CHAPTER 1

ROBUST ESTIMATION VIA
GENERALIZED L-STATISTICS:
THEORY, APPLICATIONS, AND
PERSPECTIVES

ROBERT SERFLING
Unwversity of Texas at Dallas

Abstract: Generalized L-statistics, introduced in Serfling (1984) and including
classical U-statistics and L-statistics, are linear functions based on the ordered
evaluations of a kernel over subsets of the sample observations. In particular,
generalized median statistics fall within this class and are found to fulfill an
interesting and potent principle, that “smoothing” followed by “medianing” yields
a very favorable combination of efficiency and robustness. Extensive asymptotic
theory now available for generalized L-statistics is reviewed, including asymptotic
normality, strong convergence, large deviation, sequential fixed-width confidence
interval, jackknife, and bootstrap results, as well as Glivenko-Cantelli theory for
associated empirical processes of U-statistic structure. Illustrative applications
are treated, including nonparametric and robust location and spread estimation,
nonparametric analysis of linear models, nonparametric regression, and robust
parametric scale estimation for exponential distributions, equivalently tail index
estimation for Pareto distributions.
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1.1 INTRODUCTION

The notion of generalized L-statistics (GL-statistics) unifies the simpler
classes of L- and U-statistics while maintaining a nice level of mathematical
tractability. In applications, the notion leads to formulation of highly com-
petitive estimators in both nonparametric and robust parametric estimation
contexts. Here we review the theory and applications of GL-statistics and
illustrate through several examples an interesting and potent principle, that
“smoothing” followed by “medianing” yields a very favorable combination
of efficiency and robustness.

Initially we consider the setting of a sample of i.i.d. real-valued ob-
servations Xi,...,X, having cdf F. Denote the ordered observations by
X1 < < Xy We ask

What common or unifying feature is shared by the sample mean,
sample variance, sample median, 5% trimmed mean, Hodges-
Lehmann location estimator (i.e., median of pairwise averages
(X; +X;)/2), median of three-way averages (X; + X; +X3)/3),
Theil’s nonparametric regression slope estimator (i.e., median
of pairwise slopes (Y; —Y;)/(X; — X)), and median of absolute
differences | X; — X;| (i #£7)?

Note that among these the sample mean, sample median, and 5% trimmed
mean are L-statistics, 1.e., linear functions of order statistics given by
Z?Il Cni Xni for some choice of constants ¢,;. Also, the sample mean and
sample variance are U-statistics: 1.e., for particular choices of real-valued
“kernel” h(xy,...,2m;) defined on R™, they can be represented in the form
n(_ni) Yo h(Xi,, ..., X, ), where the sum is over all n(,,) = n(n—1)---(n —
m+1) m-tuples (i1, ..., iy) of distinctindices from {1,... m}. Finally, the
Hodges-Lehmann location estimator can be represented as an R-statistic,
i.e., a function of the ranks of the X;’s. (General background on L-, U-,
and R-statistics may be found in Huber (1981) and Serfling (1980).) The
remainder of the above statistics, however, are neither L- nor U- nor R-
statistics, nor do they fall within any other traditional class of statistics.

1.1.1 A Unifying Structure

We can, however, draw together all of the above statistics into a single
coherent class, as follows. Consider again a kernel h(zq,...,#y) defining
a U-statistic, denote the ordered values of the summands h(X X))
appearing in the associated U-statistic by

i1

Wnl S e S Wn,n(m)a
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and with these associate the class of all linear combinations of the ordered
Whi's, 1.e., all statistics having the form

7 ()
> eniW (1.1.1)
i=1
for some choice of constants ¢,;. We call statistics of form (1.1.1) generalized
L-statistics (GL-statistics).

Note that each of the statistics considered in the above question may be
expressed in this form for suitable choice of h and ¢,;. Also, in particular,
the entire class of L-statisticsis obtained by taking kernel h(z) = z, and the
entire class of U-statistics is obtained by taking c,; = 1/n(m). Moreover,
interesting new varieties of statistic are included in this structure:

e trimmed U-statistics (i.e., eliminate the upper proportion « and lower
proportion « Wy;’s and average the rest)

o Winsorized U-statistics

e median of m-wise averages, i.e., median{(X;, +---X;_)/m} (which
gives for m = 1 the usual sample median, for m = 2 a version of the
Hodges-Lehmann location estimator, and for m > 2 new competitors
to these estimators).

Various examples will be treated formally in §1.5.

The setting of GL-statistics may be extended in two ways. (i) The
X;’s may be random elements of an arbitrary space as long as the kernel
h is real-valued. (In the case h(x) = #, this reduces to requiring the X;’s
to be real-valued.) (ii) In §1.2, after introducing a representation of GL-
statistics in terms of statistical functionals, we widen this class of statistics
by introducing a more general form of functional.

In order for the GL-statistic generalization to be useful in practice,
the usual battery of theoretical results are needed, including asymptotic
normality, strong convergence, Berry-Esséen rates, large deviation theory,
sequential fixed-width confidence intervals, and jackknife and bootstrap re-
sults. These are obtained as follows. In §1.2 GL-statistics are formulated as
statistical functionals, specifically as L-functionals evaluated at generalized
empirical df’s of U-statistic structure. This representation enables usin §1.3
to combine functional analysis for L-functionals with probabilistic analysis
(specifically, Glivenko-Cantelli theory) for the generalized empirical df’s,
establishing a foundation for developing in §1.4 the above-mentioned the-
oretical results for GL-statistics. Also, in §1.4, some extensions to broader
contexts are indicated. In §1.5 we examine a variety of illustrative applica-
tions in nonparametric estimation and robust parametric estimation.
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1.2 BASIC FORMULATION OF GL-STATISTICS

Here we represent GL-statistics as statistical functionals. This enables a
characterization of the parameter estimated by a GL-statistic as well as of
the estimation error, thus providing a foundation for theoretical analysis
by the method of differentiable statistical functions.

1.2.1 Representation of GL-Statistics as Statistical Functionals

Our representation of a GL-statistic as a “differentiable statistical func-
tional” entails

e the use of L-functionals T', and

e the evaluation of such a 7'(+) at an empirical df of U-statistic structure.
We first review the nature of L-functionals 7'(-), then define the appropriate
empirical df, and then put these together.

L-Statistics as Statistical Functionals
A functional T() defined on real-valued df’s GG and having the form

:/1 Gl (dt + Y a; G

for some choice of function J(-) on [0,1], integer d > 0, values p; € [0, 1]
and constants a;, is called an L-functional It represents a weighting of the
quantiles of G, combining a continuous weighting of all quantiles via J with
a discrete weighting of selected quantiles. In connection with a sample of
real-valued X7, ..., X, having df F'| evaluation of such a T'(-) at the usual
empirical cdf

ﬁn(x) =n! Zl{Xi <z}, —oo << oo,

i=1

2l

i=1

yields

d

2: A—1
/n + a] n

j=1

which we recognize as an L-statistic because ﬁn_l(p) = Xy for (i—1)/n <
p < i/n. Thus a wide class of L-statistics is generated by evaluating various
L-functionals at F},.
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Empirical CDF of U-Statistic Structure

Analogous to the above empirical df ﬁn which jumps 1/n at the order
statistics X,,;, we define an empirical df associated with the W,;’s given
above, namely the step function with jumps of size 1/n(y,):

Ho(y) =nip) D UHA(X;, 0 X ) Sy}, =00 <y < oo

For each fixed y, ffn(y) is a U-statistic as defined above. Thus, although
this generalization of the usual empirical cdf has complex structure, it is of
a familiar type. Note that I, estimates the df Hp of A(X1,..., X ):

EH,(y) = Hr(y) = P(h(X1,...,Xm) <y), —00<y< oo

For the kernel h(z) = x, Hp reduces to F" and ffn to ﬁn

GL-Statistics as Statistical Functionals

In the same way that L-functionals evaluated at Fj, yield L-statistics, we
generate GL-statistics by evaluating these same L-functionals at the gen-
eralized empirical df H,, producing

d

T(ﬁn):fl/(i/n(m) J(t)dt] (/i) + Z (1.2.1)

i=1 i_l)/n(m)

A wide class of linear combinations of the W,,;’s 1s thus generated. More-
over, through this representation we easily characterize the parameter that
is estimated by a GL-statistic. Quite simply, since H,, estimates Hp, T'(Hy)

estimates .
1
T = [ HREOI00 + Y @ )
0 j=1

In the following we shall treat GL-statistics in the form (1.2.1) as well as
in an extended form now to be introduced.

1.2.2 A More General Form of Functional
Let us generalize the above L-functional to:
1 D
T(G):/ 1o TUG) J5(t) dt + S A qo T, (G), (1.2.2)
0 j=1

where
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e for each t € (0,1), T3(-) denotes a particular L-functional as defined
above (with J(-) replaced by a function J;(+), d replaced by d;, each

a; by as, each p; by pe;)
¢ ¢: R +— R is a Borel-measurable function.

With ¢(z) = = and Ty(G) = G~1(t), each ¢, we recover the case of simple
L-functionals. Below we shall see other useful cases of ¢(-) and T3(-).

Two Examples: Spread Measures of Bickel and Lehmann

Evaluation of the functional (1.2.2) at either the classical empirical df ﬁn
or the more general empirical df ffn brings further statistics of interest into
our scope. As examples, we mention two spread measures which Bickel
and Lehmann (1979) formulated on an intuitive basis but which are best
studied theoretically through reformulation as GL-statistics.

Ezample 1. Use (1.2.2) with ¢(z) = 22, Ty(G) = G71(t) — G711 - 1),
J*(t) = (1—=28)"t for B <t <1- 8 and = 0 elsewhere, where 3 is chosen
in (0,1/2), D =0, and take h(z) = x in defining H,, (i.e., take F,). Then

the relevant GL-statistic is essentially

n=[np]
(n —2[np])~* Z (Xnk — Xnpn—it1)’,

k=[ng]+1

a nonparametric measure of spread. Note that in this example the more
general functional 7'(+) is applied to the classical empirical df. a

Ezample 2. Use (1.2.2) with ¢(z) = 22, Ty(G) = G1(HL), J*(1) =
(1—a—3)"tfora<t<1-pand =0 elsewhere, where 0 < o < 1/2 <
1—-8 <1, D =0, and take h(x1, x2) = #1 — 23 in defining H,. Then T(H,)
yields still another nonparametric measure of spread, one which involves
both the more general functional 7'(-) and the more general empirical df

~

H,. O

1.2.3 The Estimation Error
Our general goal is to study the estimation error,

T(H,) - T(Hp),

~

where T'(H,) is given by (1.2.1) using a simple L-functional, or, more gen-
erally, with 7'(-) given by a functional of form (1.2.2).
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1.3 SOME FOUNDATIONAL TOOLS

We combine functional analysis for the functional T'(-) with probabilistic

analysis for the empirical cdf ffn A convenient representation for the
latter is

~

1
Hy = T m) Z On(X,, X0 )

where 6, denotes the cdf placing mass 1 at the point y.

1.3.1 Differentiation Methodology

For some purposes, we require the functional T'(:) to be differentiable, for
which a quite basic form of differential serves very well. For an arbitrary
functional T'(-) on df’s G, the Gateaux differential at Gy is defined by

d
T/(Go; Gy — Go) = fT(Go + /\(Gl — Go))
d o

As is well-known (e.g., Serfling (1980)), this yields an approzimation to
T(G1) — T(Gy), when G is “close” to Gy. To apply this to our object of
study, the estimation error, we take Gy = Hp and G; = H,, obtaining

- T/(HF;n(_ni)Zéh(X,l,...,X,m) — Hp)
- n(_ﬂi)ZTl(HF?éh(X,l,...,X,m) — Hp),

where in the last step linearity of 7" in its second argument is assumed
(to be checked for each specific functional 7' under consideration). Thus,
for any functional T" whose Gateaux differential satisfies the above linearity

property, the corresponding approximation to the estimation error T(H,)—
T(Hp) has the form of a U-statistic, based on the “kernel”

T'(Hp; 6h(or, an) — Hr)- (1.3.1)

I.e., under |linearity | we have:

‘ The differential approximation to the estimation error is a U-statistic.
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In particular, for 7" an L-functional, and for the case that the df G has
density gg, we obtain after some manipulations (Serfling (1980))

(GG —Go) = = [ 61(0) = Golw)] T(Golw) dy
=, P~ GG ()
e G Y

More generally, for T given by (1.2.2) with ¢ differentiable, we have

1
T/(Go;Gl — Go) = —/ q/ o Tt(Go) ﬂ(Go,Gl — Go) J*(t) dt
0
D
—|—ZA] q/ o ij (G) T]lnj(Go;Gl — Go), (133)
j=1

with the quantities T{(Gy; G1 — Gp) being of form (1.3.2). We see that the
desired linearity of T" indeed holds, whereby we have: for GL-statistics,
the differential approzimation to the estimation error is a U-statistic. For
explicit formulation of the relevant kernel given by (1.3.1), see Serfling
(1984) and Janssen, Serfling, and Veraverbeke (1984). Here we simply note
that the kernel in (1.3.1) has mean 0 and we denote its variance by

o*(T,Hp) = Var(T'(Hp; 6p(x,,. x,) — Hr) ).

1.3.2 The Estimation Error in the U-Empirical Process

The closeness of T(ffn) to T(Hp) is related, of course, to the closeness of ffn
to Hp. This becomes manifest in various ways. For example, to establish
asymptotic normality of T(Hy,) — T(Hr), the relevant consideration is the
behavior of the normalized difference

n'2[T(H,) = T(Hg) = T'(Hp; H, — Hp)),

for which a precise treatment entails the use of rates for the convergence of
H, to Hy In various norms. R

On the other hand, to establish the SLLN for T'(H,), the relevant con-
siderations are continuity rather than differentiability of 7'(-), combined
with convergence of the quantile functions ff;l to HEl in various modes
of convergence.

Thus the “U-empirical process” which underlies our investigation of
GL-statistics becomes itself a target of investigation. The general goal is
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to establish for ffn the wide collection of results already available for the
classical empirical cdf F,.

The first general result for the empirical process of U-statistic structure
appears to have been developed by Silverman (1976), in work preceding
the appearance of “GL-statistics” and motivated by other considerations.
Indeed, treating a larger class of empirical processes, he established weak
convergence of n'/?(H,(-) — Hp(-)) to a Gaussian process. In Silverman
(1983), specifically for the context of GL-statistics, extension with respect
to a stronger topology was obtained. One can also treat the the empirical
process of U-statistic structure as a special case of “U-process” as intro-
duced by Nolan and Pollard (1987, 1988), for which a general treatment of
weak and strong convergence is provided by Arcones and Giné (1993). For
a large deviation result for U-processes, see Serfling and Wang (1998).

1.3.3 Extended Glivenko-Cantelli Theory

One class of results for f]n covers the convergence of ffn to Hp 1n various
modes and norms. We call this “Glivenko-Cantelli theory,” in a broad sense
of the term.

Results for ||IA{n — Hrlle

An exponential probability inequality for ||f]n — Hp||oo was established by
Helmers, Janssen, and Serfling (1988):

P(||Hp = Hplloo > d) < (14 4C[n/m]2d) e=2/™¢ 450 n > m,

where €' is a universal constant and [] denotes “integer part.” This is
an analogue of the Dvoretzky, Kiefer, and Wolfowitz (1956) inequality for
||ﬁn — Fl|eo. In fact, the latter inequality is used as a lemma in Helmers,
Janssen, and Serfling (1988) to obtain an exponential bound on the moment
generating function of ||fAIn — Hrl|co, thus providing a new tool even for the

case Fi,. As a corollary of the above probability inequality, we readily
obtain

1/2
log n
) almost surely, n — oo,
n

1y — Hello = O(

which gives the “Glivenko-Cantelli Theorem” for H, along with a rate of
convergence. Compare the “in-probability” version,

1 = Hrllo = 0p(n™"?%), n — o0,
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for Hp continuous, proved in Serfling (1984).

The above probability inequality for ||f]n — Hp||oo also has a multi-
sample extension, given in Helmers, Janssen, and Serfling (1988). Another
variant concerns weighted versions of the above sup-norm, i.e.,

(T, = Hp)/(wo Hp)lloo,

where w(-) is some specified weight function. See Silverman (1983) and
Helmers, Janssen, and Serfling (1988) for particular results.

Further Results

For treatment of ||f]n — Hpl|z,, see Serfling (1984), Helmers, Janssen, and
Serfling (1988), and Arcones and Giné (1993), and for ff;l() — H;l(),
see Janssen, Serfling, and Veraverbeke (1984) and Helmers, Janssen, and

Serfling (1988). Strong approximation of the U-empirical process is treated
by Dehling, Denker, and Philipp (1985).

1.3.4 Oscillation Theory, Generalized Order Statistics, and Ba-
hadur Representations

A classical nonparametric approach for obtaining a confidence interval for
a quantile parameter F~1(p) is to take as endpoints of the interval a pair
of order statistics,

(Xn,a(n) ) Xn,b(n))a

with the ranks a(n),b(n) selected to achieve desired confidence. Extension
to sequential fized-width nonparametric C. I.’s is obtained by letting n be
defined suitably as a random stopping time N.

A much more general and interesting class of parameters is defined by
retaining the simplicity of the quantile functional,

with G given by Hp based on various choices of kernel h(xy,...,2,,). We
have seen several examples above. For such parameters we may form non-
parametric C. I.’s by taking as endpoints a suitably chosen pair of general-
1zed order statistics,

(Wn,a(n) ) Wn,b(n))a

letting n be given by a stopping time N in the case of a sequential procedure.
Such applications are based on theoretical results for the behavior of
sequences of the generalized order statistics, W, 1(n), for certain choices
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of rank sequence k(n). A key result is a “Bahadur-type representation”:
for 0 < p < 1, Hp twice differentiable with H}W(Hf_wl(p)) > 0, and k(n)

satisfying
k(n) (logn)l/2
p=0 )

we have that almost surely as n — oo

(n)/n(m) - An(HEl(P))
Hp(Hp (p)

k
W kiny = Hp'(p) + + O(n=3/*(logn)=3/).

In particular, this yields for the (generalized) pth quantile f];l(p) a repre-
sentation as aepprorimately a sample mean in form.

A fundamental result on which the above result is based concerns the
osctllation behavior of the empirical process based on H,,. Denote by

w(g;6) = | S_f|p<5 lg(s) — g(®)],

the modulus of continuity function for a given function g, and by
on () = 03[ Ho () — Hp ()]

the empirical process based on ffn Results on the rate of convergence
to 0 of w(ayn;ay) and related quantities, for sequences a, tending to 0 at
appropriate rates, are given in Silverman (1983), Janssen, Serfling, and
Veraverbeke (1984), and Choudhury and Serfling (1988). In particular, the
latter paper provides a broad treatment including general application to the
context of sequential fixed-width nonparametric C.1.’s. The results sharpen
and extend previous work of Bahadur (1966) for the case h(z) = x (see also
Serfling (1980)) and of Geertsema (1970) for both the cases h(x) = # and
h(zq,22) = (21 + 22). For extension to the multi-sample case, see Serfling

(1992).

1.3.5 Estimation of the Variance of a U-Statistic

The evaluation of the Gateaux differential of a GL-functional at ffn — Hp
was seen to be a U-statistic in form. The variance ¢?(T, Hr) of the cor-
responding kernel (3) is the relevant variance parameter in the asymptotic
normality of T(f]n) Some applications require estimation of this variance
parameter, e.g., for confidence intervals on T(Hp).

General methodology for estimation of the variance of an ordinary U-
statistic is available, for example, in Sen (1981). However, in the present
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case the kernel of our U-statistic involves unknown parameters. For GL-
statistics which are guantiles of H,, estimation of ¢*(T, Hp) is treated in

Choudhury and Serfling (1988).

1.4 GENERAL RESULTS FOR GL-STATISTICS

1.4.1 Asymptotic Normality and the LIL

~

Results on asymptotic normality of GL-statistics T'(H,) are developed in
Serfling (1984) and Helmers and Ruymgaart (1988) for for 7'(-) a classical L-
functional with bounded scores and unbounded scores, respectively, and in
Janssen, Serfling, and Veraverbeke (1984) for T'(-) having the more general
form (1.2.2). Under moderate regularity conditions, these statistics satisfy

n'2[T(H,) — T(Hp)] —4 N(0,0(T, Hp), n — .

For T(+) a simple L-functional, the development parallels the treatment
of T(Fy,) (ordinary L-statistics) as in Serfling (1980). Briefly, put

A, =n'*[T(H,) - T(Hp) - T'(Hp; H, — Hp)]

and decompose this into A, = A1+ A, 2, corresponding to the continuous
(J-function) and discrete components of the functional 7'. Then, for A1,
establish inequalities of the form

[Ani| < W5 g lla [1Hn = Hells, (1.4.1)
where A = oo and B = Ly, or vice versa, and

KEWN=KEW) _ J(F(y), G(y) # F(y)
Wea r(y) =

0, G(y) = F(y),

with K(t) = fot J(u)du. This sets the stage for an analysis which motivates

and exploits some of the Glivenko-Cantelli results for f]n in §1.3. For the
component A, it turns out that this quantity is precisely that which is
treated in the Bahadur representation result for H, as discussed in §1.3.4.
For T(-) given by the more general functional (1.2.2), the treatment is
somewhat more complicated.

For the LIL, a parallel approach works. For the Berry-FEsséen rate for
the convergence in the AN result and its use as a tool in the bootstrap
analysis of GL-statistics, see Helmers, Janssen, and Serfling (1990).
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1.4.2 The SLLN

The classical SLLN states that the sample mean converges almost surely
to its expectation, a result that has fundamental and wide application in
probability and statistics. Considering now the “statistical setting”, we ask

In what generality does the SLLN hold?

For the generality of the class of L-statistics, a sharp SLLN was estab-
lished by van Zwet (1980). This was extended to GL-statistics in Helmers,
Janssen, and Serfling (1988): under moderate regularity conditions, we have

~

T(H,) —a4s T(Hp), n — oo.

In some sense this is a weaker conclusion than asymptotic normality, but,
since we thus need to establish it under weaker conditions, the problem can
in principle be a harder one (and in fact is).

In the development of Helmers, Janssen, and Serfling (1988), the prob-
lem was handled by identifying and formulating the functional-analytic and
probabilistic components inherent in the problem and then treating these
separately. One first investigates the convergence behavior of the functional
T(-) evaluated at a deterministic sequence of weakly convergent df’s G,,.
This leads to conditions on T'(-) and on {Gy,}, sufficient for convergence of
T(Gy) to a limit. Then one establishes, as an extended Glivenko-Cantelli
property for f]n, that with probability 1 the random sequence of empirical
df’s {H, } indeed satisfies the conditions on {G}.

1.4.3 Large Deviation Theory
The large deviation problem, specialized to GL-statistics, is to evaluate the
limit N

g P(IT(,) ~ T(Hp)| = d)

n— o0 n

bl

under appropriate conditions. For ordinary L-statistics as well as other
functionals of Fy,, this has been solved fairly completely in Groeneboom et
al (1979). For extension to GL-statistics and other functionals of H,, see

Serfling and Wang (1999).

1.4.4 Further Results

Jackknife results were established for U-statistics, by Arvesen (1969) and
for L-statistics by Parr and Schucany (1982). For GL-statistics of the sim-
ple form (1.2.1), jackknife results have been developed by Shao (1990). Tt is



GENERALIZED L-STATISTICS 14

of interest to extend to the more general form (1.2.2). For bootstrap results
for GL-statistics, see Helmers, Janssen, and Serfling (1990). Multi-sample
GL-statistics are treated by Akritas (1986) and Serfling (1992). Gener-
alizing the study of incomplete U-statistics by Blom (1976), incomplete
GL-statistics based on the form (1.2.1) are investigated by Hossjer (1996).
It is also of interest to extend to (1.2.2).

1.5 SOME APPLICATIONS

1.5.1 One-Sample Quantile Type Parameters

A general treatment of GL-statistics having the form f[;l(p), for some
choice of kernel h and 0 < p < 1, is given by Choudhury and Serfling
(1988). Some examples are as follows.

Location Estimation

For estimation of the location parameter ¢ of a symmetric and continuous
cdf F', classical nonparametric estimators are provided by the median and
by the median of pairwise averages (the Hodges-Lehmann location estima-
tor). More generally, let us consider — as noted in Section 1 and proposed
in Serfling (1984) — the median of m-wise averages:

X 4+ X,
HL(,) = median {M}

m

(which for m > 2 gives competitors to the classical estimators). With the
kernel Az, ..., 2m) = %, this is a GL-statistic: f];l(l/Q). It esti-
mates the generalized quantile parameter HEl(l/Q). Besides the treatment
of Choudhury and Serfling (1988) for this example, see also Choudhury
(1989, 1990) and, for extension to multivariate X;’s, Chaudhuri (1992). In
terms of asymptotic relative efficiency (ARE) with respect to X at the Nor-
mal distribution, and breakdown point (BP), the estimator HL(p,) exhibits
a very favorable trade-off in comparison with other estimators, as shown in
the following table.

Estimator ‘ ARE BP

median 637 .500
25%-trim | .833  .250
HL (o) 955 .293
HL3) 981 206
HL(4) 989 .160
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We interpret this finding in the context of robust parametric estimation
and arrive at the following principle:

The use of the median operation, after “smoothing” the data
by taking a function of several observations at a time, over all
subsets of the data, leads to a statistic which has a favorable
combination of efficiency and robustiness. I.e., smoothing fol-
lowed by medianing yields both efficiency and robustness.

A more general type of location estimator is given by taking a kernel
of form h(zy,...,2m) = Zzzl a;x; with Z:nzl a; = 1. See Choudhury and
Serfling (1988) for further discussion.

Spread Estimation

Among various measures of spread discussed by Bickel and Lehmann (1979)
is the median of the distribution of |X; — X3|, where X; and X5 are in-
dependent r.v.’s having cdf F. This is a generalized quantile parameter,
H;1(1/2), based on the kernel h(xq,22) = |21 — 23|

More generally, as discussed in Choudhury and Serfling (1988), we might
consider the class of spread measures and estimators corresponding to ker-

nels of the form
Z Biz;
i=1

with "7 8; = 0. This generalizes the above m-wise average form of kernel
and extends an approach studied by Maritz, Wu and Staudte (1977).

h(zy,. .., &m) =

bl

Regression Slope Estimation

Consider the simple linear regression model ¥; = a + 0X; + ¢, with
{e;} 11.d. r.v.’s independent of X;, and X; a sequence of random regressors.
Let F' denote the common cdf of the mutually independent pairs (X;,Y;),
1 << n,and let Hp denote the cdf of h((X1,Y1), (X2, Y3)), where

Yy2—y
Ay, (@2, 2)) = =

For this choice of kernel, the nonparametric estimator of 3 given by Theil
(1950), i.e., the median of the slopes (Y; — Y;)/(X; — X;), is the corre-
sponding GL-statistic based on the median functional: 3 = f];l(l/Q). The
results of Choudhury and Serfling (1988) provide sequential nonparametric
fixed-width confidence intervals for this classical estimator.
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1.5.2 Two-Sample Location and Scale Problems
Location

Suppose F)(z) = F()(x — 0), and let F' denote (F(1) F(2)). For integer
m > 1 consider the kernel

x(ll)+...+x%))—(x(12)+...+x£,3))

m

h(a:(l) SO l‘(lz) Dy = (

Assuming F(!) continuous, we have that Hp(0) = 1/2, ie., 0 = H;1(1/2),
and a corresponding estimator is 6, = f];l(l/Q), where n = (ny,ng), the
vector of respective sample sizes. The case m = 1 is the shift estimator
given by Hodges and Lehmann (1963), while the cases m > 2 represent
new competing estimators. Note that under the null hypothesis # = 0 we
have Hp(0) = 1/2, and a corresponding test statistic is given by H,(0).
For the case m = 2, this test was proposed by Hollander (1967) (see also
discussion in Randles and Wolfe (1979), pp. 96-97). See Serfling (1992) for

a general development.

Scale

Suppose F(Z)(x) = F(l)((x — 0)/n), for 6 an unknown nuisance parameter
and n > 0 the parameter of interest. With the kernel
25" — 21"

e, o 22, o) = 2 =2
ey — x|

bl

we have n = Hy'(1/2), and a corresponding estimator is given by 7, =
f];l(l/Q), Under the null hypothesis n = 1 we have Hp(1) = 1/2, and
a corresponding test statistic is given by f]n(l), as proposed by Lehmann
(1951). See Serfling (1992) for a general development.

1.5.3 Robust ANOVA

Here we suppose that FU)(z) = Fy(x — Aj), 1 < j < ¢, and consider
estimation of a parameter of form

0 = Zc:dej,
j=1

where dy,...,d. are specified constants and the A;’s are unknown. The
problem of nonparametric estimation of § in the case of a contrast (Zi d; =
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0) was initially studied and solved by Lehmann (1963), whose approach
consists of expressing 6 in the form of a linear combination of the differences
A; = A; and using nonparametric estimates of these. A rich literature has
developed on this approach and its modifications. Using the framework
of GL-statistics, however, a straightforward competing estimator may be
formulated, based on the kernel

Wt ey =Y el
j=1

We suppose Fy to be symmetric about 0, in which case we have § =
Hz'(1/2), and a natural estimator of @ is thus given by 6, = H;'(1/2),
where n = (n1,...,n.). Surprisingly, this estimator has not been investi-
gated previously in the literature. This formulation also includes the case
that 6 is not a contrast. For testing the null hypothesis § = 0o, a natural
test statistic is given by Hp (o).

1.5.4 Robust Regression

Frees (1991) has introduced and investigated a wide class of estimators
of 3, in which a typical estimator is given by trimming the collection of
ordered slopes (Y; — Y;)/(X; — X;), and then taking a weighted average of
the remaining slopes. Using an extended notion of generalized empirical
cdf, he represents these as GL-statistics for appropriate choices of kernel.

1.5.5 Robust Estimation of Exponential Scale Parameter

Consider the problem of robust estimation of # in the two-parameter ezpo-
nential distribution E(y, @) having cdf

Glz)=1—e =m0 g >y, (1.5.1)

for # > 0 and —o0 < p < oo, with g an unknown “nuisance parameter”.
The maximum likelihood estimator of @, éML =X, — X1, is efficient, being
asymptotically normal with mean ¢ and variance 62/n, but is nonrobust,
having BP = 0. Competing {rimmed mean type estimators O, for various
choices of trimming level  have been investigated by Kimber (1983a,b)
and established to possess relatively high efficiency coupled with favorable
robustness. It has been found, however, that these trimmed type estima-
tors are outperformed by generalized median type estimators O based on
suitable kernels. This finding illustrates again the general principle stated
in §1.5.1. As a typical example, 0. based on 10% upper and lower trimming
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has ARE = .85 and upper BP = .10, whereas fqw for a suitable kernel has
ARE = .94 and upper BP = .13. For full details, see Brazauskas and Ser-
fling (1999). Note that the above exponential scale estimation problem is
equivalent, through exponential transformation of the data, to that of tail
index estimation in a two-parameter Pareto model.
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