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1. Introduction

Equivariance and invariance issues often arise in multivariate statistical analysis. Statisti-
cal procedures have to be modified sometimes to obtain an affine equivariant or invariant
version. This can be done by preprocessing the data, e.g., by standardizing the multivariate
data or by transforming the data to an invariant coordinate system. Some traditionally
used approaches are not fully affine invariant. For example the data transformation used
in principal component analysis is invariant only under orthogonal transformations.

Location and scatter functionals and statistics are used to describe and standardize the
multivariate distribution or data. Let X = {X1, ...,Xn} be a random sample of size n from
a d-variate distribution FX . Let A be the set of all nonsingular d × d matrices and S the
set of all positive definite symmetric d× d matrices.

Definition 1.1. A location functional T (F ) ∈ Rd is a vector-valued functional which is
affine equivariant, that is,

T (FAX + b) = AT (FX) + b

for all A ∈ A and b ∈ Rd.



2 Pauliina Ilmonen et al.

Definition 1.2. A scatter functional or a covariance functional S(F ) ∈ S is a matrix
valued functional which is affine equivariant in the sense that

S(FAX + b) = AS(FX )A′

for all A ∈ A and all b ∈ Rd. If S(F ) ∈ S satisfies a weaker condition

S(FAX + b) = kAS(FX )A′

where k = k(A, b, FX), then S(F ) is called a weak covariance functional (Serfling (2010)).

The corresponding sample statistics are obtained if the functionals are applied to the em-
pirical cumulative distributions Fn based on X. We then write T (Fn) and S(Fn), or, T (X)
and S(X), respectively, and AX+ b = {AX1 + b, ...,AXn + b}. The location and scatter
sample statistics then also satisfy

T (AX+ b) = AT (X) + b and S(AX+ b) = AS(X)A′

for all A ∈ A and all b ∈ Rd.

The first examples of location and scatter functionals are the mean vector and the regular
covariance matrix:

T 1(FX) = Mean(X) and S1(FX) = Cov(X)

Location and scatter functionals can be based on the third and fourth moments, respectively,
as well. A location functional based on third moments is

T 2(FX ) =
1

d
E
(
(X − E(X))′S1(FX )−1(X − E(X))X

)

and a scatter matrix functional based on fourth moments is

S2(FX ) =
1

d+ 2
E
(
(X − E(X))(X − E(X))′S1(FX )−1(X − E(X))(X − E(X))′

)
.

M-functionals of location and scatter, introduced by Maronna (1976), are commonly
used in many statistical analyses. They are defined as solutions of the two equations

T (FX) = E(w1(r))
−1E(w1(r)X)

and
S(FX ) = E(w2(r)(X − T (FX ))(X − T (FX ))′),

where w1(r) and w2(r) are nonnegative continuous functions of the Mahalanobis distance
r = ||S(FX)−1/2(X − T (FX ))||. (The || · || here denotes the l2 norm of ·, and S(FX )−1/2

is the symmetric version (see Section 2).) The mean vector and the regular covariance
matrix are M-functionals with w1(r) = w2(r) = 1. For example Hettmansperger-Randles
functionals (Hettmansperger and Randles (2002)) are obtained with choices w1(r) =

1
r and

w2(r) =
p
r2 .

There are several other location and scatter functionals, even families of them, having
different desirable properties (robustness, efficiency, limiting multivariate normality, fast
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computations etc). See for example Lopuhaä (1989); Maronna et al. (2006); Davies (1987);
Kent and Tyler (1996).

A scatter matrix Σ ∈ S can be decomposed into two parts by Σ = σ2Σ0 where σ2 =
σ2(Σ) is scalar-valued, and Σ0 = σ−2Σ is a shape matrix. The scale function σ2(Σ)
satisfies σ2(Id) = 1 and σ2(cΣ) = cσ2(Σ). In the literature, choices of the scale function
σ2(Σ) are Σ11, tr(Σ)/d, d/tr(Σ−1), and det(Σ)1/d, for example. See Paindaveine (2008);
Frahm (2009) and references therein. If S(F ) is a scatter functional or a weak covariance
functional, then one can define the corresponding scale and shape functionals as σ2(S(F ))
and S0(F ) = [1/σ2(S(F ))]S(F ), respectively. Note that the shape functional S0(F ) is
naturally also a weak covariance functional.

By definitions, it is required that multivariate location and scatter statistics are affine
equivariant. Multivariate testing and estimation procedures in general are often hoped to
be affine invariant and affine equivariant, respectively. (However, some of the traditional
methods do not fulfill this desired property.) Invariance and maximal invariance (Eaton
(1989); Lehmann and Romano (2005)) are defined as follows.

Definition 1.3. (i) A statistic Q(X) is invariant under a group G of transformations if

Q(gX) = Q(X), for all g ∈ G.

(ii) A statistic Q(X) is maximal invariant under G if it is invariant under G and if

Q(Y) = Q(X) ⇒ Y = gX, for some g ∈ G.

If Q0(X) is maximal invariant, then any other invariant statistic Q(X) is a function
of Q0(X). This means that Q0(X) is the most informative one among the set of invariant
statistics and is therefore preferred in further analysis of data. Another extreme case among
invariant statistics is a constant variable Q(X) = c that does not carry any information at
all.

In this paper we mainly consider invariance and equivariance under the groups of trans-
formations G0 = {g : gX = AX, A ∈ A} and G1 = {g : gX = AX + b, A ∈ A, b ∈ Rd}.
Then the procedures based on invariant statistics do not depend on the chosen coordinate
system for the observation vectors. It turns out that in the first setting a maximal in-
variant is obtained by applying a suitable type of matrix-valued transformation G(X) ∈ A
to the data X, producing G(X)X as the desired maximal invariant for the first group of
transformations. Then a noninvariant statistic Θ(X) can be made into an invariant one by
taking Θ(G(X)X). (Choosing Q(X) = G(X)X here to be just invariant, instead of maximal
invariant, would also naturally make Θ(Q(X)) invariant.) In the second setting a maximal
invariant of the type G(X)(X − T (X)) can be found. In particular, we will explore when
G(X) may be given by S(X)−1/2 for some scatter matrix S(X). Note that, since transfor-
mations gX = AX+ b, A ∈ A, b ∈ Rd are called affine transformations, invariance under
G1 or G0 is called affine invariance.

The paper is organized as follows. Standardization of multivariate data is discussed
in Section 2. The definition for a matrix Σ−1/2 and different ways to choose it uniquely
are examined in detail. Definitions of invariant coordinate system (ICS) functionals and
statistics are given in Section 3. Also, invariances up to some groups of transformations are
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discussed. Section 4 addresses construction of ICS functionals. In particular the construc-
tion based on the use of two scatter matrix functionals presented by Tyler et al. (2009),
and direct definitions based on the approach presented by Chaudhuri and Sengupta (1993)
are examined. Several applications of ICS functionals are discussed in Section 5.

2. Standardization of data

Let X = {X1, ...,Xn} be a random sample of size n from a d-variate distribution FX .
Location and scatter functionals are often used to center and standardize the distribution.
For the standardization we need the following definition of matrix Σ−1/2.

Definition 2.1. Let Σ ∈ S. Then Σ−1/2 denotes any matrix G which satisfies

GΣG′ = Id.

Note that Σ−1/2 is defined only up to an orthogonal transformation: if GΣG′ = Id, then
also (V G)Σ(V G)′ = Id for all orthogonal matrices V . Fix

Σ = UΛU ′,

such that U is a fixed unique orthogonal matrix and Λ is a diagonal matrix with diagonal
elements in a decreasing order of magnitude. The eigenvalue and eigenvector composition
Σ = UΛU ′ always exists and it can be chosen uniquely. Later in this section when we
use the notation Σ = UΛU ′, we assume that the eigenvalue matrix Λ and the orthogonal
eigenvector matrix U are chosen uniquely. Now one can choose Σ−1/2 in a unique way by
requiring, for example, that

(a) Σ−1/2 is unique lower diagonal (e.g. the inverse of the lower diagonal matrix in the
Cholesky decomposition of Σ),

(b) Σ−1/2 is unique upper diagonal (e.g. formed by permuting the rows of the inverse of
the lower diagonal matrix in the Cholesky decomposition of Σ),

(c) Σ−1/2 = UΛ−1/2U ′ (symmetric version),

(d) Σ−1/2 = Λ−1/2U ′ (rows are rescaled eigenvectors), or

(e) Σ−1/2 = V Λ−1/2U ′ where V is the VARIMAX rotation (factor analysis)

In the above developments Λ−1/2 is the unique diagonal matrix satisfying Λ−1/2ΛΛ−1/2 =
Id. The use of the above mentioned matrices Σ−1/2, especially the ones defined in points
(a) and (c), in standardizing data, were examined for example in Li and Zhang (1998).

The following result is utilized from a well known result for positive definite matrices, see
for example Horn and Johnson (1985), and is therefore presented just as a remark (and not
as a theorem.) However, the proof for this particular case (real positive definite matrices)
is presented to make the result more clear.

Remark 2.1. In general, for all Σ ∈ S, G can be regarded as Σ−1/2 if and only if

G ∈ {V Λ−1/2U ′ : V orthogonal and Σ = UΛU ′},

and if G1 and G2 can be regarded as Σ−1/2, then G1 = V G2 for some orthogonal V .
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Proof. Assume that Σ ∈ S and let Σ = UΛU ′. Define G0 = Λ−1/2U ′. Now clearly
V G0ΣG′

0V
′ = Id for any orthogonal matrix V . Assume that GΣG′ = Id. Now Σ =

G−1(G′)−1 = UΛU ′ and it follows that G−1 = UΛU ′G′. Thus

G = (G′)−1UΛ−1U ′ = (G′)−1UΛ−1/2Λ−1/2U ′.

Clearly

(G′)−1UΛ−1/2((G′)−1UΛ−1/2)′ = Id

i.e. the matrix (G′)−1UΛ−1/2 is orthogonal. Thus G = Σ−1/2 if and only if

G ∈ {V Λ−1/2U ′ : V orthogonal and Σ = UΛU ′}.

Assume then that G1ΣG′

1 = Id and G2ΣG′

2 = Id. Now G1 = V 1Λ
−1/2U ′ and G2 =

V 2Λ
−1/2U ′ for some orthogonal matrices V 1 and V 2. Thus G1 = V 1V

−1
2 G2. Since

V 1V
−1
2 is clearly orthogonal, G1 = V G2 for some orthogonal V .

For practical calculations one must of course have a rule for the choice of V in V Λ−1/2U ′.

For a scatter or a weak covariance functional S(F ) ∈ S, define the corresponding unique
eigenvector and eigenvalue functionals implicitly by

S(F ) = U(F )Λ(F )U(F )′.

Definition 2.2. Let the functional S(F ) ∈ S. Then S−1/2(F ) denotes any functional
G(F ) which satisfies

G(F )S(F )G(F )′ = Id.

The next Lemma follows directly from Definition 2.2 and Remark 2.1.

Lemma 2.1. For any functional S(F ) ∈ S

S−1/2(F ) = V (F )Λ(F )−1/2U(F )′,

where V (F ) is an orthogonal matrix functional.

To fix the functional S−1/2(F ) uniquely we thus have to fix the functional V (F ). Possi-

ble choices of V (F ) are U(F ) or Id or a matrix V (F ) that makes S−1/2(F ) unique upper
or lower triangular, for example. However, none of the choices discussed so far guarantees
the invariance of S−1/2(X)X.

Theorem 2.1. Let A ∈ A and b ∈ Rd.

• If S(F ) is a scatter functional then S−1/2(AX + b) = US−1/2(X)A−1 for some
orthogonal U = U(X,A).

• If S(F ) is a weak covariance functional then S−1/2(AX+ b) = kUS−1/2(X)A−1 for
some orthogonal U = U(X,A) and some constant k = k(X,A).
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Proof. Let S(F ) be a scatter functional. Clearly

S−1/2(X)A−1(S(AX+ b))(S−1/2(X)A−1)′

= S−1/2(X)A−1AS(X)A′(A′)−1(S−1/2(X))′ = Id.

Thus it follows from Remark 2.1, that S−1/2(AX+b) = US−1/2(X)A−1 for some orthogonal
U = U(X,A). The second point of the Theorem may be proven similarly.

Corollary 2.1. Let S(F ) be a scatter or a weak covariance functional, and T (F ) a
location functional. Then

• S−1/2(X)X is not necessarily invariant under group of transformations
{g : gX = AX,A ∈ A}, and

• S−1/2(X)(X − T (X)) is not necessarily invariant under group of transformations
{g : gX = AX+ b,A ∈ A, b ∈ Rd}.

Proof. Let S(F ) be a scatter functional. Let S(X) = U(X)Λ(X)U(X)′, where the
eigenvalue matrix Λ(X) has distinct diagonal elements and where U(X) is the unique or-

thogonal eigenvector matrix. Choose S−1/2(X) = U(X)Λ(X)−1/2U(X)′ (unique symmetric
version). Assume that V is some orthogonal matrix. Now the unique symmetric version of

S−1/2(V X) is V U(X)Λ(X)−1/2U(X)′V ′. It now follows that

S−1/2(X)X = U(X)Λ(X)−1/2U(X)′X

and

S−1/2(V X)V X

= V U(X)Λ(X)−1/2U(X)′V ′V X = V U(X)Λ(X)−1/2U(X)′X.

Thus

S−1/2(V X)V X = V S−1/2(X)X.

The sets S−1/2(X)X and V S−1/2(X)X in general are not the same sets unless V = Id or X

is very specific. Similar examination can be done for all unique choices S−1/2(X) that were
presented in page 4.

Note that, for example, the transformationU(X)′X used in principal component analysis
is not affine invariant. Thus the results of principal component analysis may vary depending
on the used coordinate system. For other examples and discussion, see Serfling (2010).

Remark 2.2. We will show later that, with a suitable choice of V (F ), the functional

S−1/2(F ) can be made affine equivariant.

Remark 2.3. Serfling (2010) called a matrix valued functional M (F ) a transformation-
retransformation functional if S(F ) = (M(F )′M(F ))−1 is a weak covariance functional.

Clearly then M(F ) = S−1/2(F ). If M(F ) is a transformation-retransformation functional
then so is V (F )M (F ) where V (F ) is any orthogonal matrix valued functional.
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3. Invariant coordinate system (ICS)

Ideally (in order to obtain maximal invariance of G(X)(X − T (X)) under affine transfor-
mations, see Theorem 3.1), we wish to find a transformation matrix functional G(F ) or
statistic G(X) that satisfies the conditions stated in the following definition.

Definition 3.1. (i) An invariant coordinate system (ICS) functional (under affine
transformations) is a matrix-valued functional G(F ) ∈ A satisfying

G(FAX + b) = G(FX )A−1, for all A ∈ A and b ∈ Rd. (1)

(ii) An invariant coordinate system (ICS) statistic (under affine transformations) is a d×d
matrix-valued sample statistic G(X) satisfying

G(AX+ b) = G(X)A−1, for all A ∈ A and b ∈ Rd. (2)

For the ICS statistic G(X) we then have the following result.

Theorem 3.1. (i) If G(X) ∈ A satisfies G(AX) = G(X)A−1 for all A ∈ A, then
G(X)X is maximal invariant under the transformations in {g : gX = AX}.
(ii) If G(X) ∈ A satisfies G(AX+ b) = G(X)A−1 for all A ∈ A and b ∈ Rd and T (X) is
a location statistic, then G(X)(X − T (X)) is maximal invariant under the transformations
in {g : gX = AX+ b}.

Proof. (i) Assume that G(AX) = G(X)A−1 for all A ∈ A. Then G(AX)AX =
G(X)A−1AX = G(X)X for all A. Thus G(X)X is invariant under the transformations
in {g : gX = AX}. If G(X)X = G(Y)Y then Y = AX where A = G(Y)−1G(X). Thus
G(X)X is a maximal invariant statistic. (ii) Assume that T (X) is a location statistic and
that G(AX + b) = G(X)A−1 for all A ∈ A and b ∈ Rd. Then G(AX + b)(AX + b −
T (AX + b)) = G(X)A−1(AX + b − AT (X) − b) = G(X)(X − T (X)) for all A and b.
Thus G(X)(X − T (X)) is invariant under the transformations in {g : gX = AX + b}. If
G(X)(X − T (X)) = G(Y)(Y − T (Y)) then Y = AX + b where A = G(Y)−1G(X) and
b = T (Y)−G(Y)−1G(X)T (X). Thus G(X)(X− T (X)) is maximal invariant.

In practical problems full invariance as in Definition 3.1 is not always needed. Weaker
concepts of invariant coordinate system are obtained if we only require invariance up to
some groups of transformations. For example for the tests based on marginal signs and
ranks it is sufficient to have ICS functionals up to permutation, and (heterogenous) sign
changes and scales. Let C be some subgroup of nonsingular d× d matrices. Then we define:

Definition 3.2. (i) A d × d matrix-valued functional G(F ) is an invariant coordinate
system (ICS) functional up to a group of transformations C if, for any A ∈ A and any
b ∈ Rd,

G(FAX + b) = CG(FX)A−1. (3)

for some C ∈ C.
(ii) A d× d matrix-valued sample statistic G(X) is an invariant coordinate system statistic
up to a group of transformations C if, for any A ∈ A and any b ∈ Rd,

G(AX+ b) = CG(X)A−1. (4)

for some C ∈ C.
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Theorem 3.2. Let Q(X) be invariant under transformations in C, that is, Q(CX) =
Q(X), for all C ∈ C. If G(X) is an ICS statistic up to C, then Q(G(X)X) is affine invariant,
that is, Q(G(AX)AX) = Q(G(X)X) for all A ∈ A.

Proof. Assume that Q(X) is invariant under transformations in C and that G(X) is an
ICS statistic up to C. Let A ∈ A. Now, since G(X) is an ICS statistic up to C,

Q(G(AX)AX) = Q(CG(X)A−1AX)

for some C ∈ C and since Q(X) is invariant under transformations in C,

Q(CG(X)X) = Q(G(X)X).

What are then the interesting groups of transformations in practice? In the literature of
multivariate nonparametric statistics one often has invariance under the above mentioned
G0 = {g : gX = A, A ∈ A} (nonsingular matrix multiplication) and G1 = {g : gX =
AX + b, A ∈ A, b ∈ Rd} (affine transformation), but also under the following groups of
transformations.

(a) D0 = {cId : c > 0} (homogeneous rescaling),
(b) D = {diag(c1, ..., cd) : ci > 0, i = 1, ..., d} (heterogeneous rescaling),
(c) J = {diag(c1, ..., cd) : ci = ±1, i = 1, ..., d} (heterogeneous sign changing),
(d) P = {P : P is a permutation matrix } (permutation), and
(e) U = {U : U is orthogonal} (rotation and reflection).

Serfling (2010) called G a strong ICS functional if it is an ICS functional up to D0. Using

these definitions we can now also say that, if S is a scatter matrix functional, then S−1/2

is an ICS functional up to U . Similarly, if S is a weak covariance functional, then S−1/2 is
an ICS functional up to Uc = {cU : c > 0 and U ∈ U}. However, for many applications,
these U and Uc are too broad. In the independent component analysis ICS functionals can
be used to recover independent components. See Section 5.5. For that application, for
example, an ICS functional up to U or Uc does not work.

ICS functionals are often used to preprocess the data to obtain affine invariant or equiv-
ariant statistical procedures. Theorem 3.2 then shows what is needed for full invariance.
For the tests based on spatial signs and ranks for example we need ICS functionals only up
to transformations in U and as already mentioned, for the tests based on marginal signs
and ranks it is sufficient to have ICS functionals up to a group of transformations

CPDJ = {PDJ : P ∈ P , D ∈ D, and J ∈ J }.

These will be discussed in more detail in Section 5.

4. Construction of ICS functionals

Construction of ICS functionals is addressed in this section. An approach based on the use
of two scatter matrix functionals presented by Tyler et al. (2009) is examined in Section
4.1 and a direct approach based on the construction presented by Chaudhuri and Sengupta
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(1993) is examined in Section 4.2. Both approaches are nonparametric in the sense that
parametric model assumptions are not needed. The approach presented in Section 4.1
is based on constructing functionals that can easily be applied to empirical distributions.
Using functionals enables to derive asymptotical results straightforwardly. The approach
presented in Section 4.2 is a very practical data driven approach.

4.1. The use of two scatter functionals
In this subsection we first construct ICS functionals; the ICS statistics are then obtained
if these functionals are applied to empirical distributions. ICS functionals can be based
on any two different scatter or weak covariance functionals: Let S1 and S2 be two weak
covariance functionals, and consider the set of distributions

F = {F : S−1
1 (F )S2(F ) has distinct eigenvalues}.

Set F is clearly a nonempty set. If for example S1 and S2 are the regular covariance
matrix and the scatter matrix based on fourth moments, and if Z has mutually independent
component with distinct fourth moments and X = AZ+ b, then FX ∈ F . The assumption
that S−1

1 (F )S2(F ) has distinct eigenvalues, is further needed to ensure that the eigenvectors
of S−1

1 (F )S2(F ) are unique up to the signs, scales, and order. Some discussion about this
restriction can be found from page 10. In this model of distributions F one can define ICS
functionals in the following ways.

(a) Find a transformation matrix functional G and diagonal matrix valued functional L
as a solution of eigenvector and eigenvalue problems

S−1
1 S2G

′ = G′L.

As the lengths, signs, and order of the eigenvectors are not fixed, any solution G is
an ICS functional in F up to permutation, heterogenous rescaling, and heterogenous
sign changes, i.e. G is an ICS functional up to a group of transformations CPDJ (page
8). See Tyler et al. (2009).

(b) Find a transformation matrix functional G and diagonal matrix valued functional L
which solve the above eigenvector and eigenvalue problem and satisfy

GS1G
′ = Id and GS2G

′ = L

where the eigenvalues in L are now in a decreasing order. Note that the assumptions
GS1G

′ = Id and GS2G
′ = L do not further restrict the underlying distribution.

These are just used to choose G to be a certain version of S
−1/2
1 , to be specific, the

assumptions GS1G
′ = Id and GS2G

′ = L here are used to to fix the scales and order
of the eigenvectors (column vectors of G′). With these assumptions any solution G

is an ICS functional up to a group of transformations

{D0J : D0 ∈ D0, J ∈ J }

Note that, if S1 and S2 are scatter functionals, then G is an ICS functional up to
sign changes (J , page 8.) only.
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(c) Let T 1 and T 2 be any two different location functionals. Find a transformation
matrix functional G and diagonal matrix valued functional L which solve the above
eigenvector and eigenvalue problem and satisfy

GS1G
′ = Id, GS2G

′ = L, and G(T 1 − T 2) ≥ 0

where the eigenvalues in L are in a decreasing order. The condition G(T 1 − T 2) ≥
0 (where ≥ is meant componentwise) is used to fix the signs of the eigenvectors
(column vectors of G′) and it does not bring any further restrictions on the underlying
distribution. If S1 and S2 are scatter functionals and if

Ft = {F : L(F ) has distinct diagonal elements and G(F )(T 1(F )− T 2(F )) > 0}

then the functional G is an ICS functional in Ft. See Ilmonen et al. (2010) and
Nordhausen et al. (2010).

The assumption that S−1
1 (F )S2(F ) has distinct eigenvalues is needed to ensure that G

can be chosen to be a unique ICS functional (or an ICS functional up to above mentioned
groups of transformations). If one or some of the eigenvalues of S−1

1 (F )S2(F ) are multiple,
then the eigenvectors corresponding to those eigenvalues are not unique and the matrix
G is not uniquely defined. How restrictive is the assumption? If X = AZ + b for some
A ∈ A and b ∈ Rd where JPZ ∼ Z for all J ∈ J and P ∈ P then S1(FX ) and S2(FX)
are proportional and FX /∈ F . This means that the ICS functional based on two scatter
matrices is not uniquely defined for example for the distributions in the elliptic model, or
for the distributions where the components of Z are i.i.d. To obtain pure ICS functional, a
further assumption G(F )(T 1(F ) − T 2(F )) > 0 is also needed. This assumption rules out
all symmetric distributions, but in most application ICS up to sign changes is enough and
the assumption can be dropped.

Remark 4.1. Note that, if X is a random sample from a continuous d-variate distri-
bution, then Fn ∈ Ft with probability one and G(X) = G(Fn) is an ICS statistic.

Sample statistics G(X) and L(X) as defined in point c above are thus affine equivariant
and invariant in the sense that

G(AX+ b) = G(X)A−1 and L(AX+ b) = L(X)

for all A ∈ A and b ∈ Rd. For the asymptotics, it is therefore not a restriction to assume
that X is a random sample from a distribution F with S1(F ) = Id and S2(F ) = Λ where
the diagonal elements of Λ are λ1 ≥ ... ≥ λd > 0. Ilmonen et al. (2010) then proved that if
all the diagonal elements of Λ are distinct and if

√
n(S1(X)− Id) = Op(1) and

√
n(S2(X)−Λ) = Op(1)

then

√
n(G(X)ii − 1) = −1

2

√
n(S1(X)ii − 1) + op(1),

(λi − λj)
√
nG(X)ij =

√
nS2(X)ij − λi

√
nS1(X)ij + op(1), i 6= j, and√

n(L(X)ii − λi) =
√
n(S2(X)ii − λi)− λi

√
n(S1(X)ii − 1) + op(1).
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With a tiny modification in the proof of the above results in Ilmonen et al. (2010) one
can show that the three equations above are in fact true if λi is distinct from all the other
eigenvalues λj , j 6= i. The limiting joint distributions of the sample eigenvectors and sample
eigenvalues for a subset with distinct population eigenvalues can then be derived from the
limiting distributions of S1(X) and S2(X).

4.2. Direct definition of G(X)

4.2.1. The Chaudhuri and Sengupta (1993) example
Evidently, the first example of ICS functional in the literature was introduced by Chaudhuri
and Sengupta (1993) in the context of testing H : θ = 0 versus H : θ 6= 0 in the location
model FX = F (x − θ). Since Aθ = 0 if and only if θ = 0, Chaudhuri and Sengupta
(1993) suggest using a test function Q satisfying Q(AX) = Q(X) for all nonsingular A ∈ A,
thus making the same decision before and after any nonsingular transformation of the
coordinate system. This motivates choosing the test procedure to be some function of a
maximal invariant statistic relative to the group of nonsingular transformations {g : gX =
AX, A ∈ A}.

Let X be a random sample of size n from an absolutely continuous distribution. For each
fixed choice of d distinct indices J = {i1, . . . , id} from {1, . . . , n}, the matrix (Xi1 , . . . ,Xid)
is then invertible with probability one, and, for all possible choices of J, its inverse

GJ(X) = (Xi1 , . . . ,Xid)
−1

(5)

is an ICS statistic in the sense that GJ(AX) = GJ(X)A
−1. Chaudhuri and Sengupta (1993)

then show that the transformed observations (i.e, “data-driven coordinates”)

GJ(X)X

form a maximal invariant statistic with respect to the nonsingular transformations {g :
gX = AX, A ∈ A}. The multivariate signs of transformed observations GJ(X)X are then
used as basic building blocks for various affine invariant versions of multivariate sign tests.

Let C(d, n) denote the class of all sets of d distinct integers from {1, ..., n}. Again in
practice, a general rule for the choice of J is needed. The question then remains on how
to choose J ∈ C(d, n) for example in such a way that GJ(X) converges to some population
quantity.

4.2.2. The Chakraborty and Chaudhuri (1996) example
In the setting of estimating location rather than testing a specified value, Chakraborty and
Chaudhuri (1996) introduced a variant of the Chaudhuri and Sengupta (1993) transforma-
tion, namely

GJ(X) =
(
(X i1 −Xid+1

), . . . , (X id −Xid+1
)
)−1

, (6)

with the index set J = {i1, . . . , id+1} in C(d + 1, n), thus using d + 1 sample observations.
Then GJ(X) is an ICS statistic (GJ(AX+ b) = GJ(X)A

−1) and

GJ(X)(X−X id+1
)
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is a maximal invariant statistic with respect to the nonsingular transformations {g : gX =
AX + b, A ∈ A, b ∈ Rd}. Chakraborty and Chaudhuri (1996) then show that computing
the coordinate-wise median on the observations {GJ(X)X i, i 6∈ J} and retransforming that
result back to the original coordinates via the inverse GJ(X)

−1 yields a fully affine equiv-
ariant version of the sample coordinatewise median, the “transformation-retransformation
(TR)” coordinatewise median.

How then to choose J? Write W J(X) = GJ(X)
−1 and let S be a scatter functional.

Chakraborty and Chaudhuri (1996) select J to make the matrix

W J(X)
′S(X)−1

W J(X) or equivalently GJ(X)S(X)GJ(X)
′

become as close as possible to a matrix of form λId, i.e., GJ(X) is made to be close to a
version of S(X)−1/2 up to a constant. (The criterion for the closeness could be e.g. the
variance of the eigenvalues of GJ(X)S(X)GJ(X)

′.) While only d + 1 observations are used
in defining GJ(X), all of the data now have been “looked at” in the process of choosing J.
However, we note that the computational burden in this method includes more than the
first step of getting S(X). The continuing steps to find the “optimal” set J by checking all
combinations are of order O(nd+1) and become prohibitive very quickly as d increases.

Note that, for all choices of J, SJ(X) = W J(X)W J(X)
′ is a scatter statistic with expected

value 2dCov(X). The distribution of SJ(X) is however the same for all J and all n > d+ 1
so that it is not consistent to any population value. Next we consider the behavior of
S

Ĵ
(X) when Ĵ is chosen so that S

Ĵ
(X) is as close as possible to the value of an auxiliary

scatter matrix S(X). If X is a random sample from F then the finite-sample and limiting
distributions of S

Ĵ
(X) depend on both F and the choice of S(X). We next show that, if

S(X) is consistent, then S
Ĵ
(X) is consistent to the same population value. (For a similar

result but with a different selection criterion, see Corollary 3.8 in Chakraborty (2001).)

Theorem 4.1. Assume that S(X) →P S(F ) and write λJ,1 ≥ ... ≥ λJ,d for the eigen-

values of GJ(X)S(X)G
′

J(X). If Ĵ = J(X) is the value J that minimizes
∑d

i=1(λJ,i− 1)2 then
also S

Ĵ
(X) →P S(F ).

Proof. Write shortly S = S(F ), Ŝ = S(X), and GJ = GJ(X). First note that

||GJŜG
′

J − Id||2 =
∑d

i=1(λJ,i − 1)2. Fix ǫ > 0, and find M > 0 such that, if

J = {J : ||GJ|| < M and ||GJSG
′

J − Id|| < ǫ/2},
then P (J 6= ∅) → 1. Let

J̃ =

{
{1, ..., d+ 1}, if J = ∅
J0, if J 6= ∅ and J0 ∈ J randomly chosen .

As
||GJŜG

′

J − Id|| ≤ ||GJSG
′

J − Id||+ ||GJ(Ŝ − S)GJ||,
it holds that

P
(
||G

Ĵ
ŜG′

Ĵ
− Id|| > ǫ

)
≤ P

(
||G

J̃
ŜG′

J̃
− Id|| > ǫ

)

≤ P
(
||G

J̃
SG′

J̃
− Id|| >

ǫ

2

)
+ P

(
||G

J̃
(Ŝ − S)G′

J̃
|| > ǫ

2

)

→ 0.
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This holds as

P
(
||G

J̃
SG′

J̃
− Id|| >

ǫ

2

)
≤ P (J = ∅) → 0

and

P
(
||G

J̃
(Ŝ − S)G′

J̃
|| > ǫ

2

)
≤ P

(
||G

J̃
||2||Ŝ − S|| > ǫ

2

)

≤ P (J = ∅) + P
(
M2||Ŝ − S|| > ǫ

2

)

→ 0.

As a similar construction can be made for all ǫ > 0, it follows that G
Ĵ
ŜG′

Ĵ
→P Id and

therefore S
Ĵ
− Ŝ →P 0 and, finally S

Ĵ
→P S.

Remark 4.2. The same W J(Xn) is used by Chakraborty et al. (1998) to develop an
affine equivariant (TR) modification of the sample spatial median and an affine invariant
multivariate spatial sign test. They also introduce a strategy to reduce the amount of
computation by stopping the search over all subsets J of size d + 1 from {1, . . . , n} as
soon as the ratio between the geometric mean and harmonic mean of the eigenvalues of
W ′

JS(X)
−1

W J becomes less than 1 + ε. Chakraborty (2001) extends this TR approach
to the entire spatial quantile function. As shown in Serfling (2010), one may also obtain
such affine equivariance and invariance properties for sample spatial statistics using any TR
transformation, see Section 5.3.

5. Selected applications of ICS functionals

Here we augment the applications mentioned above with several further contexts.

5.1. Multivariate one-sample location problem
Assume that X is a random sample from a symmetric distribution with the symmetry center

µ (i.e. X − µ
d
= µ−X). We wish to test the null hypothesis H0 : µ = 0. It is then often

natural to restrict the family of possible test statistics Q(X) to those which are invariant
under the group of affine transformations

G = {g : gX = AX for some nonsingular d× d matrix A}

as the null hypothesis is invariant under G. The test statistic Q(X) is invariant under G if
Q(gX) = Q(X) for all g ∈ G.

(a) If the data is expressed as a matrix by W = (X1, ...,Xn), then W ′(WW ′)−1W is
a maximal invariant and Hotelling’s T 2 test statistic

Q2(X) = 1′

nW
′(WW ′)−1W1n

is invariant under G. The companion location estimate, the sample mean µ̂(X) = X̄

is affine equivariant, that is, µ̂(AX+ b) = Aµ̂(X) + b for all A and b.
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(b) The multivariate one-sample location tests Q(X) based on marginal signs and signed-
ranks, see Puri and Sen (1971), are invariant under the group of permutations, het-
erogenous sign changes and heterogeneous rescalings, that is, under

C = {PDJ : P ∈ P , D ∈ D, and J ∈ J }.

(Even more is true: The tests are also invariant under strictly increasing transfor-
mations g : R+ → R+ to the absolute values of the marginal variables. However,
we are here interested only in affine transformations.) The statistic Q(S−1/2(X)X) is
not affine invariant but if G(X) and L(X) give any solution to the eigenvector and
eigenvalue problem

S−1
1 (X)S2(X)G(X)′ = G(X)′L(X),

then Q(G(X)X) is affine invariant. (In fact it is sufficient here that S1 and S2 are
scatter matrices with respect to the origin.) Naturally also Q(GJ(X)X), J ∈ C(d, n), is
affine invariant for any choice of J. The companion location estimates µ̂(X), the vector
of componentwise medians and the vector of componentwise Hodges-Lehmann esti-
mates, can be made affine equivariant using a transformation and retransformation:
µ̃(X) = G(X)−1µ̂(G(X)X), see Nordhausen et al. (2006).

(c) The one-sample spatial sign and signed-rank test statistics Q(X), see Oja (2010), are
invariant under the group of transformations in {dU : d 6= 0, U ∈ U}. Therefore

Q(S−1/2(X)X) is affine invariant for any weak covariance functional S and for any

version of S−1/2. The corresponding location estimates µ̂(X), the spatial medians
and the spatial Hodges-Lehmann estimate, can be made affine equivariant by µ̃(X) =

S(X)1/2µ̂(S−1/2(X)X).

5.2. Multivariate two-sample location problem
Assume that X1 andX2 are independent random samples of size n1 and n2 from distributions
F (·) and F (· −∆), respectively. Write X = X1 ∪ X2 and n = n1 + n2. We wish to test the
null hypothesis H0 : ∆ = 0. The test statistic Q(X1,X2) is often required to be invariant
under the group of affine transformations

G = {g : gX = AX+ b for some nonsingular d× d matrix A and d-vector b}.

(a) Assume thatX1, ...,Xn1
is the first sample andXn1+1, ...,Xn1+n2

the second sample.
Write X̄ for the sample mean vector, S for the sample covariance matrix, both calcu-
lated from X, Zi = S−1/2(X i− X̄), i = 1, ..., n, and W = (W 1,W 2) = (Z1, ...,Zn).
Then W ′W is a maximal invariant. Hotelling’s two-sample T 2 test statistic

1

n1
1′

n1
W ′

1W 11n1
+

1

n2
1′

n2
W ′

2W 21n2

is affine invariant and the corresponding estimate (difference of sample means) is affine
equivariant.

(b) The multivariate two-sample location tests Q(X1,X2) based on marginal signs and
ranks (Puri and Sen (1971)) are invariant under

{g : gX = PDJX+ b where P ∈ P , D ∈ D, J ∈ J , b ∈ R
d}.
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Let again G(X) and L(X) give any solution to the eigenvector and eigenvalue problem

S−1
1 (X)S2(X)G(X)′ = G(X)′L(X).

Then Q(G(X)X1,G(X)X2) is affine invariant. Naturally also Q(GJ(X)X1,GJ(X)X2),
J ∈ C(d+ 1, n), is affine invariant for any choice of J. The difference of the marginal
medians and the two-sample Hodges-Lehmann estimate can be made affine equivariant
using again the transformation and retransformation technique, see Nordhausen et al.
(2006).

(c) The two-sample spatial sign and rank tests Q(X1,X2) (Oja (2010)) are invariant under

{g : gX = dUX+ b, d 6= 0, U ∈ U , b ∈ R
d}.

ThenQ(S−1(X)X1,S
−1/2(X)X2) is invariant for any choices of weak covariance matrix

S and for any version of S−1/2. Again, the corresponding estimates ∆̂(X1,X2) can

be made affine equivariant by S1/2(X)∆̂(S−1/2(X)X1,S
−1/2(X)X2).

5.3. Multivariate quantile estimation
For a distribution F on Rd, an associated quantile function attaches to each point x a
quantile representation Q(u, F ), indexed by u in the unit ball Bd(0) in Rd. For u = 0, the
most central point Q(0, F ) is interpreted as a d-dimensional median MF . For u 6= 0, the
index u represents direction in some sense, for example, direction to Q(u, F ) from MF ,
or expected direction to Q(u, F ) from random X ∼ F . The magnitude ‖u‖ represents an
outlyingness parameter, higher values corresponding to more extreme points.

Quantile functions on Rd are desirably equivariant, and the associated outlyingness func-
tions invariant, under the group of transformations

G = {g : gX = AX+ b for some nonsingular d× d matrix A and d-vector b}.

That is, the new quantile representation of a point x after affine transformation should
agree with the original representation similarly transformed, and its outlyingness measure
should remain unchanged. This is captured in the following definition.

Definition 5.1. An Rd-valued quantile function Q(u, F ), u ∈ Bd(0), is affine equiv-
ariant if, for Y = AX + b with any nonsingular d× d A and any b,

Q(v, FY ) = AQ(u, FX) + b, u ∈ B
d(0), (7)

with a Bd(0)-valued re-indexing v = v(u,A, b, FX) which satisfies

‖v(u,A, b, FX)‖ = ‖u‖, u ∈ B
d(0). (8)

For the median Q(0, FX), the equivariance property may be stated simply Q(0, FY ) =
AQ(0, FX) + b. Condition (8) builds outlyingness invariance into the definition of affine
equivariance of Q(·, F ).

Denote the family of contours of a quantile function Q(·, F ) by

Q̃(c, F ) = {Q(u, F ) : ‖u‖ = c}, 0 < c < 1.
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These contours represent equivalence classes of points of equal outlyingness. (But in general
c need not be the enclosed probability weight.) Typically, and desirably, they are nested.
If Q(·, F ) is affine equivariant, then equivalently so are the contours: for Y = AX + b, we
have

Q̃(c, FY ) = AQ̃(c, FX) + b, 0 < c < 1.

Here the mapping u 7→ v(u,A, b, FX) is left implicit.

A number of different multivariate quantile functions have been formulated. Some are
affine equivariant in the above sense, and some are not. For example, the well-known spatial
quantile function is only orthogonally equivariant. However, computation of the spatial
quantile function on the data after standardization by a TR transformation, followed by
retransformation back to the original coordinates, yields a fully affine equivariant version.
See Serfling (2010) for elaboration.

5.4. Multivariate skewness and kurtosis
Some other descriptive statistics for multivariate data, like skewness and kurtosis statistics,
are desired to be invariant under the group of transformations

G = {g : gX = AX+ b for some nonsingular d× d matrix A and d-vector b}.

Let again X̄ be the sample mean vector and S the sample covariance matrix. Then write
Zi = S−1/2(Xi − X̄), i = 1, ..., n, and W = (Z1, ...,Zn). As mentioned before, W ′W is
a maximal invariant. The Mardia (1970) skewness and kurtosis statistics

1

n2

n∑

i=1

n∑

j=1

(W ′W )3ij and
1

n

n∑

i=1

(W ′W )2ii

are then naturally invariant under G.

Consider next the approach based on a simultaneous use of two location functionals T 1

and T 2 and two scatter functionals S1 and S2. Find a transformation matrix functional G
and diagonal matrix valued functional L which solve the above eigenvector and eigenvalue
problem and satisfy

GS1G = Id, GS2G
′ = L, and G(T 1 − T 2) ≥ 0

where the eigenvalues in L are in a decreasing order. As mentioned before, Z = G(X)(X−
T 1(X)) is then a maximal invariant. The skewness and kurtosis can be now defined as
T 2(Z) and S2(Z) or

||T 2(Z)||2 and ||S2(Z)− Id||2

See Kankainen et al. (2007); Nordhausen et al. (2010); Ilmonen et al. (2010).

More generally, if X is a random sample from F (A ·+b) with unknown A and b then the
model checking should be based on an invariant sample statistic. Nordhausen et al. (2010)
used T 2(Z) and S2(Z) above to distinguish between a wide range of models.
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5.5. Independent component analysis
One important and timely example of the use of the ICS functionals is the independent com-
ponent analysis (ICA). The field of applications of ICA is wide and constantly expanding,
varying from biomedical image data applications to signal processing.

In the independent component (IC) model it is assumed that the d-variate vector X can
be written as

X = ΩZ,

for some full-rank d× d mixing matrix Ω and for some d-vector Z with independent com-
ponents. In the independent component analysis (ICA) the aim is to find an estimate for
an unmixing matrix Γ such that ΓX has independent components. Naturally Γ = Ω−1

is one possible unmixing matrix. The IC model can be formulated in several ways: If the
independent components are permuted or multiplied by nonzero scalars they still remain
independent. Then the ICA problem reduces to estimating an unmixing matrix Ω−1 only
up to the order, signs and scales of the row vectors. In order to be able to identify a mixing
matrix one has to assume that at most one of the components of Z is normally distributed.
Excellent overviews of independent component analysis are given in Hyvärinen et al. (2001)
and Cichocki and Amari (2006).

Definition 5.2. A scatter functional S is said to possess the independence property if
S(FX ) is a diagonal matrix for all X with independent components.

Independence property, which most scatter matrices do not enjoy, is essential in the in-
dependent component analysis. The regular covariance matrix is a scatter matrix with
the independence property. Another scatter matrix with the independence property is the
matrix based on fourth moments. In general M functionals (for example Hettmansperger-
Randles scatter functional) or other scatter matrix functional families do not posses the
independence property. However, for any scatter matrix S(FX ), its symmetrized version
Ssym(FX ) = S(FX1−X2

), where X1 and X2 are independent copies of X, has the indepen-
dence property (Oja et al. (2006); Tyler et al. (2009)).

Let S1 and S2 be two scatter functional with the independence property. We then find
a transformation matrix functional G and diagonal matrix valued functional L as a solution
of

S−1
1 S2G

′ = G′L.

Any solution G(FX ) is then an unmixing matrix in the IC model and G(X) may be used
as a estimate of it. If S1 and S2 are the moment based functionals given above, then the
functional G is the well-known fourth order blind identification (FOBI) functional (Cardoso
(1989)).

5.6. Sliced inverse regression
High dimensional data analysis has grown to be an extremely important topic in the field of
statistics. Dimension reduction plays a key role in high dimensional data analysis. One then
wishes to reduce the dimension of a d-variate random vectorX with cumulative distribution
function FX using a k × d transformation matrix B such that X → Z = BX . Moreover,
this transformation should be done without losing any information.
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If the goal is to use the reduced number of variables in the new coordinate system to
predict the value of a known response variable Y , then the joint distribution of X and Y

should play a role in dimension reduction of X. This is nicely conducted in sliced inverse
regression (SIR) (Li (1991)). Sliced inverse regression can be seen as an ICS functional
application based on two scatter matrices

S1(FX) = Cov(X) and S2(FX ) = Cov (E(X|Y )) .

Note that the second scatter matrix S2 is now supervised in the sense that it depends on
the joint distribution of X and Y . One again solves the eigenvector and eigenvalue problem

S−1
1 S2G

′ = G′L.

and the data can be transformed to a subspace corresponding to nonzero eigenvalues.

SIR can be seen as an example of supervised invariant coordinate selection. For a
comprehensive discussion on SIR and supervised invariant coordinate selection, see Liski
et al. (2011).

5.7. Projection pursuit scaled deviation vectors
The projection pursuit approach toward formulation of multivariate outlyingness (or depth)
functions is well-established and uses the supremum of the univariate scaled deviation out-
lyingness

O(x, F ) =

∣∣∣∣
x− µ(F )

σ(F )

∣∣∣∣ ,

taken over all univariate projections, for location and spread measures µ(F ) and σ(F ) (e.g.,
see Zuo (2003)). More generally, for any set ∆ of unit vectors u in Rd, we may define the
corresponding projection pursuit outlyingness of a point x in Rd by

O∆(x, F ) = sup
u ∈ ∆

O(u′x, Fu
′
X).

For ∆ the set of all projections, this is the above projection outlyingness and is affine
invariant. However, for ∆ finite, not even orthogonal invariance holds. On the other hand,
after first standardizing the data with a transformation M(F ) that is ICS up to D0 (see
page 8), then modified outlyingness function defined by

Õ∆(x, F ) = sup
u ∈ ∆

O(u′M(FX )x, Fu
′
M(FX )X)

is affine invariant for any choice of finite ∆. See Serfling (2010) for detailed discussion.
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