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ABSTRACT
Nested sampling (NS) has emerged as a powerful statistical mechanical sampling technique to compute
the partition function of atomic and molecular systems. From the partition function all thermodynamic
quantities can be calculated in absolute terms, including absolute free energies and entropies. In this
article, we provide a brief overview of NS within a Bayesian context, as well as overviews of how NS is used
to compute the partition functions and thermodynamic quantities in the canonical and isothermal-isobaric
ensembles. Then we introduce a new scheme, Coupling Parameter Path Nested Sampling, to estimate
the free energy difference between two systems with different potential energy functions. The method
uses a NS simulation to traverse the same path through phase space as would be covered in traditional
coupling parameter-basedmethods such as thermodynamic integration and perturbation approaches. We
demonstrate thenewmethodwith twocase studies andconfirm its accuracyby comparison to conventional
methods, including Widom test particle insertion and thermodynamic integration. The proposed method
provides a powerful alternative to traditional coupling parameter-based free energy simulation methods.

ARTICLE HISTORY
Received 12 September 2017
Accepted 4 December 2017

KEYWORDS
Free energy; nested
sampling; partition function;
coupling parameter

1. Introduction

Free energy simulations serve as an important set of tools toAQ1
help characterise a variety of physical phenomena relevant to
chemical and biological processes [1], such as protein–ligand
binding, [2,3] solvation [4,5] and phase transitions. The free5
energy of a system is directly proportional to the logarithm of
its partition function,

F = −kT lnZ , (1)

where Z is the partition function, k is the Boltzmann constant
and T is the temperature. From this relationship, it follows10
that the free energy difference between two systems, A and B,
is proportional to the logarithm of the ratio of the respective
partition functions,

�FA→B = FB − FA = −kT ln
ZB
ZA

. (2)

Based on the relationship between the free energy and the parti-15
tion function, free energy estimation can be equivalently viewed
as a problem of partition function estimation. However, in all
but the simplest of cases [6], direct evaluation of a partition
function was long considered to be a numerically intractable
problem [7]. The traditional free energy simulation methods20
[1,8], such as variants of free energy perturbation [9] and ther-
modynamic integration [10], focus on directly estimating free
energy differences (logarithm of the ratio of partition functions,
Equation (2)) without any need to calculate the individual parti-
tion functions. A newer class of methods, referred to as density25
of states (DOS) methods, have been developed to efficiently

CONTACT Steven O. Nielsen steven.nielsen@utdallas.edu

estimate the density of states and consequently the partition
function. The problem of computing the partition function is
in fact tractable nowadays using a variety of DOS methods,
including the Wang–Landau, multicanonical and histogram 30
reweighting methods, as reviewed by Singh et al. [11]. Another
method that has been adapted to estimate partition functions is
the Nested Sampling (NS) method.

NS is a powerful Bayesian simulation method developed by
Skilling [12–14] to compute integrals that take the form of 35
the Bayesian evidence (see Section 3). In particular, NS was
designed to handle cases where the evidence integral is high
dimensional, and the likelihood is exponentially localised in
the probability distribution. NS is well established in the astro-
physics/cosmology community [15–21] and has been used suc- 40
cessfully in several other fields, including bioinformatics [22–
24] and systems biology [25–28]. Since its recent adoption into
statistical mechanics, adaptations of NS have so far yielded effi-
cient ways of estimating the canonical [29–37] and isothermal-
isobaric [38–40] partition functions of atomic and molecular 45
systems, as well as other thermodynamic properties, including
absolute free energies and entropies. In some cases, these NS-
based approaches have been reported to have higher efficiency
than other methods, including parallel tempering [29,39], and
theWang–Landau andGibbs ensemblemethods [30]. Statistical 50
mechanical NS-based methods have also been demonstrated as
useful tools for estimating (two-dimensional) energy landscapes
[29,32], free energy profiles as functions of an order parameter
[34] and phase diagrams [38–40].

As applied in statistical mechanics, NS is an iterative pro- 55
cedure that samples the full phase space of a system in a top
down fashion. The NS procedure starts by sampling the full
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phase space of a system of interest, and with each iteration
eliminates a fixed, high energy, fraction of the remaining phase
space; therefore, the phase space points that are sampled in
each subsequent iteration are constrained (nested) to a sub-
set of those sampled in the previous one. This technique of5
eliminating a fixed fraction ensures that the phase space is
sampled in a continuousmanner. In fact it takesmany iterations
to get through a first-order phase transition because the large
change in phase space volume that occurs during such a phase
transition can only occur through many incremental changes.10
Specifically, during a first-order phase transition, NS moves
methodically along the tie line (that is, through two-phase parts
of phase space), maintaining good overlap between sampled
distributions. In contrast, non-DOS methods such as parallel
tempering have problems with phase transitions because each15
replica will explore only a single phase, and so even for replicas
at temperatures just on either side of a transition there will be
very little overlap. Therefore, NS is uniquely suited for studying
first-order phase transitions [29,34,38,40].

The rest of this article is as follows. Bayes’ Theorem is sum-20
marised in Section 2. Then in Section 3, we provide a brief
description of NS using Bayesian terminology. In Sections 4
and 5, we provide overviews of how the NS algorithm is adapted
to compute the partition functions and free energies in the
canonical and isothermal-isobaric ensembles, respectively. In25
Section 6, we introduce the Coupling Parameter Path Nested
Sampling scheme, which can be used to estimate the free energy
difference between two systems that differ in their potential en-
ergy function. Finally, in Section 7, we provide a brief summary.

2. Bayes’ Theorem30

Since we use Bayesian terminology when describing Nested
Sampling, a brief introduction to Bayes’ Theorem is warranted.
The Bayesian approach is one of two main philosophical ap-
proaches to statistics [41]. The ‘classical’ approach to statistics
is frequentist, in which probabilities are interpreted as long-run35
relative frequencies. In contrast, the Bayesian approach deals
with degrees of belief and Bayes’ theorem is used to update one’s
degree of belief in light of new information. For two events A
andB, Bayes’ theorem [42] tells us how to ‘invert’ the conditional
probabilities of the two events and determine Pr (A | B) from40
Pr (B | A), i.e.

Pr (A | B) = Pr (B | A)Pr (A)

Pr (B)
. (3)

The left-hand side of Equation (3), Pr (A | B), is the conditional
probability ofA given that event B has occurred, or the posterior
probability of event A given B; the posterior probability is an45
updated probability value that has been revised in light of new
observations (B). Now if we consider the right- hand side of
Equation (3), the probability of event A, Pr (A), is interpreted
as the prior probability of event A, or the probability of event A
before any newobservations is analysed. The likelihood L(A | B)50
is equal to the conditional probability of event B given event
A, Pr (B | A); the likelihood is a statistical model for how
event B relies on A. Finally, the probability of event B in the
denominator, Pr (B), is termed the evidence; the evidence is

often determined according to the law of total probability by 55
taking a sum of the products of the prior and likelihoods over a
partition of the sample space of event A,

Pr (B) =
∑
Ai

Pr (Ai)Pr (B | Ai). (4)

Equation (3) can therefore be stated as

posterior = prior × likelihood
evidence

. (5) 60

3. General Bayesian formulation of nested sampling

Let us consider a problem that can be modelled using a con-
tinuous probability distribution adaptation of Bayes’ Theorem
(Equation (3)),

p(x | D,H) = π(x | H) × L(x | D,H)

Z
(6) 65

where D is the data that are used to update the prior distri-
bution function π(x | H) about the unknown parameter (or
parameter vector) x into the posterior distribution function
p(x | D,H) with likelihood function L(x | D,H) under the
specified model description and/or assumptions, H; the like- 70
lihood function is proportional to the probability distribution
function p(D | x,H). Z is the evidence which is proportional to
theprobability distribution functionp(D | H). In contrast to the
many methods that focus on directly estimating the posterior
without evaluation of the evidence, Skilling [12–14] developed 75
theNSmethod to directly estimate the evidence. Indeed, evalua-
tion of the posterior is viewed simply as an optional by-product
of the evidence computation. The evidence in Equation (6) can
be expanded as the integral of the product of the prior and
likelihood function taken over the domain of x, 80

Z =
∫
D(x)

dx π(x | H) × L(x | D,H) , (7)

where the integral subscript D(x) is used to denote that the
integral is taken over the domain of x. In the NS approach,
the evidence (Equation (7)) is first converted from a (possi-
bly) multi-dimensional integral into a one-dimensional integral 85
taken over a mapping of the likelihood function to elements of
the unit prior probability. The first step of this procedure is to
define

X(L) =
∫
x � L(x|D,H)>L

dx π(x | H) , (8)

which is the cumulative prior probability encompassing all like- 90
lihood values L(x | D,H) > L. Under this definition, the prior
X decreases from 1 to 0 as L increases. Then using the inverse
function L(X) ≡ L, the evidence is transformed into a one-
dimensional integral over unit prior probability,

Z =
∫ 1

0
dX L(X) , (9) 95

where dX = dx π(x | H) is an element of prior probability.
The integral in Equation (9) is then estimated using a top-down
approach, in which sample points are drawn according to the
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prior distribution, and the unit prior probability is subdivided
into equal fractional elements from X = 1 down to X = 0 and
mapped to L(X) using a likelihood sorting routine. The basic
NS algorithm proceeds as follows, in which n is the iteration
number:5

(1) Draw an active set of K sample points {x}Kn=1 from the
parameter space in proportion to the prior probability
distribution,π(x | H); e.g. using aMarkov ChainMonte
Carlo routine.

(2) Sort the active set of sample points according to their10
likelihood, L(x | D,H).

(3) Withdraw the m lowest likelihood points {x}mn from the
active set, leaving K −m active samples. The withdrawn
points are stored for later use.

(4) Set a new likelihood constraint level Ln = max15 (
L(xj | D,H) : xj ∈ {x}mn

)
. This threshold is set based

on the highest-likelihood point of the withdrawn group.
(5) Generatem new sample points drawn from the parame-

ter space in proportion to π(x | H) under the likelihood
constraint L(xi | D,H) > Ln20

(6) Add the m new sample points to the active set to return
it to K objects, creating an updated active set {x}Kn+1

(7) Repeat steps (2)–(6) until a pre-determined termination
criterion is met; e.g. after a fixed number of iterations,
or a heuristic measure of convergence of evidence, Z,25
and/or information, logZ [14,19,25].

The NS overlap fraction, f = (K + 1 − m)/(K + 1), or
equivalently the number of sample points withdrawn from the
active population,m = (K + 1) − f (K + 1), each iteration, sets
the amount of overlap of the nested populations and determines30
the resolution of the nested levels. In general, the closer to one
f is, the more accurate the NS approximation will be. Indeed,
Skilling [12] determined that for a given number of sample
configurations, the f = K/(K + 1) fraction, i.e. removing the
lowest likelihood point each iteration, gives the most accurate35
approximation. Although a higher overlap fraction will always
be more accurate, a lower overlap fraction can be computation-
ally less expensive. Past applications [29,30,39] have been able
to use an overlap fraction as low as f = 0.5 without significant
loss of accuracy.40

During the NS procedure each subsequent active set popu-
lation of sample points is constrained to the higher likelihood
fraction, f = (K + 1 − m)/(K + 1), of the prior probability
sampled previously. The samples that are withdrawn from the
active population at iteration n are used to build estimates for45
L(X)within theXn−1−Xn = (f n−1−f n) fractionof prior proba-
bility contained between likelihood levels Ln−1 and Ln; note that
X0 = 1. Therefore, the NS procedure generates estimates for a
set of nested shells within contours of constant likelihood (see
Ref. [14, Figure 3]). Once the NS procedure is complete, the50
evidence is computed using a numerical quadrature formula,

Z ≈
M∑
n=1

(Xn−1 − Xn) ·
⎡
⎣m−1

∑
xj∈{x}mn

L(xj | D,H)

⎤
⎦+ f ML0,

(10)
where the outer sum is over the M iterations of steps (2)–(6)
completed before termination, while the term inside the square

brackets is the average over the m lowest likelihood points 55
withdrawn during iteration n. Finally, the term f ML0 completes
the integral for the XM − 0 = f M fraction of prior probability
remaining as X → 0, with L0 the average of the likelihoods of
the K points in the final set,

L0 = K−1
∑

xi∈{x}KM+1

L(xi | D,H). (11) 60

It is worth noting that in Skilling’s description of Nested Sam-
pling, a single sample (m = 1 and f = K/(K +1)), the one with
the lowest likelihood, is withdrawn from the active set each
iteration.

4. Nested sampling for the canonical partition 65
function and the Helmholtz free energy

The first application of NS to statistical mechanics was re-
ported by Pártay et al. [29] in 2010, who applied an ather-
mal NS procedure to compute the canonical partition function
and (two-dimensional) potential energy landscapes of Lennard– 70
Jones clusters. In that report, they also demonstrated favourable
performance of NS over the parallel tempering [43] method.
The following year (2011) Do et al. [30] independently pub-
lished their ‘Energy Partitioning’ (later called ‘Density of States
Partitioning’ [33]) method; the authors later acknowledged that 75
their method was equivalent to NS as described by Pártay et al.
with half of the distribution sampled at each step. In their first
report, Do et al. used a model water system as the case study for
the method and with it demonstrated favourable performance
of NS compared with the Wang–Landau and Gibbs ensemble 80
methods. Subsequently,NSmethods have been adapted to study
the energy landscape of a coarse-grained protein model [32]
and the free energy of mixtures [31] and solids [33]. In 2013,
we published a NS scheme that uses NVT ensemble trajectories
such as those fromMolecular Dynamics simulations [34]. Most 85
recently (2016), Burkoff et al. [36] used a modified NS scheme,
called Galilean NS, to simulate alanine dipeptide under the
canonical ensemble, while Do et al. [37] reported a reverse NS
scheme (‘reverse Energy Partitioning’) to improve calculations
of the free energy of solids. 90

In the rest of this section, we provide a brief description of
howNS can be used to estimate the canonical partition function
and the corresponding Helmholtz free energy.

The canonical ensemble is used to describe a system with
a fixed number of particles (N), constant volume (V), and in 95
thermal equilibrium with a heat bath at constant temperature
(T). The canonical, or NVT, partition function can be expressed
as

ZNVT = CNZpZc , (12)
whereCN is a constant pre-factor, which under the typical semi- 100
classical approximation is given byCN = (N ! h3N )−1 inwhich h
is Planck’s constant.Zp is the 3N-dimensional set ofmomentum
(p) integrals,

Zp =
∫ ∞

−∞
dpNe−βK(pN ) , (13)

where β = 1/(kT) in which k is the Boltzmann constant and 105
K(pN ) is the total kinetic energy at the 3N-dimensionalmomen-
tum space point pN = {(px,1, py,1, pz,1), . . . , (px,N , py,N , pz,N )}.
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Zc is the 3N-dimensional set of configuration (position) inte-
grals,

Zc =
∫
VN

drNe−βU(rN ) , (14)

where U(rN ) is the potential energy of the 3N-dimensional
configurational point rN = {(x1, y1, z1), . . . , (xN , yN , zN )}. For5
particles all of the same mass, the momentum integrals can be
analytically evaluated and combined with CN to yield

CNZp =
[
N !
(

βh2

2πm

)3N/2]−1

(15)

where m is the particle mass. In contrast, the configurational
integrals typically cannot be analytically evaluated. They can10
however, be estimated using a NS routine. Recall from Section 3
that NS is designed to estimate the Bayesian evidence, which
has the form of themarginalisation integral of Equation (7).We
therefore need to identify a suitable prior probability distribu-
tion and likelihood function in order to apply NS. The prior can15
be taken to be a uniform distribution in the configuration space,

p(rN ) = 1/VN , (16)

whereV is the volume of the system. The Boltzmannweight can
then be interpreted as the likelihood of observing the system at a
configurational point given the temperature, or β , and potential20
energy, U(rN ),

e−βU(rN ) = L
(
rN | β ,U(rN )

)
. (17)

Using these functions, the configurational partition function
(Equation (14)) is re-written in the form of Equation (7) as

Zc = VN
∫
VN

drNp(rN )L
(
rN | β ,U(rN )

)
, (18)25

where the VN factor was added before the integral to cancel the
1/VN introduced in Equation (16). Equation (18) can then be
evaluated using an augmented version of the basic NS algorithm
described in Section 3; since for any given temperature (or β),
the likelihood function is monotonic with respect to the poten-30
tial energy, the likelihood sorting can be replaced with potential
energy sorting. The NS algorithm to evaluate the canonical
partition function is as follows:

(1) Draw an active set ofK sample points {rN }Kn=1 uniformly
from the configuration space.35

(2) Sort the active set of sample points according to their
potential energies, U(rNi ).

(3) Withdraw the m highest potential energy points {rN }mn
from the active set, leaving K − m active samples. The
withdrawn points are stored for later use.40

(4) Set a new potential energy constraint level Un = min(
U(rNj ) : rNj ∈ {rN }mn

)
.

(5) Generate m new sample points drawn uniformly from
the configuration space under the potential energy con-
straint U(rNi ) < Un45

(6) Add the m new sample points to the active set to return
it to K objects, creating an updated active set {rN }Kn+1

Mo
no
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pr
int
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Figure 1. (Colour online) Heat capacity per particle vs. temperature for 17 LJ
particles in a cubic unit cell of side length 12. All quantities are expressed in
reduced units.

(7) Repeat steps (2)–(6) until a pre-determined termination
criterion is met; e.g. after a fixed number of iterations,
or based on heuristic measures of convergence of the 50
partition function (at a given temperature) and/or the
potential energy to a minimum in the potential energy
landscape [29,30,34].

During this NS procedure, each active population of sample
points is constrained to the lower potential energy fraction, 55
f = (K + 1 − m)/(K + 1), of the configuration space volume
sampled previously. The samples that are withdrawn from the
active population at iteration n are used to build estimates
for L(X) within the Xn−1 − Xn = (f n−1 − f n) fraction of
configuration space volume contained between potential energy 60
levels Un−1 and Un. Therefore, this NS procedure generates
estimates for a set of nested shells of configuration space volume
within contours of constant potential energy.

Once the iteration is complete, the configurational partition
function can be evaluated at any temperature using an adapted 65
version of Equation (10),

Zc ≈ VN

⎛
⎜⎝ M∑
n=1

(f n−1 − f n) ·
⎡
⎢⎣m−1 ∑

rNj ∈{rN }mn
e−βU(rNj )

⎤
⎥⎦+ f ML0

⎞
⎟⎠,

(19)

where the outer sum is over the M iterations of steps (2)–(6)
completed before termination, while the term inside the square 70
brackets is the average of the Boltzmann factors corresponding
to the m highest potential energy points withdrawn during
iteration n. Finally, the term f ML0 completes the integral for
the XM − 0 = f M fraction of configuration space volume
remaining as X → 0, with L0 the average of the Boltzmann 75
factors corresponding to the K points in the final set,

L0 = K−1
∑

rNj ∈{rN }KM+1

e−βU(rNj )
. (20)

Once the configurational partition function has been esti-
mated, the full partition function is estimated using Equation
(12). All thermodynamic quantities are then obtained from the 80
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partition function. For example, the Helmholtz free energy (A)
is obtained via

A = −kT lnZNVT (21)

The internal energy U , is given by

U = − ∂

∂β
ln (ZNVT )5

= − ∂

∂β
ln (CNZpVN ) − ∂

∂β
ln (Zc/VN )

≈ 3N
2
kT + (VN )2

Zc

[ M∑
n=1

(f n−1 − f n)

·
[
m−1

∑
rNj ∈{rN }mn

U(rNj )e−βU(rNj )

]
+ f MU0

]
(22)

with10
U0 = K−1

∑
rNj ∈{rN }KM+1

U(rNj )e−βU(rNj )
. (23)

The heat capacity CV is given by

CV = ∂U
∂T

≈ 3N
2
k − (VN )3

kT2(Zc)2

[ M∑
n=1

(f n−1 − f n)

·
[
m−1

∑
rNj ∈{rN }mn

U(rNj )e−βU(rNj )

]
+ f MU0

]2
15

+ (VN )2

kT2Zc

[ M∑
n=1

(f n−1 − f n)

·
[
m−1

∑
rNj ∈{rN }mn

(
U(rNj )

)2
e−βU(rNj )

]
+ f M(U2)0

]
,

(24)

with
(U2)0 = 1

K

∑
rNj ∈{rN }KM+1

(
U(rNj )

)2
e−βU(rNj )

. (25)20

And the entropy S is given by

S = −∂A
∂T

= k ln (ZNVT ) − 1
T

∂

∂β
ln (ZNVT )

= k ln (ZNVT ) + 1
T
U .

(26)

An example application is shown in Figure 1 where the heat
capacity per particle is computed for 17 Lennard–Jones particles
in a cubic unit cell of side length 12 under periodic boundary25
conditions (all quantities are expressed in reduced units). The
nested sampling data is in excellent agreementwith the results of
NVTMetropolisMonteCarlo (MMC) simulations at individual
temperature values (see Nielsen [34] for further details). In
the NS procedure, the entire heat capacity curve is generated30
from a single run because the heat capacity for any particular
temperature value is obtained through Equation (24) using the
same rawdata (see step (3) of theNS algorithm). Thismeans that

the cluster-to-gas phase transition temperature and the corre-
sponding sharpness of the heat capacity peak are automatically 35
obtained. This information was used to select the temperature
points for the MMC runs. Because heat-capacity peaks asso-
ciated with first-order transitions may be very sharp (indeed,
it is only the microscopic size of the simulation cells generally
used that prevents them from becoming delta functions), it is 40
difficult to find them by simulation at selected temperatures
without some sort of refinement procedure, a problem which is
entirely avoided by NS.

5. Nested sampling for the isothermal–isobaric
partition function and the Gibbs free energy 45

In addition to the canonical partition function,NShas beenused
to estimate the isothermal–isobaric ensemble partition function
and corresponding thermodynamic quantities. In 2014, Pártay
et al. [38] used NS to compute the isothermal–isobaric par-
tition function of the hard sphere model; their method was 50
athermal and pressure independent, but limited to that spe-
cific model. In 2015, we published an athermal NS procedure,
isobaric Nested Sampling (IBNS) [39], which can be used more
generally to compute the isothermal–isobaric partition function
of atomic and molecular systems; we demonstrated the method 55
using Lennard–Jones clusters. An equivalent scheme was sub-
sequently published by Baldock et al. who applied the scheme
to periodic Lennard–Jones, aluminium, and nickel-titanium
systems [40]. In the rest of this section, we provide a description
of how the IBNSmethod can be used to estimate the isothermal– 60
isobaric partition function and the corresponding Gibbs free
energy.

The isothermal–isobaric ensemble is used to describe a sys-
tem with a fixed number of particles (N), pressure (P), and
temperature (T). The isothermal-isobaric, or NPT, partition 65
function can be expressed as

ZNPT = INZp
∫ ∞

0
dVe−βPVZc(V) , (27)

where IN is a constant pre-factor, which under the typical semi-
classical approximation is given by IN = (N ! h3NV0)

−1 with
V0 a volume scaling factor needed to maintain a dimension- 70
less partition function; one common choice of volume scaling
factor [44] is V0 = 1/(βP). Zp is the 3N-dimensional set of
momentum integrals given in Equation (13). Zc(V) is the same
as the canonical configurational partition function, Equation
(14), now considered as a function of the volume. Similar to 75
the canonical case (Section 4), the momentum integrals can be
analytically evaluated and combined with IN to yield

INZp =
[
V0N !

(
βh2

2πm

)3N/2]−1

, (28)

where m is the particle mass. The momentum-independent
remainder, which we will refer to as the excess isothermal– 80
isobaric partition function, is given by ZNPT ,ex = ZNPT/INZp.
It is written explicitly as
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ZNPT ,ex =
∫ ∞

0
dVe−βPVZc(V) , (29)

and typically cannot be evaluated analytically. It can, however,
be estimated using NS. We must first reformulate the excess
partition function into a form like Equation (7), and identify a
suitable prior probability distribution and likelihood function.5
We start by expanding Zc(V) in Equation (29) with Equation
(18),

ZNPT ,ex =
∫ ∞

0
dVe−βPVVN

×
∫
VN

drNp(rN | V)L(rN | β ,U(rN )) , (30)
10

where the volume dependence is made explicit in the prior con-
figurational probability distribution. The VN term in Equation
(30) suggests the following prior probability distribution for the
volume,

p(V) = VN/ZV , (31)15

with normalisation constant,

ZV =
∫ ∞

0
dV VN . (32)

This integral evaluates to infinity, but we resolve this below. The
volume likelihood function, given the temperature (or β) and
pressure, can then be taken as the exponential Boltzmann term,20

L(V | β ,P) = e−βPV . (33)

The excess isothermal–isobaric partition (Equation (30)) can
then be re-written with the volume prior and likelihood func-
tions as,

ZNPT ,ex = ZV
∫ ∞

0
dVp(V)L(V | β ,P)25

×
∫
VN

drNp(rN | V)L(rN | β ,U(rN )) . (34)

We now combine the volume and configuration prior probabil-
ities into a joint probability

p(V)p(rN | V) = p(rN ,V) . (35)30

We also combine the volume and configuration likelihood func-
tions,

L(V | β ,P)L(rN | β ,U(rN )) = L(rN ,V | β ,P,U(rN )) . (36)

We re-write the excess partition function as

ZNPT ,ex = ZV
∫ ∞

0
dV
∫
VN

drNp(rN ,V)L(rN ,V | β ,P,U(rN )) ,

(37)35
which has the form of Equation (7) and to which we can apply
NS. However, since the volume has no natural upper bound
it is necessary to apply a practical approximation in which we
introduce an upper volume cutoff, Vmax. The excess partition

function is then given by 40

ZNPT ,ex

≈ ZV
∫ Vmax

0
dV

∫
VN

drNp(rN ,V)L(rN ,V | β ,P,U(rN )) ,

(38)

where now ZV = (Vmax)
N+1/(N + 1); note that we have as-

sumed in Equation (38) that Vmax is sufficiently large that the 45
bulk of the partition function is accumulated by integration over
the volumes 0 < V ≤ Vmax.

Equation (38) can be estimated using an athermal NS proce-
dure similar to that used in the canonical case (Section 4); the
exponential terms in the likelihood function are combined into 50
a single term,

L(rN ,V | β ,P,U(rN )) = e−βPVe−βU(rN )

= e−β[PV+U(rN )]

= e−βH(rN ,V) ,

(39)

where H(rN ,V) = U(rN ) + PV is the instantaneous enthalpy
of the phase space point (rN ,V). Since the likelihood function
for any given temperature is monotonic with respect to the 55
instantaneous enthalpy, for a given pressure, the likelihood
sorting can be replaced with an athermal enthalpy sorting. For
a fixed pressure P, the athermal IBNS algorithm proceeds as
follows:

60

(1) Draw an active set ofK sample points {(rN ,V)}Kn=1 from
the joint configuration-volume space in proportion to
the joint prior probability distribution, p(rN ,V), while
enforcing V ≤ Vmax

(2) Sort the active set of sample points according to their 65
instantaneous enthalpy, H(rNi ,Vi).

(3) Withdraw themhighest enthalpypoints {(rN ,V)}mn from
the active set, leaving K − m active samples.

(4) Set a new enthalpy constraint
Hn = min

(
H(rNj ,Vj) : (rNj ,Vj) ∈ {(rN ,V)}mn

)
. 70

(5) Generate m new sample points drawn from the joint
configuration-volume space in proportion to p(rN ,V)

while enforcing Vi ≤ Vmax and the enthalpy constraint
H(rNi ,Vi) < Hn

(6) Add them new sample points to the active set to return it 75
to K objects, creating an updated active set {(rN ,V)}Kn+1

(7) Repeat steps (2)–(6) until a pre-determined termination
criterion is met; e.g. after a fixed number of iterations, or
based on heuristic measures of convergence of the parti-
tion function (at a given temperature), free energy (at a 80
given temperature), or of the enthalpy to a minimum in
the enthalpy landscape [39].

During the IBNSprocedure, each active populationof sample
points is constrained to the lower enthalpy fraction, f = (K+1−
m)/(K + 1), of the joint configuration-volume space sampled 85
previously. The samples that are withdrawn from the active
population at iteration n are used to build estimates for L(X)

within the Xn−1 − Xn = (f n−1 − f n) fraction of configuration-
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volume space contained between enthalpy levels Hn−1 and Hn.
Therefore, the IBNS procedure generates estimates for a set of
nested shells of configuration-volume space within contours of
constant enthalpy.

Using the data generated during the IBNS procedure the ex-5
cess partition function can then be evaluated at any temperature
using an adapted version of Equation (10),

ZNPT ,ex ≈ ZV
( M∑

n=1

(f n−1 − f n)

·
[
m−1

∑
(rNj ,Vj)∈{(rN ,V)}mn

e−βH(rNj ,Vj)
]

+ f ML0
)
,

(40)10

where the outer sum is over the M iterations of steps 2–6
completed before termination, while the term inside the square
brackets is the average of the Boltzmann factors corresponding
to the m highest enthalpy points withdrawn during iteration n.
Finally, the term f ML0 completes the integral for the XM − 0 =15
f M fraction of phase space remaining as X → 0, with L0 the
average of the Boltzmann factors corresponding to theK points
in the final updated active set,

L0 = K−1
∑

(rNj ,Vj)∈{(rN ,V)}KM+1

e−βH(rNj ,Vj) . (41)

The total partition function is given by the expression20

ZNPT = INZpZNPT ,ex , (42)

and the Gibbs free energy is

G = −kT lnZNPT = −kT ln (INZp) − kT ln (ZNPT ,ex) , (43)

Once the free energy is obtained, it can be decomposed into
its enthalpy and entropy components. The enthalpy H is given25
by

H = − ∂

∂β
ln (ZNPT )

= − ∂

∂β
ln (INZp) − ∂

∂β
ln (ZNPT ,ex)

≈ 5N
2
kT + ZV

ZNPT ,ex

[ M∑
n=1

(f n−1 − f n)

·
[
m−1

∑
(rNj ,Vj)∈{(rN ,V)}mn

H(rNj ,Vj)e
−βH(rNj ,Vj)

]
+ f MH0

]

(44)

30

with

H0 = K−1
∑

(rNj ,Vj)∈{(rN ,V)}KM+1

H(rNj ,Vj)e
−βH(rNj ,Vj) . (45)
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Figure 2. (Colour online) Temperature vs. the entropy and heat capacity per particle
at three different pressures in the vicinity of liquid–gas coexistence for 128 LJ
particles in a cubic box under periodic boundary conditions. All quantities are
expressed in reduced units. Solid lines are the entropy across the bottom x axis and
dashed lines the heat capacity across the top x axis. The critical temperature and
pressure are TC = 1.1876(3) (green dotted line) and PC = 0.1093(6) as reported
by Wilding [45].
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Figure 3. (Colour online) Heat capacity and density per particle vs. temperature for
55 LJ particles at a pressure of 0.1. All quantities are expressed in reduced units.

The entropy S is given by

S = −∂G
∂T

= k ln (ZNPT ) − 1
T

∂

∂β
ln (ZNPT )

= k ln (ZNPT ) + 1
T
H .

(46) 35

An example calculation taken from our previous work [39]
is shown in Figure 2 where the temperature vs. the entropy and
heat capacity per particle are plotted at three different pressures
in the vicinity of liquid–gas coexistence for a Lennard–Jones
model system. It is clear from this analysis that P = 0.150 is 40
above the critical point since the entropy does not exhibit a tie
line corresponding to the (small and broad) heat capacity peak.
Tie-line behaviour is seen for pressures below the critical point,
although there is some rounding of the transition entropies due
to finite-size effects. The heat capacity can also be analysed for 45
isolated systems without periodic boundary conditions to map
out the phase behaviour. Shown in Figure 3 is the heat capacity
anddensity per particle vs. temperature for 55 isolatedLennard–
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Jones particles at a pressure of 0.1 (see Wilson [39] for further
details including data at higher and lower pressures). A solid–
liquid transition occurs at low temperature and a liquid–gas
transition occurs at higher temperature, although the liquid–
gas transition is suppressed due to the high pressure resulting5
in a broad peak in the heat capacity.

6. A nested sampling-based approach to directly
estimate the free energy difference between systems
with different potential energy functions

In order to reliably estimate the free energy difference between10
systems with different potential energy functions, it is necessary
to implement a scheme that can bridge the important phase
space regions of the two systems [7,46,47]. But inmany practical
free energy calculations, the two systems of interest inhabit
subsets of the phase space that have little to no overlap [48].15
Dating back to Kirkwood’s implementation of Thermodynamic
Integration [10] (TI), the linear coupling parameter approach
remains a common tactic to construct a path such between
the phase space subsets of systems that differ in their potential
energy function [49–51]. In these cases, the free energy differ-20
ence is framed in terms of a reference system (0) and a target
system (1),withpotentialsU0 andU1, respectively. The coupling
parameter λ is used to define a new potential energy in terms of
the reference and target potentials,

U(λ) = U0 + λ(U1 − U0) , (47)25

and simulations are run under U(λ) for a range of λ values.
These simulations are then used to recover the free energy dif-
ference as a function of λ; the form of the free energy estimator
depends on the particular method being used. However, it is
difficult to know a priori what the most effective λ schedule30
is for any given pair of systems, especially if there is a phase
transition along the coupling parameter path.

In this section, we propose a new free energy difference
scheme based on the NS method, which uses a single NS simu-
lation to form a continuous sample of states along the same path35
through phase space as the coupling parameter-based approach;
we refer to this as Coupling Parameter Path Nested Sampling
(CPPNS). Using NS to traverse the coupling parameter path
eliminates the need to define a λ schedule. Analogous to β in the
athermalNSmethods (Sections 4 and 5), inCPPNS the coupling40
parameter is only included in the posterior calculations; that is,
after the CPPNS simulation is complete, the output can be used
to recover the free energy difference, aswell as other observables,
as continuous functions of λ.

6.1. Coupling parameter path nested sampling45

The coupling parameter path is introduced via the potential
energy in Equation (47). The Helmholtz free energy difference
between the λ-dependent system and the reference system is
proportional to the natural logarithm of the ratio of the respec-
tive canonical partition functions, which under the assumption50
that the number of particles and the particlemasses are the same
between the two systems reduces to

�A(λ) = −kT ln
[
Z(λ)

Z(0)

]
= −kT ln

[
Zc(λ)

Zc(0)

]
, (48)

where

Zc(0) =
∫
VN

drNe−βU0(rN ) , (49)

and 55

Zc(λ) =
∫
VN

drNe−βU(λ, rN ) , (50)

are the configurational parts of the respective partition func-
tions. Therefore, we need to estimate the ratio of the configura-
tional partition functions in Equation (48) in order to estimate
the free energy difference. As in Free Energy Perturbationmeth- 60
ods [9], this ratio can be re-written as an exponential average
of the potential energy difference, λ(U1 − U0) = λ�U , taken
with respect to the configuration space distribution function of
system 0,

�A(λ) = −kT ln
[
Zc(λ)

Zc(0)

]
= −kT ln

〈
e−βλ�U(rN )

〉
U0

, (51) 65

where the average is given by

〈
e−βλ�U(rN )

〉
U0

=
∫
VN

drNp(rN | U0,β)e−βλ�U(rN ) , (52)

in which the averages are with respect to the configuration space
distribution function of system 0. Equation (52) has the form
of the Bayesian evidence (Equation (7)) with the configuration 70
space distribution of system 0 as the prior probability distri-
bution and the Boltzmann weight term of the λ-dependent
potential energy difference as the likelihood function,

L(rN | U0,U1, λ,β) = e−βλ�U(rN ) . (53)

Therefore, a NS simulation can be used to estimate the average 75
(Equation (52)); since the likelihood function (Equation (53))
for any given coupling parameter value, λ, is monotonic with
respect to the potential energy difference �U , for a fixed tem-
perature the likelihood sorting can be replaced with a energy
sorting independent of λ. The basic CPPNS algorithm proceeds 80
as follows:

(1) Draw an active set of K sample points {rN }Kn=1 from the
configuration space in proportion to the configuration
space distribution of system 0, p(rN | U0,β)

(2) Sort the active set of sample points according to�U(rN ). 85
(3) Withdraw the m highest potential energy difference

points {rN }mn from the active set, leaving K − m active
samples.

(4) Set a new potential energy difference constraint level
�Un = min

(
�U(rNj ) : rNj ∈ {rN }mn

)
. 90

(5) Generate m new sample points distributed according to
p(rN | U0,β) under the constraint �U(rNi ) < �Un

(6) Add the m new sample points to the active set to return
it to K objects, creating an updated active set {rN }Kn+1

(7) Repeat steps (2)–(6) until a pre-determined termination 95
criterion is met; e.g. after a fixed number of iterations,
or based on heuristic measures of convergence of the
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exponential average (at a given λ) and/or free energy
difference.

In the CPPNS routine, the first active population of sample
points (with corresponding �U values) is drawn according to
the reference distribution; therefore, the first CPPNS iteration5
will sample configurations consistent with λ = 0. Each subse-
quent active population of sample points is constrained to the
lower potential energy difference fraction, f = (K + 1 − m)/

(K + 1), of the configuration space distribution sampled pre-
viously. As this routine is repeated from one iteration to the10
next, the distribution of �U values is progressively driven to
lower values, and the CPPNS simulation progresses through
configuration space along a path that corresponds to slowing
turning up the coupling parameter (λ). The samples that are
withdrawn from the active population at iteration n are used to15
build estimates for L(X) within the Xn−1 − Xn = (f n−1 − f n)
fraction of configuration space contained between potential
energy difference levels (�U)n−1 and (�U)n. Therefore, the
CPPNS procedure generates a set of nested shells of configura-
tion space within contours of constant potential energy differ-20
ence. Using the data generated during the CPPNS procedure,
the exponential average can be evaluated at arbitrary coupling
parameter values using an adapted version of Equation (10),

〈
e−βλ�U 〉

U0
≈

M∑
n=1

(f n−1 − f n)

·
[
m−1

∑
rNj ∈{rN }mn

e−βλ�U(rNj )

]
+ f ML0 , (54)25

where the outer sum is over the M iterations of steps (2)–(6)
completed before termination, while the inner term inside the
square brackets is the average of the Boltzmann factors corre-
sponding to the m highest potential energy difference points30
withdrawn during iteration n. Finally, the term f ML0 completes
the integral for the XM − 0 = f M fraction of configuration
space remaining asX → 0,withL0 the average of theBoltzmann
factors corresponding to theK points in the final updated active
set,35

L0 = K−1
∑

rNj ∈{rN }KM+1

e−βλ�U(rNj )
. (55)

Equation (54) can be evaluated for a range of λ values; the
range can be explicitly set in the termination criterion (see
Section 6.1.1) and is not necessarily limited to [0, 1]. Exten-
sion of the λ range can be useful in cases where one wants to40
force domination of the likelihood function (over the prior) by
turning up λ to very large values, as in Frenkel and Ladd’s [52]
crystal free energy computations where maximum λ values of
around 600–2000 were used.

The free energy difference is calculated using the CPPNS45
estimate of the average (Equation (54)) in Equation (51). It
follows that the free energy difference between any two states
with different λ values is given by �A(λ1 → λ2) = �A(λ2) −
�A(λ1).

Additionally, the expectation value of a configurational ob-50
servable, O, can be computed as a function of the coupling
parameter,

〈O〉λ =
[〈
e−βλ�U 〉

U0

]−1 M∑
n=1

(
f n − f n+1)

·
[
m−1

∑
rNj ∈{rN }mn

O(rNj )e−βλ�U(rNj )

]
+ f MO0 , (56)

where O(rNj ) is the value of observable O at configuration (rNj ) 55
and O0 is the average of the observable values and likelihoods
corresponding to the K points in the final updated active set,

O0 = K−1
∑

rNj ∈{rN }KM+1

O(rNj )e−βλ�U(rNj )
. (57)

Assuming that the λ-independent portion of the partition
function is the same, the entropy difference is given by 60

�S(λ) ≈ k ln
〈
e−βλ�U 〉

U0
+ 〈λ�U〉U0 − 〈U0〉U0

T
. (58)

6.1.1. Termination criterion
A simple difference of the nested �U values can be used as the
termination criterion; e.g. |�Un−�Un−1| < ε. However, in the
most common casewhere the free energy difference of interest is 65
at λ = 1, this termination criterion can be wasteful. Therefore,
we suggest the followingbasedon the early termination criterion
implemented by Do et al. [30]: if, after the latest iterationm, the
inequality

(f m−1 − f m)e−λmaxβ(�U)m < ε

m∑
n=1

(f n−1 − f n)e−λmaxβ(�U)n

(59) 70
with ε = 10−9 holds true for a pre-defined maximum coupling
parameter value λmax, then terminate the CPPNS routine at
step m. ε can be adjusted to a larger value to give a more less
precise, or to a smaller value to give a more precise, termination
criterion. 75

6.1.2. The sampler
The first iteration in CPPNS needs to draw samples from an
equilibrium Boltzmann distribution of states for the model sys-
tem under the reference potential energy (U0), while later it-
erations need to draw samples from a constrained version of 80
the same distribution. The most straightforward way to do this
is using a Markov chain Monte Carlo scheme, in particular a
MMC sampler; after the first CPPNS iteration, the Metropolis
criterion is supplemented with appropriate NS constraints.

AlthoughMMCsampling is straightforward to implement, it 85
could potentially be made more efficient (or robust) by utilising
a form of Importance Nested Sampling [53] (INS), where sam-
ples are drawn from some other distribution and re-weighted
back to the desired distribution. The sampling can also be im-
proved by a relatively simple conversion to a Diffusive [30,54] 90
sampler, which modifies the NS constraints (in this case the
hard barrier for potential energy levels) to allow the sampler
to ‘diffuse’ backwards to the less constrained distributions of
previous nested iterations; this gives the sampler more mobility
in crossing local energy barriers of the �U landscape. 95

Aparticular sampling consideration for theCPPNSapproach
is that if at any time during theNS iterations the samplingmoves
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into a region where the reference potential becomes very large,
or the reference potential approaches a discontinuity, it will be
difficult to explore that region of phase space effectively. This
can also lead to forward/reverse directionality bias in theCPPNS
method, i.e. one direction along the coupling parameter path5
may bemore efficient than the other. This could also lead to slow
convergence, or potentially non-convergence, of the CPPNS
free energy estimate. This type of problem could potentially be
alleviated by implementing INS. Additionally, in some cases it
may require a change in directionality in the CPPNS routine; i.e.10
decidingwhether to perform theCPPNS routine in the ‘forward’
direction (with U0 as the reference potential) or the ‘reverse’
direction (with U1 as the reference potential).

6.2. Case study 1: chemical potential of a Lennard–Jones
particle15

In this section, apply CPPNS to compute the excess chemical
potential of a Lennard–Jones model system at various densities.
The results from CPPNS are compared to estimates computed
using the classic Widom test particle insertion method [55].

In a single-component atomic system, the chemical potential20
is equivalent to the free energy cost to add a (N + 1)st atom
to an N atom system. The reference system has N atoms and
potential energy functionU(N), whereU(N) has contributions
from all pairwise interactions between the N atoms modelled
using a 12-6 Lennard–Jones (LJ) potential truncated and shifted25
at rc = 2.5σ .

The target system has, in addition to the same N atoms as
the reference system, an additional (N + 1)st atom, so that this
system has potential energy function U(N + 1). The potential
energy difference, �U = U(N + 1) − U(N), is the interaction30
energy of the (N + 1)st atom with the original N atoms. In
order to compute the excess chemical potential via a coupling
parameter path, the λ-dependent potential is given by U(λ) =
U(N)+λ�U . Scalingλ in the range [0, 1] is equivalent to scaling
the LJ energy pre-factor ε controlling the interaction energy of35
the (N + 1)st atom with the other N atoms. This is because we
choose towork in LJ unitswhere, forU(N), ε=σ=1. Therefore,λ
can be combinedwith the ε controlling the interaction energy of
the (N + 1)st atom to generate a composite coupling parameter
λε = ε′. For later use, we define �U ′ by �U = ε�U ′.40

The chemical potential is given by

μ = AN+1 − AN

= −kT ln
Z(N+1)VT

ZNVT

= −kT ln
CN+1Zp,N+1

CNZp,N
− kT ln

Zc,N+1

Zc,N
= μideal + μexcess.

(60)

Since the ideal portion can be analytically evaluated, we can
focus on the excess portion of the chemical potential μexcess =
−kT ln (Zc,N+1/Zc,N ). In this case study, we used a model45
atomic system consisting of N = 125 atoms within a periodic
cubic box of volume N/ρ where ρ is the number density.

The excess chemical potential is given by

μ(ε′)excess = −kT ln
〈
e−βε′�U ′〉

p(rN+1|U(N),β)
, (61)

where the exponential average is taken over the probability 50
distribution p(rN+1 | U(N),β) of theN +1 atom system acting
under the potential of the N atom system; under U(N) the
(N + 1)st atom is treated as a noninteracting ‘ghost’ particle.

The ensemble average in Equation (61) is given by amodified
version of Equation (54), 55

〈
e−βε′�U ′〉

p(rN+1|U(N),β)

≈
M∑
n=1

(f n−1 − f n) ·
[
m−1

∑
rN+1
j ∈{rN+1}mn

e−βε′�U ′
]

+ f ML0 ,

(62)

where the outer sum is over theM CPPNS iterations of steps 2–6
completed before termination, while the term inside the square 60
brackets is the average of the Boltzmann factors correspond-
ing to the m highest potential energy difference (�U ′) points
withdrawn during iteration n. Once the exponential average has
been estimated using CPPNS, the excess chemical potential is
computed using Equation (61). 65

For comparison, the excess chemical potential was computed
for temperature T = 2.0 (reduced units) at nine number densi-
ties (ρ = N/V) in the range [0.1:1.0] via Molecular Dynamics
simulations of the N-atom reference system using the Widom
test particle insertionmethod [55] (MD-Widom); all values and 70
results are reported in reduced Lennard–Jones units. CPPNS
simulations were also run for the same model system at each
simulated density; ten separate CPPNS simulations were run
at each density to estimate the standard error of the reported
results. In CPPNS, the initial population of K sample points 75
were collected by simulating theN reference atoms underU(N)

via a Metropolis Monte Carlo routine with random insertions
of the (N + 1)st atom (as in a test particle insertion scheme);
an initial period of 5 × 106 trial moves was executed before
collecting samples. In the subsequent iterations, the withdrawn 80
sample points consistent with f = 0.98 were replaced using
Metropolis Monte Carlo sampling of all N + 1 particles drawn
from the reference distribution with the additional potential
energy restrictions of CPPNS; Table 1 lists for each density
the value of K , the number of equilibration Monte Carlo trial 85
moves (nMC) made before accepting new sample points, and the
average total number of pair-wise energy evaluations (nE) used
to converge the NS result within the 98% confidence interval
overlap of the MD-Widom result.

As shown in Table 2, the CPPNS approach was able to 90
reproduce the excess chemical potential estimates computed
using Widom test particle insertion (at ε′ = 1 in reduced LJ
units). At each density, the excess chemical potential can be
accurately computed from CPPNS as a continuous function of
the composite coupling parameter (ε′) in the range ε′ = [0 : 1] 95
as shown in Figure 4.

Figure 5 displays the results from a crude relative perfor-
mance comparison of CPPNS and theWidommethod. For this
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Figure 4. (Colour online) Excess chemical potential (μex ) vs. the effective epsilon value (ε′) for the Coupling Parameter Path Nested Sampling and Widom Test Particle
Insertion methods. All excess chemical potential values reported are in reduced LJ units. Left: Density 0.1 Right: Density 0.6.

Table 1. Table listing the values of K , the number of Monte Carlo trial moves (nMC )
implemented before accepting new sample points, and the average total number
of pair-wise energy evaluations (nE ) used to converge the NS result used in the
CPPNS simulations at each number density.

Number density ((N = 125)/V ) K nMC nE

0.10 6000 125 5.2139 × 109

0.20 6000 125 5.3552 × 109

0.40 10000 250 1.5559 × 1010

0.60 200000 250 3.0648 × 1011

0.80 300000 250 5.1929 × 1011

0.85 300000 250 5.1929 × 1011

0.90 700000 375 1.9947 × 1012

0.95 700000 375 2.1027 × 1012

1.00 700000 375 2.2387 × 1012

Table 2. Excess chemical potential (μex ) and 98% confidence interval uncertainty
computed using the Widom Test Particle Insertion method (MD-Widom) and the
CPPNS approach. All excess chemical potential values reported are in reduced LJ
units and correspond to ε′ = 1.

Number Density μex MD-Widom μex CPPNS

0.10 –0.2500± 0.0007 –0.2619± 0.0129
0.20 –0.3720± 0.0029 –0.3931± 0.0249
0.40 –0.0907± 0.0032 –0.0910± 0.0287
0.60 1.5900± 0.0147 1.5671± 0.0155
0.80 6.3940± 0.0391 6.3395± 0.0297
0.85 8.4731± 0.1292 8.4031± 0.0334
0.90 11.1006± 0.1171 10.9705± 0.0163
0.95 14.1314± 0.3180 13.8632± 0.0170
1.00 17.8078± 0.9596 17.5689± 0.0232

comparison, the excess chemical potentials were recomputed
using Widom test particle insertion within standard canoni-
cal Metropolis Monte Carlo (MMC-Widom) simulations. The
trial moves consisted of single particle- translations, and the
trial move sizes were set to give acceptance rates between 33%5
to 50%. An initial burn-in period consisting of 5 × 106 trial
moves was run where no data was collected. Following the
burn-in period, 10 test particle insertions were performed after
every 125 trial moves, and the simulations were run until the
total number of pair-wise energy evaluations (including those10
from trial insertions) just exceeded the corresponding nE value
from NS (Table 1). The excess chemical potential results were
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Figure 5. (Colour online) Relative Performance of NS compared to the standard
Widom Test Particle Insertion vs. density.

computed by running ten statistically separate copies (i.e. with
different random number seeds) at each density and averaging
the results of the ten copies. The uncertainties for the excess 15
chemical potential were then taken as 2.33 times the standard
error values of those averages. The relative performance was
quantified by taking the ratio of the respective standard error
values: Prel = uMMC−Widom/uNS, where uNS and uMMC−Widom
are the respective standard errors in the excess chemical poten- 20
tial values at ε′ = 1.

It is clear from Figure 5 that the CPPNS-based approach as
implemented for this case study compares poorly in terms of
efficiency to the Widom test particle insertion method at low
densities. At density, 0.1 CPPNS is roughly five times more 25
computationally expensive. The poor relative performance of
CPPNS extends through density 0.8 where it is roughly two
times less efficient than test particle insertion. However, at the
higher densities (densities ≥ 0.9), CPPNS becomes more effi-
cient than test particle insertion, and at density 1.0 CPPNS is 30
roughly six times more efficient than the test particle insertion
scheme. This performance gain suggests that CPPNS may be
an efficient alternative to other schemes when estimating the
excess chemical potential in dense systems, and it also suggests
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that the approach may be worth testing with molecular system
where insertions can be difficult.

6.3. Case study 2: mixing transition in a binary fluid

In this section, we characterise the mixing transition of a binary
fluid induced by tuning the electrostatic interactions. This case5
study serves as an example of using CPPNS to study properties
and phase transitions of a system along a coupling parameter
path. The CPPNS estimates were confirmed by running canon-
ical MMC simulations of the system at different values of the
coupling parameter.10

Themodel systemwas a binary atomic fluid composed of 100
typeA particles and 100 typeB particles. In the reference system,
the atoms interact via a truncated and shifted 12-6 LJ potential,
U0, with truncation distance rc = 3.0σ . The Lennard–Jones
energy prefactors, εij, were set as εAA = εBB and εAB = 0.1εAA.15
The temperature was set toT = 0.70 (in units of εAA/k) and the
system uses periodic boundary conditions with Lx = Ly = 6.0
and Lz = 7.0 (in units of σ ). These parameter settings result in
phase separation of atom types A and B at equilibrium [56].

In the target system, the atoms retain the same LJ interaction20
as in the reference system but the two types of atoms were mod-
ified to be of equal and opposite unit charge. The electrostatic
interactions aremodelled using a truncated and shifted screened
electrostatic potential, such that the target potential energy is
given by25

U1 = U0 + USE , (63)
where the site–site electrostatic interactions are given by

USE(i, j) =
{Pijqiqj

rij e−κrij − Pijqiqj
rc e−κrc rij ≤ rc

0 rij > rc
(64)

with a truncation distance of rc = 3.0σ ; κ is the inverse screen-
ing distance and Pij is a potential energy pre-factor denoting the30
strength of the interaction. The inverse screening distance is set
as κ = 1.0/σ .

The potential energy difference between the target and ref-
erence systems is given by �U = U1 − U0 = USE . Since
the atom types A and B have equal but opposite charges in35
the target system, the (charge–charge) potential pre-factor P in
the screened electrostatic interaction is the same for all charge
interactions; i.e. PAA = PBB = PAB = P. Therefore, the total
screened electrostatic potential can be expressed asUSE = PU ′

SE
and theλ-dependent energy difference canbewritten asλ�U =40
λPU ′

SE . The coupling parameter can be combined with the
energy pre-factor (P) to yield a composite parameter, λP = P′.
Since P is now combined with λ, CPPNS was performed by
subdividing the U ′

SE range (independent of P′) with the prior
distribution given by p(rN | U0,β). Observable quantities were45
computed as functions of P′ using Equation (56).

CPPNS simulations were implemented using an adaptation
of Diffusive NS [54] in the style of Do et al. [30]. In this im-
plementation, the Monte Carlo sampling was performed with
a discrete weighting function ws(�Ui) = 16i used for cross-50
ing between the potential energy difference constraint levels
({�U1, . . . �Un}), where n is the number of the current it-
eration; this has the effect of allowing sampling to ‘diffuse’
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Figure 6. (Colour online) AA and AB local densities vs. electrostatic potential
parameter P′ for both Coupling Parameter Path Nested Sampling and Metropolis
Monte Carlo simulations. The inset pictures show simulation snapshots from the
representative regions along the mixing transition. The simulation snapshots were
rendered using Visual Molecular Dynamics [57].

back to less constrained energy levels (i.e. i < n) while still
concentrating the bulk of the sampling below the current energy 55
level constraint (i.e. �Un). The NS overlap fraction was set to
f = 0.6. The configurations were sampled using MMC where
each trial move was a single-particle translation. In the first
iteration, an equilibration period consisting of 107 trial moves
was run where no data were collected. No such equilibration 60
was used for subsequent nested iterations. The P′-independent
energy distribution was constructed with the U ′

SE values using
4 × 104 configurations. Each configuration was separated by
100 trial moves. The simulations were considered converged
when |〈(U ′

ES)m − (U ′
ES)m−1〉| < 1.0 × 10−2, which required 65

1900–2000 nested iterations. Three independent copies of each
simulation were run and the results computed as the average
of the three. The uncertainties were then taken as twice the
standard error values of the average and correspond to 95%
confidence intervals. 70

In order to confirm theCPPNS results, 30 standard canonical
MMC simulations were run with P′ values evenly spaced over
[0 : 2]. The Markov chains consisted of single-particle transla-
tions. Trialmove sizeswere set to give acceptance ratios between
33% to 50%, and each simulation had an initial equilibration 75
period consisting of 8 × 107 trial moves where no data were
collected. Following the equilibration period, the simulations
were run for 2×107 trialmoves, and datawere added to averages
after every 2×103 trial moves. The results were computed using
block averaging with 10 blocks and the reported uncertainties 80
are taken as twice the standard error of the block average,
corresponding to 95% confidence intervals.

Increasing the value of P′ corresponds to intensifying the
electrostatic interactions, which eventually shifts the equilib-
rium from phase-separated to mixed. In order to characterise 85
themixing transition, we computed two local density values: the
local density of type A atoms around other type A atoms (AA)
and the local density of type B atoms around type A atoms (AB).
The local density quantity was computed for AA interactions
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Figure 7. (Colour online) Left panel: Electrostatic potential energy vs. electrostatic potential parameter P′ for both NS and MMC. Note that the values of < P′U′
SE > and

< P′U′
SE > /P′ are indeed equivalent at P′ = 1; however, the y-axes for these quantities (left and right respectively) are displayed at different scales in order to make

both clearly visible within the plot window. Right panel: Free energy difference (�A(P′)) vs. electrostatic potential parameter P′ for both Coupling Parameter Path Nested
Sampling and thermodynamic integration (MMC-TI). Error bars are within the line and symbol sizes.

by looping over all the atoms of type A and counting the total
number (ni) of other A atomswithin a distance cutoff of r = 2σ .
The density around each A atom is then computed as

ρi = ni/
(
4
3
πr3

)
. (65)

The configurational average was computed by averaging Equa-5
tion (65) across all type A atoms. The procedure was the same
for AB interactions except that when looping over the type A
atoms the number of B atoms within the cutoff distance was
counted.

The local density estimates from the CPPNS approach along10
with theMMCestimates are shown inFigure 6.The results of the
twomethods are in excellent agreement. The local density values
clearly demonstrate the mixing transition. P′ = 0 corresponds
to the reference system (i.e. just the LJ interactions) and is
phase separated. At lower P′ values, it can be seen that the LJ15
interactions dominate and the system remains phase separated.
At P′ ≈ 0.91, the AA and AB local densities are equal. For
P′ > 0.91, the screened electrostatics begin to dominate and AB
(unlike-charge) interactions become slightly favoured over AA
and BB (like-charge) interactions.20

The expectation value of the screened electrostatic potential
energy, USE = P′U ′

SE , is shown in the left panel of Figure 7.
Its P′ derivative, dUSE/dP′ = U ′

SE , can be thermodynamically
integrated to recover the free energy difference as a function of
P′ as shown in the right panel. The CPPNS estimates are in good25
agreementwith the results from the thermodynamic integration
results, further validating the CPPNS approach.

7. Summary and conclusions

The NS method is a powerful Bayesian simulation technique
that uses a mapping and sorting routine to convert a multi-30
dimensional phase space integral into a one-dimensional in-
tegral; we provided a brief introduction to Bayes’ Theory and
a description of the NS method using Bayesian terminology
in Sections 2 and 3, respectively. In statistical mechanics ap-
plications, NS is an iterative procedure that samples in a top35

down fashion that ensures that the phase space is sampled in a
continuous manner and that naturally adapts to changes in the
underlying phase space volume. Therefore, in contrast to other
DOS methods, NS naturally concentrates more effort in the
vicinity of large phase space volume changes, as happens dur- 40
ing phase transitions, making NS uniquely suited for studying
first-order phase transitions. In Sections 4 and 5, we provided
descriptions for NS estimation of the canonical and isothermal–
isobaric partition functions and the corresponding free energies,
respectively. 45

Coupling parameter approaches are used in order to reliably
estimate the free energy difference between two systems whose
important phase space regions have little to no overlap. In
Section 6, we described an extension of NS which can be used to
compute the excess free energy difference for systems that can be 50
modelled using a coupling parameter approach. In the described
Coupling Parameter Path Nested Sampling approach, we wrote
the free energy difference as a function of an ensemble average
and use NS to continuously sample favourable states from the
reference system potential energy function to the target poten- 55
tial energy function; the phase space is sampled along the same
path induced by the use of a coupling parameter, but the CPPNS
method eliminates the need to define a coupling parameter
schedule. The coupling parameter is reintroduced in a post-
processing step inwhich the excess free energy difference, aswell 60
as other observable quantities, can be estimated as continuous
functions of the coupling parameter; explicit expressions were
given for key quantities.

The CPPNS approach was demonstrated with two case stud-
ies. In the first case, we used CPPNS to compute the excess 65
chemical potential of a Lennard–Jones system at various den-
sities. The precision of the approach was confirmed through
comparison to Widom test particle insertion. This case study
demonstrates that CPPNS could serve as an effective new way
to estimate chemical potentials. 70

In a second test case, a binary fluid system was simulated
to demonstrate the utility of CPPNS to characterise observable
properties (other than the free energy difference) and coupling
parameter-induced phase transitions. In this case, CPPNS was
used to characterise the mixing transition of the binary fluid as 75
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the electrostatic interaction strength was increased. The CPPNS
results were confirmed by running separate Metropolis Monte
Carlo simulations across a range of electrostatic interaction
strengths.

CPPNS offers a new Monte Carlo based approach to com-5
puting free energy differences that can be modelled using a
coupling parameter. The approach simplifies the computation
by removing the need to define an a priori coupling para-
meter schedule. Additionally, the method offers a new tool
to effectively characterise coupling parameter-induced phase10
transitions. Although CPPNS has been developed in the context
of the canonical ensemble, the approach should be adaptable to
other ensembles and to molecular systems. Additional testing
will be required to better gauge its applicability to a broad range
of coupling parameter problems, as well as to determine its15
performance in comparison to other methods, such as thermo-
dynamic integration and multistage free energy perturbation.
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Appendix 1. Flowchart of the 4 nested sampling algorithms

An overview of the 4 different NS algorithms is presented in the following flowchart to facilitate comparison.
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