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DIFFERENTIAL GAMES, DISTRIBUTED SYSTEMS, AND

IMPULSE CONTROL

• Theory of differential games:There may be more than
one decision maker, each having one’s own objective
function which each is trying to maximize, subject to a
set of differential equations.

• Distributed parameter systems:Another extension
replaces the system of ordinary differential equations by
a set of partial differential equations.

• Impulse control:These controls are developed to deal
with systems which, in addition to conventional
controls, allow a controller to make discrete changes in
the state variables at selected instants of time in an
optimal fashion.
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12.1 DIFFERENTIAL GAMES

The study of differential games was initiated by Isaacs

(1965). After the development of Pontryagin’s maximum

principle, it became clear that there was a connection

between differential games and optimal control theory. In

fact, differential game problems represent a generalization

of optimal control problems in cases where there are more

than one controller or player. However, differential games

are conceptually far more complex than optimal control

problems in the sense that it is no longer obvious what

constitutes a solution.
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12.1.1 TWO PERSON ZERO-SUM DIFFERENTIAL GAMES

Consider the state equation

ẋ = f(x, u, v, t), x(0) = x0, (1)

where we may assume all variables to be scalar for the time
being. Extension to the vector case simply requires
appropriate reinterpretations of each of the variables andthe
equations. In this equation, we letu andv denote the
controls applied by players 1 and 2, respectively. We
assume that

u(t) ∈ U, v(t) ∈ V, t ∈ [0, T ],

whereU andV are convex sets inE1.
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MINIMAX SOLUTION

Consider further the objective function

J(u, v) = S[x(T )] +

∫ T

0
F (x, u, v, t)dt, (2)

which player 1 wants to maximize and player 2 wants to

minimize. Since the gain of player 1 represents a loss to

player 2, such games are appropriately termedzero-sum

games. Clearly, we are looking for admissible control

trajectoriesu∗ andv∗ such that

J(u∗, v) ≥ J(u∗, v∗) ≥ J(u, v∗). (3)

The solution(u∗, v∗) is known as theminimaxsolution.
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NECESSARY CONDITIONS

To obtain the necessary conditions foru∗ andv∗, we form
the Hamiltonian

H = F + λf (4)

with the adjoint variableλ satisfying the equation
λ̇ = −Hx, λ(T ) = Sx[x(T )]. (5)

The necessary condition for trajectoriesu∗ andv∗ to be a
minimax solution is that fort ∈ [0, T ],
H(x∗(t), u∗(t), v∗(t), λ(t), t) = min

v∈V
max
u∈U

H(x∗(t), u, v, λ(t), t),

(6)
which can also be stated, with suppression of(t), as
H(x∗, u∗, v, λ, t) ≥ H(x∗, u∗, v∗, λ, t) ≥ H(x∗, u, v∗, λ, t) (7)

for u ∈ U andv ∈ V . Note that(u∗, v∗) is a saddle point of
the Hamiltonian functionH.
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NECESSARY CONDITIONS CONT.

Note that ifu andv are unconstrained, i.e., when,

U = V = E1, condition (6) reduces to the first-order

necessary conditions

Hu = 0 and Hv = 0, (8)

and the second-order conditions are

Huu ≤ 0 and Hvv ≥ 0. (9)

We now turn to the treatment of nonzero-sum differential

games.
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12.1.2 NONZERO-SUM DIFFERENTIAL GAMES

Assume that we haveN players whereN ≥ 2. Let

ui ∈ U i, i = 1, 2, ..., N , represent the control variable for the

ith player, whereU i is the set of controls from which theith

player can choose. Let the state equation be defined as

ẋ = f(x, u1, u2, ..., uN , t). (10)

Let J i, defined by

J i = Si[x(T )] +

∫ T

0
F i(x, u1, u2, ..., uN , t)dt, (11)

denote the objective function which theith player wants to

maximize.
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NASH SOLUTION

In this case, aNash solutionis defined by a set ofN

admissible trajectories

{u1∗, u2∗, ..., uN∗}, (12)

which have the property that

J i(u1∗, u2∗, ..., uN∗) (13)

= max
ui∈U i

J i(u1∗, u2∗, ..., u(i−1)∗, ui, ..., u(i+1)∗, ..., uN∗)

for i = 1, 2, ..., N.
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OPEN-LOOP NASH SOLUTION

Define the Hamiltonian functions

H i = F i + λif (14)

for i = 1, 2, ..., N , with λi satisfying

λ̇i = −H i
x, λi(T ) = Si

x[x(T )]. (15)

The Nash controlui∗ for theith player is obtained by
maximizing theith HamiltonianH i with respect toui, i.e.,
ui∗ must satisfy

H i(x∗, u1∗, ..., u(i−1)∗, ui∗, u(i+1)∗, ..., uN∗, λ, t) ≥

H i(x∗, u1∗, ..., u(i−1)∗, ui, u(i+1)∗, ..., uN∗, λ, t), t ∈ [0, T ],

(16)
for all ui ∈ U i, i = 1, 2, .., N .
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A CLOSED-LOOP NASH SOLUTION

A closed-loop Nash solution is defined when (12) is defined

in terms of the state of the system. To avoid confusion, we

let

ui∗(x, t) = φi(x, t), i = 1, 2, ..., N. (17)

For these controls to represent a Nash strategy, we must

recognize the dependence of the other players’ actions on

the state variablex. Therefore, we need to replace the

adjoint equation (15) by

λ̇i = −H i
x −

N
∑

j=1

H i
uj
φj

x = −H i
x −

N
∑

j=1,j 6=i

H i
ujφj

x. (18)
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A CLOSED-LOOP NASH SOLUTION CONT.

The presence of the summation term in (18) makes the

necessary condition for the closed-loop solution virtually

useless for deriving computational algorithms; see Starr and

Ho (1969). It is, however, possible to use a dynamic

programming approach for solving extremely simple

nonzero-sum games, which require the solution of a partial

differential equation. In Exercise 12.2, you are asked to

formulate this partial differential equation forN = 2.
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A CLOSED-LOOP NASH SOLUTION CONT.

Note that the troublesome summation term in (18) is absent
in three important cases:

(a) in optimal control problems (N = 1) sinceHuux = 0,

(b) in two-person zero-sum games becauseH1 = −H2 so
thatH1

u2u2
x = −H2

u2u2
x = 0 andH2

u1u1
x = −H1

u1u1
x = 0,

and

(c) in open-loop nonzero-sum games becauseuj
x = 0.

It certainly is to be expected, therefore, that the closed-loop
and open-loop Nash solutions are going to be different, in
general. This can be shown explicitly for the
linear-quadratic case.
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A CLOSED-LOOP NASH SOLUTION CONT.

The adjoint variableλi is the sensitivity of theith player’s

profits to a perturbation in the state vector. If the other

players are using closed-loop (i.e., feedback) strategies, any

perturbationδx in the state vector causes them to revise their

controls by the amountφj
xδx. If the ith HamiltonianH i were

extremized with respect touj , j 6= i, this would not affect

theith player’s profit; but since∂H i/∂uj 6= 0 for i 6= j, the

reactions of the other players to the perturbation influence

theith player’s profit, and theith player must account for

this effect in considering variations of the trajectory.
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12.1.3 AN APPLICATION TO THE COMMON-PROPERTY

FISHERY RESOURCES

Consider extending the fishery model of Section 10.1 by

assuming that there are two producers having unrestricted

rights to exploit the fish stock in competition with each

other. This gives rise to a nonzero-sum differential game

analyzed by Clark (1976).
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PROBLEM FORMULATION

Equation (10.2) is modified by

ẋ = g(x) − q1u1x− q2u2x, x(0) = x0, (19)

whereui(t) represents the rate of fishing effort andqiuix is
the rate of catch for theith producer,i = 1, 2. The control
constraints are

0 ≤ ui(t) ≤ U i, i = 1, 2, (20)

the state constraints are

x(t) ≥ 0, (21)

and the objective function for theith producer is the total
present value of his profits, namely,

J i =

∫ ∞

0
(piqix− ci)uie−ρtdt, i = 1, 2. (22)
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THE NASH SOLUTION

To find the Nash solution for this model, we letx̄i denote
the turnpike (or optimal biomass) level given by (10.12) on
the assumption that theith producer is the sole-owner of the
fishery. Let the bionomic equilibriumxi

b for produceri be
defined by (10.4), i.e.,

xi
b =

ci

piqi
. (23)

As shown in Exercise 10.2,xi
b < x̄i. If the other producer is

not fishing, then produceri can maintainxi
b by making the

fishing effort
ui

b =
g(xi

b)p
i

ci
; (24)

here we have assumedU i to be sufficiently large so that
ui

b ≤ U i.
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THE NASH SOLUTION CONT.

We also assume that

x1
b < x2

b , (25)

which means that producer 1 is more efficient than producer

2, i.e., producer 1 can make a positive profit at any level in

the interval(x1
b , x

2
b ], while producer 2 loses money in the

same interval, except atx2
b , where he breaks even. For

x > x2
b , both producers make positive profits.
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THE NASH SOLUTION CONT.

SinceU1 ≥ u1
b by assumption, producer 1 has the capability

of driving the fish stock to a level down to at leastx1
b which,

by (25), is less thanx2
b . This implies that producer 2 cannot

operate at a sustained level abovex2
b ; and at a sustained

level belowx2
b , he cannot make a profit. Hence, his optimal

policy is bang-bang:

u2∗(x) =

{

U2 if x > x2
b ,

0 if x ≤ x2
b .

(26)
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THE NASH SOLUTION CONT

As far as producer 1 is concerned, he wants to attain his

turnpike levelx̄1 if x̄1 ≤ x2
b . If x̄1 > x2

b and ifx0 ≥ x̄1, then

from (26) producer 2 will fish at his maximum rate until the

fish stock is driven tox2
b . At this level, it is optimal for

producer 1 to fish at a rate which maintains the fish stock at

levelx2
b in order to keep producer 2 from fishing.
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THE NASH SOLUTION CONT.

Thus, the optimal policy for producer 1 can be stated as

u1∗(x) =











U1 if x > x̄1

ū1 = g(x̄1)
q1x̄1 if x = x̄1

0 if x < x̄1











, if x̄1 < x2
b , (27)

u1∗(x) =











U1 if x > x2
b

g(x2
b)

q1x2
b

if x = x2
b

0 if x < x2
b











, if x̄1 ≥ x2
b . (28)
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THE NASH SOLUTION CONT.

The formal proof that policies (26)-(28) give a Nash

solution requires direct verification using the result of

Section 10.1.2. The Nash solution for this case means that

for all feasible pathsu1 andu2,

J1(u1∗, u2∗) ≥ J1(u1, u2∗), (29)

and

J2(u1∗, u2∗) ≥ J2(u1∗, u2). (30)
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THE NASH SOLUTION CONT.

The direct verification involves defining a modified growth

function

g1(x) =

{

g(x) − q2U2x if x > x2
b ,

g(x) if x ≤ x2
b ,

and using the Green’s theorem results of Section 10.1.2.

SinceU2 ≥ u2
b by assumption, we haveg1(x) ≤ 0 for x ≥ x2

b .

From (10.12) withg replaced byg1, it can be shown that the

new turnpike level for producer 1 ismin(x̄1, x2
b), which

defines the optimal policy (27)-(28) for producer 1. The

optimality of (26) for producer 2 follows easily.
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THE NASH SOLUTION CONT.

To interpret the results of the model, suppose that producer
1 originally has sole possession of the fishery, but
anticipates a rival entry. Producer 1 will switch from his
own optimal sustained yield̄u1 to a more intensive
exploitation policyprior to the anticipated entry.

We can now guess the results in situations involvingN

producers. The fishery will see the progressive elimination
of inefficient producers as the stock of fish decreases. Only
the most efficient producers will survive. If, ultimately, two
or more maximally efficient producers exist, the fishery will
converge to a classical bionomic equilibrium, with zero
sustained economic rent.
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LICENSING ENTRANTS

We have now seen that a Nash competitive solution

involvingN ≥ 2 producers results in the long-run

dissipation of economic rents. This conclusion depends on

the assumption that producers face an infinitely elastic

supply of all factors of production going into the fishing

effort, but typically the methods of licensing entrants to

regulated fisheries make some attempt also to control the

factors of production such as permitting the licensee to

operate only a single vessel of specific size.
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FISHING MORTALITY FUNCTION

In order to develop a model for licensing of fishermen, we

let the control variablevi denote the capital stock of theith

producer and let the concave functionf(vi), with f(0) = 0,

denote thefishing mortality function, for i = 1, 2, ..., N. This

requires the replacement ofqiui in the previous model by

f(vi). The extended model becomes nonlinear in control

variables. You are asked in Exercise 12.2 to formulate this

new model and develop necessary conditions for a

closed-loop Nash solution for this model withN producers.

The reader is referred to Clark (1976) for further details.
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12.2 DISTRIBUTED PARAMETER SYSTEMS

Thus far, our efforts have been directed to the study of the

control of systems governed by systems of ordinary

differential or difference equations. Such systems are often

calledlumped parameter systems. It is possible to

generalize these to systems in which the state and control

variables are defined in terms of space as well as time

dimensions. These are calleddistributed parameter systems

and are described by a set of partial differential or

difference equations.
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DISTRIBUTED PARAMETER SYSTEMS CONT.

Let y denote a one dimensional spatial vector, lett denote
time, and letx(t, y) be a one dimensional state variable. Let
u(t, y) denote a control variable, and let the state equation
be ∂x

∂t
= g(t, y, x,

∂x

∂y
, u) (31)

for t ∈ [0, T ] andy ∈ [0, h]. We denote the region
[0, T ] × [0, h] byD, and we let its boundary∂D be split into
two partsΓ1 andΓ2 as shown in Figure 12.1. The initial
conditions will be stated on the partΓ1 of the boundary∂D
as

x(0, y) = x0(y) (32)

and
x(t, 0) = v(t). (33)
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DISTRIBUTED PARAMETER SYSTEMS CONT.

In Figure 12.1, (32) is the initial condition on the vertical

portion ofΓ1, whereas (33) is that on the horizontal portion

of Γ1. More specifically, in (32) the functionx0(y) gives the

starting distribution ofx with respect to the spatial

coordinatey. The functionv(t) in (33) is an exogenous

breeding functionat timet of x wheny = 0. In the cattle

ranching example in Section 12.2.2,v(t) measures the

number of newly born calves at timet. To be consistent we

make the obvious assumption that

x(0, 0) = x0(0) = v(0). (34)
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FIGURE 12.1: REGION D WITH BOUNDARIES Γ1 AND Γ2
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DISTRIBUTED PARAMETER SYSTEMS CONT.

Let F (t, y, x, u) denote the profit rate when

x(t, y) = x, u(t, y) = u at a point(t, y) in D. LetQ(t) be the

value of one unit ofx(t, h) at timet and letS(y) be the value

of one unit ofx(T, y) at timeT . Then the objective function

is:

Maxu(t,y)∈Ω

{

J =

∫ T

0

∫ h

0
F (t, y, x(t, y), u(t, y))dydt

+

∫ T

0
Q(t)x(t, h)dt+

∫ h

0
S(y)x(T, y)dy

}

, (35)

whereΩ is the set of allowable controls.
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12.2.1 THE DISTRIBUTED PARAMETER

MAXIMUM PRINCIPLE

We will formulate, without giving proofs, a procedure for

solving the problem in (31)-(35) by a distributed parameter

maximum principle, which is analogous to the ordinary one.

In order to obtain necessary conditions for a maximum, we

introduce the Hamiltonian

H = F + λf, (36)

where the spatial adjoint functionλ(t, y) satisfies

∂λ

∂t
= −

∂H

∂x
+
∂

∂t

[

∂H

∂xt

]

+
∂

∂y

[

∂H

∂xy

]

, (37)

wherext = ∂x/∂t andxy = ∂x/∂y.
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THE DISTRIBUTED PARAMETER

MAXIMUM PRINCIPLE CONT.

The boundary conditions onλ are stated for theΓ2 part of

the boundary ofD (see Figure 12.1) as follows:

λ(t, h) = Q(t) (38)

and

λ(T, y) = S(y). (39)

Once again we need a consistency requirement similar to

(34). It is
λ(T, h) = Q(T ) = S(h), (40)

which gives the consistency requirement in the sense that

the price and the salvage value of a unitx(T, h) must agree.
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THE DISTRIBUTED PARAMETER

MAXIMUM PRINCIPLE CONT.

We letu∗(t, y) denote the optimal control function. Then the
distributed parameter maximum principle requires that

H(t, y, x∗, x∗t , x
∗
y, u

∗, λ) ≥ H(t, y, x∗, x∗t , x
∗
y, u, λ) (41)

for all (t, y) ∈ D and allu ∈ Ω.

We have stated only a simple form of the distributed
parameter maximum principle which is sufficient for the
cattle ranching example dealt with in the next section. More
general forms of the maximum principle are available in the
references cited earlier. Among other things, these general
forms allow for the functionF in (35) to contain arguments
such as∂x/∂y, ∂2x/∂y2, etc. It is also possible to consider
controls on the boundary. In this casev(t) in (33) will
become a control variable.
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12.2.2 THE CATTLE RANCHING PROBLEM

Let t denote time andy denote the age of an animal. Let

x(t, y) denote the number of cattle of agey on the ranch at

time t. Let h be the age at maturity at which the cattle are

slaughtered. Thus, the set[0, h] is the set of all possible ages

of the cattle. Letu(t, y) be the rate at whichy-aged cattle

are bought at timet, where we agree that a negative value of

u denotes a sale.
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PROBLEM FORMULATION

To develop the dynamics of the process, it is easy to see that

x(t+ △t, y) = x(t, y −△t) + u(t, y)△t. (42)

Subtractingx(t, y) from both sides of (42), dividing by△t,
and taking the limit as△t→ 0, yields the state equation

∂x

∂t
= −

∂x

∂y
+ u. (43)

The boundary and consistency conditions forx are given in
(32)-(34). Herex0(y) denotes the initial distribution of
cattle at various ages, andv(t) is an exogenously specified
breeding rate.
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PROBLEM FORMULATION CONT.

To develop the objective function for the cattle rancher, we
let T denote the horizon time. LetP (t, y) be the purchase or
sale price of ay-aged animal at timet. LetP (t, h) = Q(t) be
the slaughter value at timet and letP (T, y) = S(y) be the
salvage value of ay-aged animal at the horizon timeT . The
functionsQ andS represent the proceeds of the cattle
ranching business. To obtain the profit function we must
subtract the costs of running the ranch from these proceeds.
LetC(y) be the feeding and corralling costs for ay-aged
animal per unit of time. Let̄u(t, y) denote thegoal level
purchase rate ofy-aged cattle at timet. Any deviation from
this goal level is expensive, and the deviation penalty costis
given byq[u(t, y) − ū(t, y)]2, whereq is a constant.
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PROBLEM FORMULATION CONT.

Thus, the profit maximizing objective function is

J =

∫ T

0

∫ h

0
−

[

q(u(t, y) − ū(t, y))2+ C(y)x(t, y) + P (t, y)u(t, y)
]

dydt

+

∫ T

0
Q(t)x(t, h)dt+

∫ h

0
S(y)x(T, y)dy. (44)

Comparing this with (35) we see that

F (t, y, x, u) = −[q(u− ū(t, y))2 + C(y)x+ P (t, y)u].

We assumeΩ = E1, which means that the control variable is

unconstrained.

Chapter 12 – p. 38/91



SOLUTION BY THE MAXIMUM PRINCIPLE

To solve the problem we form the Hamiltonian

H = −[q(u− ū(t, y))2+C(y)x+P (t, y)u]+λ(−
∂x

∂y
+u), (45)

where the adjoint functionλ(t, y) satisfies
∂λ

∂t
= −

∂λ

∂y
+ C(y) (46)

subject to the boundary and consistency conditions

(38)-(40). In order to maximize the Hamiltonian, we

differentiateH with respect tou and set it to zero, giving

u∗(t, y) = ū(t, y) +
1

2q
[λ(t, y) − P (t, y)]. (47)
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SOLUTION BY THE MAXIMUM PRINCIPLE CONT.

The form of this optimal control is just like that found in the
production- inventory example of Chapter 6. To compute
u∗, we must solve forλ(t, y). It is easy to verify that the
general solution of (46) is of the form

λ(t, y) = −

∫ k

y

C(τ)dτ + g(t− y), (48)

whereg is an arbitrary one-variable function andk is a
constant. We will use the boundary conditions to determine
g andk.

In order to state the explicit solution forλ (and later forx),
we divide the regionD of Figure 12.2 into the three regions
D1, D2, andD3.
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FIGURE 12.2: A PARTITION OF REGION D
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SOLUTION BY THE MAXIMUM PRINCIPLE

The45◦ line from (0, 0) to (h, h) belongs to bothD1 andD2,

and the45◦ line from (T − h, 0) to (T, h) belongs to bothD2

andD3. Thus,D1, D2, andD3 are closed sets. The reason

why these45◦ lines are important in the solution forλ comes

from the fact that the determination of the arbitrary function

g(t− y) involves the term(t− y). We use the condition (38)

onλ(t, h) to obtainλ(t, y) in the regionD1 ∪D2.
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SOLUTION BY THE MAXIMUM PRINCIPLE CONT.

We substitute (38) into (48) and get

λ(t, h) = −

∫ k

h

C(τ)dτ + g(t− h) = Q(t).

This gives

g(t− h) = Q(t) +

∫ k

h

C(τ)dτ,

or
g(t− y) = Q(t− y + h) +

∫ k

h

C(τ)dτ.

Substituting forg(t− y) in (48) gives us the solution

λ(t, y) = Q(t− y + h) −

∫ k

y

C(τ)dτ +

∫ k

h

C(τ)dτ

= Q(t− y + h) −

∫ h

y

C(τ)dτ (49)

in the regionD1 ∪D2.
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SOLUTION BY THE MAXIMUM PRINCIPLE CONT.

For regionD3, we use the condition (39) onλ(T, y) in (48)
to obtain

λ(T, y) = −

∫ k

y

C(τ)dτ + g(T − y) = S(y).

This gives

g(T − y) = S(y) +

∫ k

y

C(τ)dτ,

or
g(t− y) = S(T − t+ y) +

∫ k

T−t+y

C(τ)dτ.

Substituting this value ofg(t− y) in (48) gives the solution

λ(t, y) = S(T − t+ y) −

∫ T−t+y

y

C(τ)dτ

in regionD3.
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SOLUTION BY THE MAXIMUM PRINCIPLE CONT.

We can now write the complete solution forλ(t, y) as

λ(t, y) =

{

Q(t− y + h) −
∫ h

y
C(τ)dτ for (t, y) ∈ D1 ∪D2,

S(T − t+ y) −
∫ (T−t+y)
y

C(τ)dτ for (t, y) ∈ D3.

(50)

Note thatλ(T, h) = P (T, h) = Q(T ) = S(h).
The solution forx is obtained in a similar manner. We
substitute (47) into (43) and use the boundary and
consistency conditions (32)-(34). The complete solution is
given as

x(t, y) =

{

x0(y − t) +
∫ t

0 u
∗(τ, y − t+ τ)dτ for (t, y) ∈ D1,

v(t, y) +
∫ y

0 u
∗(t− y + τ, τ)dτ for (t, y) ∈ D2 ∪D3.

(51)
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SOLUTION BY THE MAXIMUM PRINCIPLE

We can interpret the solution (51) in the regionD1 as the

beginning game, which is completely characterized by the

initial distributionx0. Also the solution (50) in regionD3 is

theending game, because in this region the animals do not

mature, but must be sold at whatever their age is at the

terminal timeT . The first expression in (50) and the second

expression in (51) hold in regionD2, which can be

interpreted as themiddle gameportion of the solution.
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12.2.3 INTERPRETATION OF THE ADJOINT FUNCTION

It is instructive to interpret the solution forλ(t, y) in (50).
An animal at agey at timet, where(t, y) is inD1 ∪D2, will
mature at timet− y + h. Its slaughter value at that time is
Q(t− y + h). However, the total feeding and corralling cost
in keeping the animal from its agey until it matures is given
by

∫ h

y
C(τ)dτ . Thus,λ(t, y) represents the net benefit

obtained from having an animal at agey at timet. You
should give a similar interpretation forλ in regionD3.

Having this interpretation forλ, it is easy to interpret the
optimal controlu∗ in (47). Wheneverλ(t, y) > P (t, y), we
buy more than the goal levelū(t, y), and when
λ(t, y) < P (t, y), we buy less than the goal level.
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12.3 IMPULSE CONTROL

• Chapters 3 and 4: The state variable can only change

continuously since the control affects only the time

derivatives of the state variables.

• Chapters 5 and 7: Applications of an impulse controls

arise when an optimal control policy was bang-bang,

but there was no upper bound on the control variable.

• This Section: The state variable dynamics in these

problems cannot be described by ordinary differential

equations. For that reason we shall briefly discuss a

more generaltheory of impulse controlthat is capable

of handling such problems.
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AN EXAMPLE

Consider the example of an oil producer who pumps oil
from a single well. The output rate of the well is
proportional to the remaining stockx(t), so that the output
rate isbx(t), whereb is a constant. The state equation is
thus,

ẋ = −bx, x(0) = 1, (52)

where 1 is the starting stock of a new oil well. After
producing for some time, the oil remaining in the well
becomes low so that the output rate is too low to be
economic to pump. The oil producer then abandons the
existing well and drills a new one, and repeats this
procedure until the horizon timeT . Let t1, t2, ..., tN(T ) be
the times at which the new wells are drilled; note thatN(T )

is the total number of wells drilled.
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FIGURE 12.3: SOLUTION OF EQUATION 12.52

x

tÁ ttª N(T) T
... .

.1

t

. ...
. . .
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AN EXAMPLE CONT.

A convenient way of formally describing this process is to
use theDirac delta functiondefined as

δ(y) = lim
ε→0

δε(y) =

{

0 when|y| > ε,

1/(2ε) when|y| ≤ ε.
It is clear thatδ(y) = 0 for y 6= 0. We can now write the state
equation as a modification of (52) to account for new wells
drilled. Thus,

ẋ(t) = −bx(t) +

N(T )
∑

i=1

δ(t− ti)[1 − x(t)], x(0) = 1, (53)

whereδ(t− ti) is the Dirac delta function. This new
equation has the same solution as that of (52) in the interval
[0, t1).
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AN EXAMPLE CONT.

We definex(t1) = x(t−1 ). The stock of oil just aftert1, i.e.,

x(t+1 ), is given by

x(t+1 ) = x(t−1 )+

∫ t+1

t−1

δ(t−t1)[1−x(t)]dt = x(t1)+[1−x(t1)] = 1.

(54)

Continuation of this procedure shows that the graph of the

solution of (53) in[0, T ] is the one shown in Figure 12.3.
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12.3.1 THE OIL DRILLER’S PROBLEM

Let v(t) be the drilling control variable, wherev(t) ∈ [0, 1];

v(t) = 0 will denote no drilling andv(t) = 1 will denote the

drilling of a single well having an initial stock of one unit of

oil. The other values ofv(t) in [0,1] are possible but will not

occur in this example, becausev(t) appears linearly in the

problem. We can now rewrite (53) as

ẋ(t) = −bx(t) +

N(T )
∑

i=1

δ(t− ti)v(t)[1 − x(t)], x(0) = 1. (55)
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THE OIL DRILLER’S PROBLEM CONT.

The solution of the problem involves the determination of

the drilling timesti, the magnitudev(ti), and the number

N(T ) of drillings. Note in (55) that ift 6= ti for all i, then

the summation term is zero, sinceδ(t− ti) = 0 whent 6= ti.

If t = ti, thenx(t+i ) = v(ti), which means that we have

abandoned the old well and drilled a new well with stock

equal tov(ti). A special case of this problem occurs when

N(T ) is given. This case reduces to an ordinary calculus

problem; see Exercise 12.8.
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THE OIL DRILLER’S PROBLEM CONT.

The objective function of the oil driller is to maximize his
profit, which is the difference between the revenue from the
oil pumped minus the cost of drilling new wells. Since the
cost of pumping the oil is fixed, we ignore it. The objective
is to

maximize







J =

∫ T

0
Pbx(t)dt−

N(t)
∑

i=1

Qv(ti)







, (56)

whereP is the unit price of oil andQ is the drilling cost of
drilling a well having an initial stock of 1. Therefore,P is
the total value of the entire stock of oil in a new well. See
Case (1979) for a re-interpretation of this problem as “The
Optimal Painting of a Roadside Inn.”
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12.3.2 THE MAXIMUM PRINCIPLE FOR IMPULSE OPTIMAL

CONTROL

In (2.4) we stated the basic optimal control problem with

state variablex and an ordinary control variableu. Now we

will add an impulse control variablev ∈ Ωv and two

associated functions. The first function isG(x, v, t), which

represents the profit associated with the impulse control.

The second function isg(x, v, t), which represents the

instantaneous finite change in the state variable when the

impulse control is applied.
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THE IMPULSE OPTIMAL CONTROL PROBLEM

With this notation we can state the impulse optimal control

problem as:














































max







J =

∫ T

0
F (x, u, t)dt+

N(T )
∑

i=1

G[x(ti), v(ti), ti] + S[x(T )]







subject to

ẋ(t) = f(x(t), u(t), t) +

N(T )
∑

i=1

g[x(ti), v(ti), ti], x(0) = x0,

u ∈ Ωu, v ∈ Ωv.
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IMPULSE HAMILTONIAN FUNCTION

As before we will have

x(t+i ) = x(ti) + g[x(ti), v(ti), ti] (57)

at the timesti at which impulse control is applied, i.e.,
g[x(ti), v(ti), ti] > 0.
Blaquière (1978) has developed the maximum principle
necessary optimality conditions to deal with the problem in
(57). To state these conditions we first define the ordinary
Hamiltonian function

H(x, u, λ, t) = F (x, u, t) + λf(x, u, t) (58)

and theimpulse Hamiltonian function

HI(x(t), v(t), λ(t+), t) = G(x(t), v(t), t)+λ(t+)g(x(t), v(t), t).

(59)
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IMPULSE MAXIMUM PRINCIPLE

Let u∗, v∗(ti), i = 1, ..., N∗(T ), whereti > ti−1 > 0, be
optimal controls with the associatedx∗ representing an
optimal trajectory for (57). Then there exists an adjoint
variableλ such that the following conditions hold:



































































(i) ẋ∗ = f(x∗, u∗, t), t ∈ [0, T ], , t 6= ti,

(ii) x∗(t+
i
) = x∗(ti) + g[x∗(ti), v

∗(ti), ti],

(iii) λ̇ = −Hx[x∗, u∗, λ, t], λ(T ) = Sx[x∗(T )], t 6= ti,

(iv) λ(ti) = λ(t+
i
) + HI

x[x∗(ti), v
∗(ti), ti],

(v) H[x∗, u∗, λ, t] ≥ H[x∗, u, λ, t] for all u ∈ Ωu, t 6= ti,

(vi) HI [x∗(ti), v
∗(ti), λ(t+

i
), ti] ≥ HI [x∗(ti), v, λ(t+

i
), ti] ∀ v ∈ Ωv,

(vii) H[x∗(t+
i
), u∗(t+

i
), λ(t+

i
), ti] + HI

t [x∗(t+
i
), v∗(t+

i
), λ(t+

i
), ti] =

H[x∗(ti), u
∗(ti), λ(ti), ti] + HI

t [x∗(ti), v
∗(ti), λ(t+

i
), ti].

(60)
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IMPULSE MAXIMUM PRINCIPLE CONT.

If t1 = 0, then the equality sign in (vii) should be replaced

by a≥ sign wheni = 1. Clearly (i) and (ii) are equivalent to

the state equation in (57) with the optimum value

substituted for the variables.

Note that condition (vii) involves the partial derivative of

HI with respect tot. Thus, in autonomous problems, where

HI
t = 0, condition (vii) means that the HamiltonianH is

continuous at those times where an impulse control is

applied.
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12.3.3 SOLUTION OF THE OIL DRILLER’S PROBLEM

We now give a solution to the oil driller’s problem under the

assumption thatT is sufficiently small so that no more than

one drilling will be found to be optimal. We restate below

the problem in Section 12.5.1 for this case whent1 is the

drilling time to be determined:






























max

{

J =

∫ T

0
Pbx(t)dt−Qv(t1)

}

subject to
ẋ(t) = −bx(t) + δ(t− t1)v(t)[1 − x(t)], x(0) = 1,

0 ≤ v(t) ≤ 1.

(61)
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

To apply the maximum principle, we define the

Hamiltonian functions corresponding to (58) and (59):

H(x, λ) = Pbx+ λ(−bx) = bx(P − λ) (62)

and

HI(x(t), v(t), λ(t+)) = −Qv(t) + λ(t+)v(t)(1 − x(t)). (63)

The ordinary Hamiltonian (62) is without an ordinary

control variable because we do not have any ordinary

control variable in this problem.
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

We now apply the necessary conditions of (60) to the oil
driller’s problem:

ẋ = −bx, t ∈ [0, T ], t 6= t1, (64)

x[t+1 ] = x(t1) + v(t1)[1 − x(t1)], (65)

λ̇ = −b(P − λ), λ(T ) = 0, t 6= t1, (66)

λ(t1) = λ(t+1 ) − v(t1)λ(t+1 ), (67)

[−Q+λ(t+1 )(1−x)]v∗(ti) ≥ [−Q+λ(t+1 )(1−x)]v for v ∈ [0, 1],

(68)

bx(t+1 )[P − λ(t+1 )] = bx(t1)[P − λ(t1)]. (69)

Chapter 12 – p. 63/91



SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

The solution of (66) fort > t1, wheret1 is the drilling time,

is

λ(t) = P [1 − e−b(T−t)], t ∈ (t1, T ]. (70)

From (68), the optimal impulse control att1 is

v∗(t1) = bang[0, 1;−Q + λ(t+1 ){1 − x(t1)}]. (71)

Note that the optimal impulse control is bang-bang, because

the impulse HamiltonianHI in (63) is linear inv.
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

The region in the(t, x)-space in which there is certain to be

no drilling is given by the set of all(t, x) for which

−Q+ λ(t+)(1 − x) < 0. (72)

After the drilling,λ(t+1 ) = P [1 − e−b(T−t1)], which we obtain

by using (70). Substituting this value into (72) gives the

condition

−Q+ P [1 − e−b(T−t1)](1 − x) < 0. (73)
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FIGURE 12.4: BOUNDARY OF NO-DRILLING REGION
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

The boundary of the no-drilling region is obtained when the

< sign in (73) is replaced by an= sign. This yields the curve

x(t1) =

[

1 −
Q

P (1 − e−b(T−t1))

]

:= φ(t1), (74)

shown in Figure 12.4. Note that we did not label the region

belowthe curve represented by the complement of (73) with

v∗ = 1, since (73) uses the value ofλ(t), t > t1, and its

complement, therefore, does not represent the condition

−Q+ λ(t+)(1 − x) > 0 prior to drilling.
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

Figure 12.4 is drawn under the assumption that

φ(0) = 1 −
Q

P [1 − e−bT ]
> 0, (75)

so that the solution is nontrivial; see Exercises 12.5 and

12.6. In order for (75) to hold, it is clear thatQ must be

relatively small, andP, b, and/orT must be relatively large.

In the contrary situation,φ(0) ≤ 0 holds and by Exercise

12.6, no drilling is optimal.
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

The bang-bang nature of the optimal impulse control in (71)
means that we have

v∗(t1) = 1.

Using this in (65) and (67) we have

x(t+1 ) = 1 and λ(t1) = 0. (76)

From (70),

λ(t+1 ) = P [1 − eb(T−t1)].

Substituting these results into (69) and solving we get

x(t1) = e−b(T−t1) := ψ(t1). (77)
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FIGURE 12.5: DRILLING TIME
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

The curvex = ψ(t) = e−b(T−t) is drawn in Figure 12.5. The

part BC of theψ curve lies in the no drilling region, which

is above theφ curve as indicated in Figure 12.5. The part

AB of theψ curve is shown darkened and represents the

drilling curve for the problem. The optimal state trajectory

starts fromx(0) = 1 and decays exponentially at rateb until

it hits the drilling curve AB at pointY . This intersection

pointY determines the drilling timet1. In Exercise 12.7 you

are asked to show thatt1 = T/2. At time t1, the old well is

abandoned, and a new well is drilled makingx(t+1 ) = 1. The

stock of the new well follows a similar decay path as shown.
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

The complete solution for the adjoint variableλ(t) is

obtained from (70), (76), and (66) as

λ(t) =

{

P [1 − e−b(T−t)] for t ∈ (t1, T ),

P [1 − e−b(t1−t)] for t ∈ [0, t1].

The drilling threshold−Q+ λ(t+1 )(1 − x), which is the

argument of the function in (71), has a graph as shown in

Figure 12.6. Note thatt1 is a point of discontinuity of the

drilling function.
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FIGURE 12.6: VALUE OF −Q+ λ(t+)[1 − x(t)]
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SOLUTION OF THE OIL DRILLER’S PROBLEM CONT.

Figure 12.5 is drawn on the assumption thatT is sufficiently
large so that thex trajectory hits the drilling curve AB at
time t1.
If T is too small, thex trajectory will not hit AB and no
drilling is optimal. For

T = T̄ = −
2

b
ln(1 −

√

Q

P
), (78)

thex trajectory goes through point B of Figure 12.5, which
is the point at which we are indifferent between drilling and
no drilling.
In Exercise 12.9 you are asked to derive (78) and to show
that forT > T̄ , the value of−Q+ λ(t+1 )[1 − x(t1)] is positive
as shown in Figure 12.6, so that there will be drilling att1.
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12.3.4 MACHINE MAINTENANCE AND REPLACEMENT

T = the given terminal or horizon time,
x(t) = the quality of the machine at timet, 0 ≤ x ≤

1; a higher value ofx denotes a better quality,
u(t) = the ordinary control variable denoting the rate

of maintenance at timet; 0 ≤ u ≤ U < b/g,
b = the constant rate at which quality deteriorates

in the absence of any maintenance,
g = the maintenance effectiveness coefficient,
π = the production rate per unit time per unit

quality of the machine,
K = the trade-in value per unit quality, i.e., the

old machine provides only a credit against the
price of the new machine and it has no termi-
nal salvage value,
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NOTATION CONT.

C = the cost of new machine per unit quality;C >
K,

t1 = the replacement time; for simplicity we as-
sume at most one replacement to be optimal
in the given horizon time; see Section 12.3.3,

v = the replacement variable;0 ≤ v ≤ 1; v rep-
resents a fraction of the old machine replaced
by the same fraction of a new machine. This
interpretation will make sense because we
will show thatv is either 0 or 1.
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PROBLEM FORMULATION

The impulse optimal control problem is:






























max

{

J =

∫ T

0
(πx− u)dt+ v(t1)[Kx(t1) − C]

}

subject to
ẋ = −bx+ gu+ δ(t− t1)v(t)[1 − x(t)], x(0) = 1,

0 ≤ u ≤ U, 0 ≤ v ≤ 1.

(79)

In writing (79) we have assumed that a fractionθ of a

machine with qualityx has qualityθx. Furthermore, we note

that the solution of the state equation will always satisfy

0 ≤ x ≤ 1, because of the assumption thatu ≤ U ≤ b/g.

Chapter 12 – p. 77/91



12.3.5 APPLICATION OF THE IMPULSE MAXIMUM

PRINCIPLE

To apply the maximum principle, we define the

Hamiltonian functions:

H(x, u, λ) = πx− u+ λ(−bx+ gu)

= (π − λb)x+ (−1 + λg)u (80)

and

HI(x(t), v(t), λ(t+)) = [Kx(t)−C+λ(t+1 )(1−x(t))]v(t), (81)

whereλ is defined below andt1 is the time at which an

impulse control is applied.
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NECESSARY CONDITIONS

We can now state the necessary conditions (60) of
optimality for the machine maintenance and the
replacement model:

ẋ = −bx+ gu, t 6= t1, x(0) = 1, (82)

x(t+1 ) = x(t1) + v(t1)[1 − x(t1)], (83)

λ̇ = −π + λb, λ(T ) = 0, t 6= t1, (84)

λ(t1) = λ(t+1 ) + [K − λ(t+1 )]v(t1), (85)

(π − λb)x+ (−1 + λg)u∗ ≥ (π − λb)x+ (−1 + λg)u, (86)

u ∈ [0, U ],

{Kx(t1) − C + λ(t+1 )[1 − x(t1)]}v
∗(t1) ≥

{Kx(t1) − C + λ(t+1 )[1 − x(t1)]}v, v ∈ [0, 1],
(87)

πx(t+1 ) − λ(t+1 )bx(t+1 ) + [−1 + λ(t+1 )g]u(t+1 ) =

πx(t1) − λ(t1)bx(t1) + [−1 + λ(t1)g]u
∗(t1).

(88)
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE

The solution of (84) fort1 < t ≤ T is

λ(t) =
π

b
[1 − e−b(T−t)]. (89)

From (86) the maintenance control is bang-bang:

u∗ = bang[0, U ;−1 + λg]. (90)

The switching pointt∗2 is given by solving−1 + λg = 0.

Thus,

t∗2 = T +
1

b
ln

[

1 −
b

πg

]

, (91)

provided the right hand-side is in the interval(t1, T ];
otherwise sett∗2 = t1.
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

We can graph the optimal maintenance control in the

interval(t1, T ] as in Figure 12.7. Note that this is the

optimal maintenance on the new machine. To find the

optimal maintenance on the old machine, we need to obtain

the value ofλ(t) in the interval[0, t1]. This is done later in

this section, where we obtain a formula fort∗1 and the

optimal maintenance policy of the old machine as shown in

Figure 12.7 in the interval[0, t1].
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FIGURE 12.7: OPTIMAL MAINTENANCE POLICY
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

From (87), the optimal replacement control is also

bang-bang:

v∗(t1) = bang[0, 1;Kx(t1) − C + λ(t+1 ){1 − x(t1)}]. (92)

As in Section 12.3.3, we set the argument of (92) to zero to

obtainφ(t):

x(t1) =
C − λ(t+1 )

K − λ(t+1 )
=
C − π[1 − e−b(T−t1)]/b

K − π[1 − e−b(T−t1)]/b
:= φ(t1). (93)
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

To graphφ(t), we compute

φ(0) =
C − π[1 − e−bT ]/b

K − π[1 − e−bT ]/b
, (94)

and compute the time

t̂ = T +
1

b
ln(1 −

bC

π
), (95)

which makesφ(t̂) = 0.

For simplicity of analysis, we assume

gK ≤ 1 < gC < gπ/b andt̂ > 0. (96)

In Exercise 12.10, you are asked to show that,

0 < t̂ < t∗2 < T. (97)

Chapter 12 – p. 84/91



FIGURE 12.8: REPLACEMENT TIME t1

AND MAINTENANCE POLICY
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

In plotting Figure 12.8, we have assumed that0 < φ(0) < 1.
This is certainly the case, ifT is not too large so that
C < (π/b)(1 − e−bT ).
As in the oil driller’s problem, we obtainψ(t) by using (88).
From (92), we havev∗(t1) = 1 and, therefore,λ(t1) = K

from (85) andx(t+1 ) = 1 from (83). SincegK ≤ 1 from (96),
we have

−1 + gλ(t1) = −1 + gK ≤ 0

and, thus,u∗(t1) = 0 from (90). That is, zero maintenance is
optimal on the old machine just before it is replaced. Since
t1 < t̂ < t∗2 from (97), we haveu∗(t+1 ) = U from Figure 12.7.
That is, full maintenance is optimal on the new machine at
the beginning.
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

Substituting all these values in (88), we have

π − π
b

[

1 − e−b(T−t1)
]

b+
{

−1 + π
b
[1 − e−b(T−t1)g]

}

U

= πx(t1) −Kbx(t1),

(98)
which yields

x(t1) =
U(gπ − b) + π(b− gU)e−b(T−t1)

b(π −Kb)
:= ψ(t1). (99)

The graph ofψ(t) is shown in Figure 12.8. In this figure,

AB represents the replacement curve. The optimal

trajectoryx∗(t) is shown by CDEFG under the assumption

thatt1 > 0 andt1 < t2, wheret2 is the intersection point of

curvesφ(t) andψ(t), as shown in Figure 12.8.
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FIGURE 12.9: THE CASE t1 = t2
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

Figure 12.9 has been drawn for a choice of the problem

parameters such thatt1 = t2. In this case we have the option

of either replacing the machine att1 = t2, or not replacing it

as sketched in the figure. In other words, this case is one of

indifference between replacing and not replacing the

machine. Ift1 is larger thant2, clearly no machine

replacement is needed.
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

To complete the solution of the problem, it is easy to
computeλ(t) in the interval[0, t1], and then use (90) to
obtain the optimal maintenance policy for the old machine
before replacement. Usingλ(t1) = K obtained above and
the adjoint equation (84), we have

λ(t) = Keb(t−t1) +
π

b

[

1 − eb(t−t1)
]

, t ∈ [0, t1]. (100)

Using (100) in (90), we can getu∗(t), t ∈ [0, t1]. More
specifically, we can get the switching pointt∗1 by solving
−1 + λg = 0. Thus,

t∗1 = t1 +
1

b
ln

[

πg − b

πg − bKg

]

. (101)
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SOLUTION BY THE IMPULSE MAXIMUM PRINCIPLE CONT.

If t∗1 ≤ 0, then the policy of no maintenance is optimal in the
interval [0, t1]. If t∗1 > 0, the optimal maintenance policy for
the old machine is

u∗(t) =

{

U, t ∈ [0, t∗1],

0, t ∈ [t∗1, t1].
(102)

In plotting Figures 12.7 and 12.8, we have assumed that
t∗1 > 0. With (102) and (82), one can obtain an expression
for x(t1) in terms oft1. Equating this expression toψ(t1)

obtained in (99), one can write a transcendental equation for
t1. In Exercise 12.11, you are asked to complete the solution
of the problem by obtaining the equation fort1.
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