
Chem 5314 homework #1 – due Sept. 1, 2022

Problem 1 – Taylor series

For (a), (b), and (c) you can look up the answers using any resource.

a) Write down, up to (and including) 7th powers of x, the Taylor series for sinx.

b) Write down, up to 7th powers of x, the Taylor series for cosx.

c) Write down, up to 7th powers of x, the Taylor series for ex.

d) Write down, up to 7th powers of x, the Taylor series for eix by using your answer (c).

e) By comparing your answer (d) to the Euler formula eiθ = cos θ+ i sin θ show how you

could identify the sinx and cos x Taylor series (assuming you didn’t know them).

Problem 2 – classical wave equation

a) Show that u(x, t) = sin(kx − ωt) satisfies the classical wave equation by using the

trigonometric identity sin(A−B) = sinA cosB − cosA sinB.

b) Show that u(x, t) = sin(kx−ωt) satisfies the classical wave equation by directly using

the function sin(kx− ωt) in the wave equation.

c) Show that u(x, t) = ei(kx−ωt) satisfies the classical wave equation without using Euler’s

formula.

Problem 3 – heat equation

In a metal rod of length L with non-uniform temperature, heat (thermal energy) is

transferred from regions of higher temperature to regions of lower temperature. The heat

equation, which describes this behavior, is given by

∂u

∂t
= k

∂2u

∂x2
(1)

where u(x, t) is the temperature of the rod at location x and time t and where k is the

thermal diffusivity. We will assume that the initial (t = 0) temperature distribution in the

rod is given by u(x, 0) = f(x) and that the ends of the rod are kept cold: u(0, t) = u(L, t) = 0

on the Celcius scale (note: negative temperatures are allowed since we are using the Celcius

scale).

a) Apply the separation of variables procedure to the heat equation to obtain two ordinary

differential equations, one in time and one in space. As part of your procedure, call the

constant −λ and assume, for what follows, that λ > 0 (so that you can take a square root

of λ without having to worry about imaginary numbers).
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b) We will now work towards solving the ordinary differential equation with respect to

space. Since this is a second order equation (namely, the highest derivative that appears is

of second order) we need to find two linearly independent solutions and then combine them

with linear combination coefficients c1 and c2 to arrive at the most general solution. Do

this (hint: your two linearly independent solutions should be a sin function and a cosine

function).

c) From the general solution to the spatial ordinary differential equation of part (b), we

now need to make it satisfy the end-conditions u(0, t) = u(L, t) = 0, which means that the

solution of part (b) must be zero at x = 0 and also at x = L. Do this (hint: the x = 0

boundary condition will eliminate the cosine part of the solution and the x = L boundary

condition will impose some restrictions on the possible values of λ).

d) Now that you know something about the possible values of λ, go ahead and solve the

ordinary differential equation with respect to time (hint: its just a decaying exponential).

e) Write the product solution u(x, t) from your time and space pieces.

f) Solve the heat equation for the initial condition

f(x) = 6 sin
(πx
L

)
(2)

Verify that your solution satisfies all of the criteria (the heat equation, the initial temperature

distribution, and the end-conditions).

g) Plot your solution to (f) at three different time values: the initial time (t = 0), a time

close to the initial value, and a time close to the final temperature profile in the rod but still

small enough that the profile is clearly non-zero. Describe these heat profiles in words. Note:

you will have to assign values to some of the constants (k, L). You can use any plotting

package you like, but I recommend this web-based one: https://www.desmos.com/calculator

Note: If you use desmos, you can save your work and send me your plots (use the “share

your graph” button) which is a lot easier than trying to print them out.

h) Solve the heat equation for the initial condition

f(x) = 12 sin

(
9πx

L

)
− 7 sin

(
4πx

L

)
(3)

Verify that your solution satisfies all of the criteria (the heat equation, the initial temperature

distribution, and the end-conditions).

i) Plot your solution to (h) at three different time values: the initial time (t = 0), a time

close to the initial value, and a time close to the final temperature profile in the rod but still
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small enough that the profile is clearly non-zero. Describe these heat profiles in words: there

is something stiking that happens with respect to the two different wavelengths present that

you should highlight.

j) Solve the heat equation for the initial condition f(x) = 1 and plot your

solution for three different time values as you have done previously. Note:

this is a much more difficult problem; you should look at, for example,

http://web.mit.edu/18.06/www/Spring09/sines.pdf
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