is a consequence of Eqgs. (38), (40), and (41). O

For the proofs of Theorems 2 and 3, we will need several preliminary lemmas, all of
which are valid in the general GI/G/1 setting.

Lemma 1
o0 J 00
o0 [Tedri ) = 5 [T+ ms(D - o] dns(o). (2
j=1 k=1

Proof Let T;, i > 1, be the interarrival time between the i and the (i 4 1) customer in a
busy period; then, we obviously have [;° zdFU=H(z) = E(Zg;; T;) for 1 < k < j, with the
sum interpreted as zero when k = j. From this and the fact that b; = P{Ng(D) = j—1} for
j > 1, we see that the left-hand side of Eq. (42) can be written as E [ZNS(D )+l Z]-\LSIQ(D) T;].

Since Zi]\;Sk(D) T; = 0 when k = Ng(D) + 1, we then have

Ns(D) Ns(D)
> > T

k=1 =k

(43)

Z:b Z/ v dFU*

We will, therefore, complete the proof by showing that the right-hand side of Eq. (43)
evaluates to that of Eq. (42).
For k > 1, define the indicator random variable

1 if Ng(D) >k,
Vi = (44)
0 if Ng(D) < k;

then,
Ns(D)

CIDSRTE S

k=1 i=k

:ZE

Ng(D)
Yy Z T . (45)
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Next, by conditioning on Zle Si, we have

Ns(D) 00 Ns(D) k k
E|\Y:, Y Tl = /0 E|Ye > T,1) Si=t dP{ZSigt}
i=k i=k i=1 =1
D Ns(D) k
= [(E| Y Ty si=t] dcW, (46)
0 i=k i=1

where the second equality is due to the fact that Y; = 1 if and only if 3%, S; < D (see Eq.
(44)). Now, observe that if >F , S; = t with t < D, then the k™ renewal in the renewal

process Ng occurs at time ¢ and the number of renewals in the interval (¢, D] is distributed
as Ng(D —t). It follows that

Ns(D) k 1+Ng(D—t)
> LY Si=t| =" > Ty
i=k i=1 i=1
therefore
Ns(D) k 14+Ng(D—t)
E| Y Ti|Y Si=t| = E| > T
i=k i=1 i=1
1
= [+ms(D-)] 1, (47)

since E(T;) = 1/ for all i > 1 and the T;’s are independent of Ng. Finally, from Eqgs. (45),
(46), (47), and the well-known fact that mg(t) = >3, GI¥(t), we have

Ns(D) Ns(D) - L
E . = _ -
> Yo Z/O L+ ms(D — 1)) 5 dGH()
k=1 i=k k=1
1 D
= 5[ i+ ms(D 0] dms@).
A Jo
the right-hand side of Eq. (42). O

Our proof of Lemma 1 actually justifies an interesting term-by-term interpretation for
the right-hand side of Eq. (42): For 0 <t < D, (i) dmg(t) is the “probability” of having a
renewal at time ¢ (e.g., Ross [17, p. 66, Remark (2)]), (ii) 1+mg(D —t) is the (conditional)
expected number of renewals, including the one at time ¢, in the interval [¢t, D], and (iii) 1/A,
the expected length of one interarrival interval, is the (conditional) expected contribution
at time t to the right-hand side of Eq. (42) from each of the renewals in the interval
[t, D]. Variants of this interpretation, which is reminiscent of the Lebesgue integral, will be

used again without further comment in the proofs of the next two lemmas, to shorten the
arguments.
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Lemma 2
D

j;l bj kgl/(; :Ede_Lj(l‘) = /0 t dms(t) . (48)

Proof From Egs. (2) and (5), it is easily seen that the left-hand side of Eq. (48) can be
written as F [ZNS (D)+1 S*=1 8], which, since ! S; = 0 when k = 1, further simplifies
to E[Z (D)+1 S k=1S;]. A change of summation index then leads to

Z:b Z/ v dGy_1 j(x

k=1 i=1

Ns(D)
> Zs] (49)

Now, for 0 < ¢t < D, if a renewal in the process Ng occurs at time ¢ (i.e., Zle S; = t for some
k, which occurs with “probability” dmg(t)), then the (conditional) expected contribution
at time t to the sum Z]kVﬂD) Sk | S; on the right-hand side of Eq. (49) is precisely t.
Integrating t dmg(t) from 0 to D then leads to

Ns(D)

k D
> st] | rdms(o),

i=1

the right-hand side of Eq. (48). O

Let R = Zi]\fl(D)H S; be the sum of the required service times of all waiting customers

immediately after server activation. Then, an application of Wald’s identity yields imme-
diately that

1
E(R) = [ms(D) +1] m (50)
In the next lemma, we evaluate the second moment of R.

Lemma 3
2 2 (P
E(R?) = [ms(D) + 1]E(S )+;/ tdms(t). (51)
0
Proof This formula was established in Balachandran and Tijms [4, p. 1074, Eq. (b)], by
solving two renewal-type equations. We give an alternative proof that is somewhat more

constructive.
From the definition of R, we have

Ns(D)+1 \ 2
E(R>)=E ( > S,-)
=1

14



Ns(D)+l
oS 42E] > >SS (52)
i=1 1<i<j<Ng(D)+1

Since E[ZNS(D)Jrl S?] = E[ms(D)+1] E(S?) (similar to Eq. (50)), comparison of the right-
hand sides of Egs. (51) and (52) shows that the proof will be complete if we can establish
that

E

3 S,-Sj] _ %/ODtdms (1) . (53)
)

1<i<j<Ng(D)+1

To prove Eq. (53), observe that

Ns(D) J
DD SiSi= ) Sind S (54)
1<i<j<Ng(D)+1 j=1 i=1

Therefore, if, for 0 < ¢ < D, a renewal in the process Ng occurs at time ¢ (i.e., Zgzl S; =t

for some j, which occurs with “probability” dmg(t)), then, since S; 1, with mean 1/p, is

independent of Zgzl S; for every j, the (conditional) expected contribution at time ¢ to
the right-hand side of Eq. (54) equals (1/u)t. Integrating (1/u)t dmg(t) from 0 to D then
yields the right-hand side of Eq. (53). O

We are now in position to prove Theorem 2.

Proof of Theorem 2 From Eq. (11), we have

ij [/OOO 2 dFIH () + /OOO xde_Lj(g;)}

k=1

E(W):%ib {

7=1

+[E(Kj)—j][/ 2 dV +/ rdH (z ]} (55)

After substituting Eq. (13), [;° 2 d¥;(z) = E(R]Zj)/[Z E(Rjj)] (see Eq. (17)), 32724 bjE(jo) =
E(R?), and Y32, b; E(Rj;) = E(R), Eq. (55) further simplifies to

E(W) :—K{Zb Z/ xdFU=F

e o0 AE(R?) AE(R)
+ b-/ Gy, () + +
jgl 7 ) zdGr-1,5(x) 21— p) 1—p

E(WM)} : (56)
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From Egs. (4) and (10), 3272 j b; = ms(D) + 1 (see Eq. (2)), 372, b;E(R;;) = E(R), and
Eq. (50), it is easily shown that

ms(D) +1]

BK) = =572

(57)
Finally, from Egs. (42), (48), (51), (19), (50), and (57), it is straightforward to verify that
Eq. (56) reduces to Eq. (18). O

Proof of Eq. (26) Observe that K4 =% K,(S) (see Eq. (38)), where S now consists of two
(independent) “phases,” D and S (see Eq. (20)). We will, therefore, follow the argument
given in the proof of Eq. (10).

From Remarks 5 and 6 in Niu [14], we have (and it is well known) that, for GI/M/1,

B(K)=——. (58)
Comparison of Eq. (26) to Egs. (40) and (58) shows that we need to establish
E[N(S)] = w +my(D) (59)

To prove Eq. (59), we shall, for convenience, let the two phases of S go into service in the
order S first, D second; and denote by C's and Cp the respective numbers of interruptions
during the two phases in that order (C's and Cp are dependent, in general).

Clearly, we have Cs =% N(S) (similar to (ii) in the proof of Eq. (10)). Since the
duration of S is distributed as an ordinary service time, we see that the stochastic law
that governs in the time interval that begins with the arrival of the supercustomer and
ends when the supercustomer has expended S amount of time in service (i.e., when the

S-phase of S is completed) is identical to that of a standard GI/M/1 busy period, for
which we have, by substituting Eq. (58) into the right-hand side of Eq. (32) in Niu [14],
E[N(S)] = E[m(S)] = w; therefore, E(Cg) = w. The same observation also shows that
the elapsed time from the initiation of the D-phase of S to the first arrival after that time
epoch is stochastically identical to I, with distribution Eq. (25); and, since the subsequent
(independent) elapsed times between interruptions, if any, during the D-phase of S are
also distributed as I, this implies that Cp =% N;(D), the “nondelayed” version of N (D)
(see Eq. (6)). Hence, E(Cp) = E[N;(D)] = m;(D); and Eq. (59) is now a consequence of
EIN(8)] = E(Cs) + E(Cp). 2

Proof of Eq. (27) From Egs. (7) and (20), we have




where S is as defined in the Proof of Eq. (26). Observe that E[m((S — x)")] specializes to

E[m(9)] if z = 0. We will, therefore, evaluate E[m((S — z)")] for > 0. Consider two
cases.

Case 1: 0 < x < D. We have (S —z)" =% (D — z) 4+ S, which is of the same form as S.
Therefore, Eq. (59) applies with D — x replacing D on its right-hand side, yielding

Em((S —z)")]) =w+mi(D—x). (61)

Case 2: © > D. Exploiting the memoryless property, we have

R S with probability e #*=D)
(S —z)t =1
0 with probability 1 — e #(&=D)
It follows that

Em((S — 2)7)] = E[m(9)]e M==P) = ¢=r==D), (62)
Substitution of Egs. (61) and (62) into Eq. (60) now yields Eq. (27). O

Proof of Theorem 3 From Eq. (27), it is straightforward to show that
/ rd(z) = / [1—¥(z)|dz
0 0
1 D
— w4 mi(D)]"! w(D+;)+/ mi(D - x)dz| . (63)
0

Substitution of Eqgs. (42), (48), (26) (recall that E(K;) — j = E(Ka4)), (63), and (29) into
Eq. (55) yields, after a little bit of algebra,

(V) = ﬁ{%/f{umsw—tn ams (1)

1

+/0Dtdms(t)+E/0Dml(D—t) dt}"'E(WGI) ’

which, since mg(t) = pt, reduces straightforwardly to Eq. (28). O

4 Comments and Additions

4.1 1If D = 0, then the right-hand side of Eq. (11) reduces, as it should, to Eq. (8),
the waiting-time distribution of customers in a standard GI/G/1 queue. This is verified
as follows: Clearly, in this case, every busy period is a 1-busy period (i.e., the server is
activated immediately after the arrival of the first customer). It follows that (i) by = 1, (ii)
1/E(K,) = 1/E(K) = 1 — E[m(S)] (see Eq. (41)), and (iii) ¥1(-) = ¥g(-) (see Eq. (7)).
Substitution of (i), (ii), and (iii) into the right-hand side of Eq. (11) now yields, after a little
bit of algebra, Eq. (8).
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4.2 The term
1 &
- b
E(K) Z J

FU—k Gr—1,;(x) (64)
j=1 k=1

on the right-hand side of Eq. (11) can be given a direct interpretation: Observe first that
the limiting proportion P{W < z} (see Eq. (1)) can be decomposed into the sum of two
proportions 11 [0, z] and 1»[0, x], representing respective contributions to the right-hand side
of (1) from type-one and type-two customers; we then claim that Eq. (64) equals 14][0, z].
To see this, let M (z) be the number of type-one customers with a waiting time less than or
equal to z in a typical busy cycle. Then, since successive busy cycles are iid, we have (e.g.,
Theorem 3.6.1 of Ross [17]) that, w.p.1, v1[0, x] = E[M(z)]/E(K). Now, if a busy period is
of type j, then, from the discussion leading up to Eq. (31), we see that the k" (1 < k < §)
type-one customer in the busy period will have a waiting time less than or equal to x and
hence be “counted” in M (z) with probability FU—* « G—1, j(z). Therefore, by conditioning

on the total number of type-one customers in a busy period, we have

00 J
E[M ()] =3 b 3 FUH Gy j(a),
j=1 k=1

establishing our claim.
That the other term in Eq. (11) equals 5[0, ], a fact that is more difficult to establish,
is a consequence of our Proposition 1.

4.3 Proposition 1 resembles but is different from decomposition results for vacation
models, as discussed in Doshi [7,8] and other references therein. Our constructive arguments
can, in fact, be adapted to study vacation models as well; and this will be discussed in a
future paper.

By conditioning on whether or not an arrival finds the system empty (see Eq. (33)),
Proposition 1 also yields a representation for the waiting time of all customers in the
exceptional-first-service GI/G/1 queue. If, for example, the arrival process is Poisson,
then this representation can be specialized, as in Section 2.1, to obtain explicit results that
are transform-free counterparts of (some of the) results obtained earlier by Welch [20] and
by Avi-Itzhak, Maxwell, and Miller [1], among others; similar results for the exceptional-

first-service GI /M /1 queue can also be obtained, using our arguments in Section 2.2.

4.4 Our method can also be used to derive the waiting-time distribution of customers
in the GI/G/1 queue under the N-policy. To see this, notice first that under the N-policy,
every busy period is an N-busy period; therefore, there is no length-biasing effect when a
customer is selected at random. Next, we again classify customers as either type one or type
two, according to whether or not the server is active at the time of their arrival. Lastly, for
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7 >1, let Rj = Zgzl S;, and observe that the service requirement of the “supercustomer”

in every busy period is distributed as Ry (as opposed to Ryy, defined in Eq. (5)). An
argument similar to that leading to Theorem 1 then yields the following result.

Theorem 4 The distribution of waiting time W of a randomly-selected arriving customer
in the GI/G/1 queue under the N-policy is given, for x >0, by

. N 1&
P {W < x} = FINH L gl
k=1

E(KN)N (= E(Kn)

P ]@*H(m), (65)

where E(f(N) denotes the expected number of customers served in an N-busy period and
V(=g ().

If the arrival process is Poisson, then it can be shown that E(Ky) = N/(1—p) (similar to
Eq. (57)) and that W(-) simplifies, as in Eq. (17), to the forward-recurrence-time distribution

of Ry; with these (and Eq. (13)), the representation (65) easily specializes to a transform-
free formula. Corresponding transform formulas, derived by different methods, can be
found, for example, in Neuts [13, p. 35, Egs. (1.7.9) and (1.7.10)] (also, see Shanthikumar
[19]); the explicit term-by-term interpretations of our formula appear to be new.

In the remainder of this subsection, we will consider the case of the GI/M/1 queue

under the N-policy, for which our results appear to be new.

Again, we only need to determine E(Ky) and ¥(-), and we will adapt the proofs for
Eqs. (10), (26), and (27). After replacing S with Ry in Eq. (40), substituting Eq. (58), and
accounting for the IV initial customers, we see that

~ EIN(Ry)]

E(Ky)=N + (66)

1—w

Since Ry consists of N i.i.d. exponential phases, it is also easily seen that Eq. (62) gener-
alizes, by conditioning on the number of Poisson events at rate p in an interval of duration
x, to

N—

E[N((Ry —2)")] = )

1=0

—_

i

(p)
il

e " E[N(Ry_i)], x>0, (67)

which is needed in W(-) (defined by replacing S with Ry in Eq. (60)). We will, therefore,

determine E[N(R;)] for 1 <j < N.
For an arbitrary j > 1, we have, similar to Eq. (59),

E[N(R;)] =w + E[N(R;_1)]. (68)
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Clearly, E[N;(Ry)] = 0. We will evaluate E[Ny(R})] for k > 1 recursively.

Denote by C(I) the number of Poisson events at rate u that occur during a generic idle
period I. Our recursion will involve the distribution of C(I), which we give in the next
lemma.

Lemma 4 For i > 0, we have

P{C(I) =i} = w (+D) [w — Z w"énl : (69)
n=0

where, forn >0,
5y = / 9" iy g (). (70)
0

n!

Proof From Eq. (25), we have, after a change of variable,
dA(z) = ,u/ e~ 1=nl=2) 4R (2) da .

Therefore,

P{C(I) =i} = / %e—um / e~ (1=9nG=2) 4P (2) d
0 . T

which, after an interchange of the order of integration and some algebra (which we omit),

leads to
PAC() =i =D [ et [1 ) i L
0 — n!
Upon substitution of Eqs. (24) and (70), the last expression simplifies to Eq. (69). O
We are now ready for the recursion.
Lemma 5 For k > 1, we have
~ w w k-1 ~
BN (R0) = (5 = 1) + 5 X PIC(D) = {1+ ENI (B} (71)
i=1

Proof Initiate, simultaneously at time 0, two independent counting processes; and let one
of these be Poisson at rate y and the other N;. Thus, the processes monitor, respectively,

the numbers of “potential” phase-completions and interruptions (of and during Rk) over
time.
Let @ be the smallest index 7, i« > 1, for which there is at least one Poisson event in

the time interval ( ;_:11 I, Z;Zl I,,); then, from the independent-increments property of
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the Poisson process, it is easily seen that () has the geometric distribution with success
probability 1 — P{C(I) = 0}, which, from Eq. (69), equals dy/w.
From the definition of @), we see that the total number of interruptions, if any, prior to

the first phase-completion of Ry, which occurs somewhere inside the time interval
Q-1 Q
oL, > I
n=1 n=1

is distributed as @@ — 1. Denote by L the number of additional interruptions after the first

phase-completion of Ry; then, since E(Q — 1) = (w/dy) — 1, we see from Eq. (71) that the
proof will be complete if we can establish that

k—1
E(L) = 550 Z P{C(I) = i}{1 + E[N;{(Ri_)]} - (72)

Denote by J the number of Poisson events in the time interval (Zgz_ll I,, Zgzl I,,); then,
we clearly have J = (C(I) | C(I) > 0). Observe that additional interruptions after the
first phase-completion of Ry, can occur only if 1 < J < k—1. Now, if 1 < J < k — 1, then a
“genuine” interruption necessarily occurs at time 22:1 I,,; moreover, from that time epoch
onward, both the Poisson process and the process N regenerate themselves. Therefore, by
conditioning on J and noting that the number of remaining phases in Ry, after time Zgzl I,
equals k—.J, we obtain that E(L) = YF ! P{C(I) =i | C(I) > 0}{1+E[N;(Rk_;)]}, which,
since P{C(I) =1i| C(I) > 0} = P{C(I) = i}(p/w)~" for i > 1, reduces to Eq. (73). O

Finally, combining Eqs. (67) and (68) and Lemmas 4 and 5 yields W(-), which together
with Eqgs. (66) and (23) reduces Eq. (65) to an explicit formula (which we omit) for the
waiting-time distribution in the GI/M/1 queue under the N-policy.

4.5 As noted in Section 1, our results in this paper can be applied to study, in the
GI/G/1 setting, optimization models in which the threshold D is a controllable parameter.
This is currently under investigation and will be reported in a future paper.
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