
Chem 3322 homework #8 – due October 24, 2022

Problem 1

The spacing between vibrational energy levels is substantially larger than the spacing

between (low-lying) rotational energy levels, which itself is substantially larger than the

spacing between translational energy levels. Consider N2, for which ℏω = 2360 cm−1 (note:

you need to convert this wavenumber value to an energy) and the bond length is 109.76

picometers.

a) For a given vibrational state, how many rotational states have energy less than the

energy gap to the next vibrational state? That is, find ℓ such that the energy of the state

(n, ℓ) is greater than or equal to the energy of the state (n + 1, 0). Note that since the

vibrational energy level spacing is constant (from the harmonic oscillator approximation),

this will be the same for any vibrational level n. Include a sketch to illustrate your answer.

Solution:

As noted, we need to convert the cm−1 (given for ℏω) into an actual energy to do the

problem (this conversion involves the speed of light). Enℓ = ℏω(n+1/2)+ℏ2ℓ(ℓ+1)/(2µr20)

and En+1,ℓ=0 = ℏω(n+3/2). We are asked to find ℓ such that Enℓ > En+1,ℓ=0, or, equivalently,

Enℓ − En+1,ℓ=0 > 0. Let us solve the equation Enℓ − En+1,ℓ=0 = 0, and then we should take

ℓ bigger than this value:

Enℓ − En+1,ℓ=0 = 0 ⇒ Enℓ = En+1,ℓ=0 ⇒ −ℏω + ℏ2ℓ(ℓ+ 1)/(2µr20) = 0 (1)

⇒ ω = ℏℓ(ℓ+ 1)/(2µr20) (2)

Manipulating a bit, we can use the quadratic equation, which gives solutions for ℓ of

ℓ =
−1±

√
1 + 8µωr20/ℏ
2

(3)

This equation gives ℓ = 33.887, implying that ℓ = 34 will make Enℓ − En+1,ℓ=0 > 0.

b) After what rotational level does the rotational spacing become larger than the vibra-

tional spacing? Include a sketch to illustrate your answer.

Solution:

Solution: En+1,ℓ − En,ℓ = ℏω and En,ℓ+1 − En,ℓ = (ℓ + 1)ℏ2/(µr20). So we should find ℓ

such that

ℓ >
µr20ℏω
ℏ2

− 1 (4)
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This gives ℓ > 590.12, so we should take ℓ = 591.

c) Calculate the translational energy level spacing assuming a particle in a three dimen-

sional box model with a box size of L = 10 cm. You can assume the transition is from

the lowest energy state to the next lowest energy state. What part of the electromagnetic

spectrum does this frequency belong to?

Solution:

The three dimensional particle in a box energy levels are

Enx,ny ,nz =
π2ℏ2(n2

x + n2
y + n2

z)

2mL2
(5)

The lowest transition is from nx = 1, ny = 1, nz = 1 to nx = 2, ny = 1, nz = 1. The

mass is the total mass of the molecule (not the reduced mass). This works out to ∆E =

3.54 × 10−40 J. This is a wavelength of 5.61 × 1014 m and a frequency of 5.34 × 10−7 Hz.

This is below the radio wave frequencies.

Problem 2

The force constants of some diatomics are: HBr: 410 N/m; Br2: 240 N/m; CO: 1860

N/m; NO: 1530 N/m Calculate the fundamental vibrational frequency in hertz and the

zero-point energy in joules of these molecules.

Solution:

The fundamental vibrational frequency is given by ω = (k/µ)1/2 where ω = 2πν. The

zero-point energy is ℏω/2 = hν/2. You need to compute the reduced masses (some of you

used 79 for Br, and some people used 79.9, so the answers vary a bit), and then you obtain:

HBr: ν = 7.96× 1013s−1 and E0 = 2.63× 10−20J

Br2: ν = 9.57× 1012s−1 and E0 = 3.17× 10−21J

CO: ν = 6.43× 1013s−1 and E0 = 2.13× 10−20J

NO: ν = 5.59× 1013s−1 and E0 = 1.85× 10−20J

In general, heavier atoms give lower zero point energies.

Problem 3

Calculate the percentage difference in the fundamental vibrational wavenumber of

(a) 1H35Cl and 2H35Cl using the assumption that their force constants are the same.
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(b) 1H35Cl and 1H37Cl using the assumption that their force constants are the same.

Solution:

The wavenumber times the speed of light is the frequency ν, (and for percentage different

multiplying by a constant (speed of light) doesn’t change anything) and 2πν =
√

k/µ, so

ν1
ν2

=

√
µ2

µ1

(6)

If we define the percentage difference to be the difference divided by the average of the two

frequencies, we get

For part (a) 33% and for part (b) 0.075%

Problem 4

Do problem 5-13 from your textbook.

Solution:

See the “solutions to Chapter 5 practice problems” link at the bottom of the course web

page

Problem 5

Do problem 5-22 from your textbook.

Solution:

See the “solutions to Chapter 5 practice problems” link at the bottom of the course web

page

Note: the textbook (and solution manual) use a different definition of α than I do, but

the final answers don’t depend on this.

Problem 6

Given that the spacing of lines in the pure rotational spectrum of 27Al1H is constant at

12.604 cm−1, calculate the bond length of this molecule. Hint: each line in the spectra

corresponds to a transition between energy levels in the molecule.

Solution:

The spacing between lines corresponds to the difference in the change of energy between

sequential transitions, since each line individually represents a transition between two energy

levels in the molecule. Let us work it out in general:

∆E1 = Eℓ+1 − Eℓ =
(ℓ+ 1)(ℓ+ 2)ℏ2

2µr20
− ℓ(ℓ+ 1)ℏ2

2µr20
=

(2ℓ+ 2)ℏ2

2µr20
(7)
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∆E2 = Eℓ+2 − Eℓ+1 =
(ℓ+ 2)(ℓ+ 3)ℏ2

2µr20
− (ℓ+ 1)(ℓ+ 2)ℏ2

2µr20
=

(2ℓ+ 4)ℏ2

2µr20
(8)

The spacing between lines is then

∆E2 −∆E1 =
2ℏ2

2µr20
=

ℏ2

µr20
(9)

This yields a bond length of 1.665 Å.
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