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We address the problem of ontinuously transforming or morphing one simple polyline
into another so that every point p of the initial polyline moves to a point q of the nal
polyline using the geodesi shortest path from p to q. We optimize the width of the
morphing, that is, the longest path made by a point on the polyline. We present an algorithm for nding the minimum width morphing in O(n2 ) time using O(n) spa e, where
n is the total number of verti es of polylines. This improves the previous algorithm [7℄
by a fa tor of log2 n.
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1. Introdu tion

In omputer graphi s and omputer vision a re ent area of interest has been morontinuously transforming one shape into another. Morphing algorithms
have numerous uses in shape interpolation, animation, video ompression [1, 4, 7, 8, 11, 12℄.
In general there are numerous ways [2, 3, 7℄ to interpolate between two shapes.
There are di erent riteria for the quality of a morph and notions of optimality.
We onsider the following morphing problem. Let and be two shapes whi h
are polylines. A polyline is a nite sequen e of segments in the plane that are
onne ted into a simple urve. We want to produ e a ontinuous transformation
of the polyline to the polyline . Rendering this transformation is an animation
problem.
Guibas et al. [8℄ onsidered the problem when and are parallel polygons
with the same number of verti es, i.e., polygons with the same sequen e of angles.
They showed that any two parallel polygons an be morphed into one another su h
that every interpolating polygon is also parallel to the initial and nal polygons.
They also showed that the morphing transformation an be omputed in O(n log n)
time.
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Re ently Efrat et al. [7℄ onsidered morphing between polylines su h that the
interpolating polyline is always between bounding polylines and the obje tive is to
minimize the longest path made by a point moving from one polyline to another.
They obtained an algorithm with O(n2 log2 n) running time and O(n2 ) spa e. Their
algorithm is based on parametri sear hing and therefore is rather ompli ated to
implement.
The main result of this paper is that an optimal morphing between polylines
an be obtained by a simpler algorithm in O(n2) time using O(n) spa e.
Efrat et al. [7℄ also presented a 2-fa tor approximation to the morphing width
that an be omputed in near linear time. Another variant of the morphing width,
using a slightly di erent distan e fun tion, was previously investigated in [6℄. Alt
and Godau [2℄ onsidered the problem of omputing the Fre het distan e between
two polygonal urves. They show that the Fre het distan e an be omputed in
O(mn) time. The Fre het distan e an be used to de ne a morph from one polyline
to another. The Fre het distan e an be viewed as a simpler fun tion than the width
between polylines, whi h is minimized in our algorithm. Alt et al. [5℄ onsidered
the mat hing of two polygonal urves under translations with respe t to the Fre het
distan e.
The paper is organized as follows. In Se tion we spe ify the problem. In Se tion
we introdu e a notion of mat hing skeleton and prove its properties. In Se tion we
des ribe an algorithm and analyze its running time.

Fig. 1. Morphing between two polylines

and .

2. Geometri Preliminaries

The initial and nal polylines and an be represented as parameterized urves
R2, i.e., the polyline is the set of points ff (u) j u 2 [0; 1℄g
and the polyline is the set of points ff (u) j u 2 [0; 1℄g. The polylines and

f ; f : [0; 1℄ !

are simple (without self-interse tions) and oriented, i.e., the polyline is oriented
from 0 = f (0) to 1 = f (1) and the polyline is oriented from 0 = f (0) to
and f are monotone, i.e.,
1 = f (1). We assume that the parameterizations f
a point f (u1 ) lies in the subpolyline of from 0 to f (u2 ) if 0  u1  u2  1
(similarly for ).
A morphing is de ned by a fun tion F : [0; 1℄2 ! R2 of two parameters F (u; t)
su h that F (u; 0) = f (u) and F (u; 1) = f (u) for any u 2 [0; 1℄. The parameter t
orresponds to time and, at any moment t 2 [0; 1℄, the morphing fun tion F de nes
the interpolating polyline (t) whi h is the set of points fF (u; t)ju 2 [0; 1℄g. Fixing
another parameter u we obtain the tra e of a point that moves from f (u) to f (u).
The points f (u) and f (u) are alled mat hing points. Every morphing fun tion
F indu es the mat hing M (F ) = f(f (u); f (u)) j u 2 [0; 1℄g.
We onsider the morphing problem that is de ned as follows. We assume that
the polylines and are disjoint and, furthermore, the segments of and and
two segments [f (0); f (0)℄ and [f (1); f (1)℄ form a simple polygon P , see Fig. 1.
The morphing fun tion F should satisfy the following property.
Tra e property. The tra e of ea h point is the shortest path in the polygon
P from f (u) to f (u) for some u 2 [0; 1℄.
A morphing fun tion satisfying the tra e property is determined by the mat hing
M (F ). For two points p; q 2 P , let (p; q) be the shortest path from p to q that
lies inside the polygon P . Let dP (p; q) denote the length of the path (p; q). We
want to nd a morphing fun tion satisfying the tra e property and minimizing the
longest tra e, whi h is alled the morphing width [7℄
W (F ) = W (f ; f ) = max fdP (f (u); f (u))g:
u2[0;1℄

The width an be expressed in terms of mat hing
W (M ) = max fdP (a; b)g:
(a;b)2M

The input of the mat hing problem is the two polylines and , and the output is the minimum width morphing. The output an be expressed in terms of
parametrizations f and f sin e the morphing fun tion (and the mat hing) an
be derived from themy. A more detailed representation of the optimal morphing is
dis ussed in the next se tion.
3. Mat hing Skeleton

We de ne the notion of a mat hing skeleton that allows us to hara terize an optimal
morphing and eÆ iently ompute it. Consider an arbitrary morphing fun tion F
even an assume that one of the parametrizations is xed. For example, f an be xed to be
the ar -length parametrization, i.e., f (u) is the point of so that the length of the subpolyline
of from f (0) to f (u) is u where u [0; 1℄ and
is the length of . Then the problem is
to nd a parametrization f minimizing the width W (f ; f ).
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for the polylines and . Let a be a vertex of the polyline . We de ne a mat h
of a as
M (a) = fb 2 j (a; b) 2 M (F )g:
Symmetri ally we de ne the mat h of a vertex of .
Observation 1 The mat h of a vertex a 2
de ned for any morphing F is a
subpolyline of .
Proof.

I 2.t follows from the monotoni ity of parameterization f .
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Fig. 2. Criti al mat hes.

The shortest path (a; b), for a 2 and b 2 splits the polygon P into two
subpolygons. Here we admit a large lass of polygons that is more general than the
lass of simple polygons. We denote by Pi (a; b), i 2 f0; 1g the subpolygon ontaining
the segment [ i; i ℄. We all a pair (a; b) a riti al mat h if either a is a vertex of
and b is an endpoint of M (a), or b is a vertex of and a is an endpoint of M (b).
The monotoni ity of parameterizations f and f implies that the shortest paths of
riti al mat hes (a1 ; b1) and (a2 ; b2) do not ross, i.e., either P0 (a1; b1)  P0(a2 ; b2)

or P1 (a1; b1)  P1(a2 ; b2). In other words, two shortest paths (a1 ; b1) and (a2 ; b2)
either (i) are disjoint or (ii) share ommon edges and an be drawn along opposite
sides of ommon edges, see Fig. 2.
We de ne a skeleton S (F ) of a morphing fun tion F as the union of the shortest paths of its riti al mat hes. The main result of this Se tion is the following
Theorem.
The width of an optimal morphing F is the length of a shortest
path in its skeleton.
Theorem 1

L 2.et n be the total number of verti es of the polylines and .
There are at most 2n 2 distin t riti al mat hes (ai ; bi), i = 1; 2; : : :; m in the
skeleton S . Let l(S ) be the largest length of a shortest path in S , i.e., l(S ) =
max1im dP (ai ; bi). Clearly, the width of the morphing F is greater than or equal
to l(S ). We prove that W (F )  l(S ).
Let Qi ; 1  i < m be the polygon formed by two shortest paths (ai ; bi)
and (ai+1 ; bi+1), i.e., Qi = P0(ai+1 ; bi+1) \ P1 (ai ; bi). Noti e that the part of
the polyline between points ai and ai+1 is the segment [aiai+1 ℄. Similarly
[bibi+1 ℄ is the part of the polyline . It suÆ es to show that there is a morphing Fi of the polyline ai ai+1 into the polyline bi bi+1 inside Qi su h that W (Fi ) 
max(dP (ai; bi ); dP (ai+1 ; bi+1)). We prove it by indu tion on the number of verti es
of Qi .
Indu tion base. Obviously, the laim holds if Qi ontains two or three verti es.
Proof.

(a)

(b)

Fig. 3. Two ases of the minimum width morphing.

Indu tion step. Suppose that Qi ontains at least four verti es. Consider rst
the ase ai = ai+1 . We show that at least one of the angles of Qi at verti es bi or
bi+1 is a ute. Indeed, let p be the last ommon vertex of the paths (ai ; bi) and
(ai+1 ; bi+1) and Q0i be the simple polygon formed by the segment [bi; bi+1℄ and the
paths (p; bi ) and (p; bi+1). The polygon Q0i has a funnel shape and all its verti es

ex ept p, bi , and bi+1 are re ex. Let m be the number of verti es of Q0i . The sum
of the angles of Q0i is (m 2)180Æ and, thus, the sum of the angles at p, bi , and bi+1
is at most 180Æ. Therefore at least one of the angles at verti es bi or bi+1 is a ute.
Without loss of generality suppose it is bi | see Fig. 2(b) where the angle at b1 is
a ute.
There is a suÆ iently small " > 0 su h that repla ing the vertex bi by a point
p" = (1 ")bi + "bi+1 preserves the number of verti es of Qi and a ute angle at p".
Clearly, this property does not hold for " = 1 when p" = bi+1. Hen e there is some
smallest " > 0 su h that either (i) the modi ed Qi ontains a smaller number of
verti es, or (ii) the angle at p" is 90Æ . We mat h ai to all the points [bi ; p"℄. Note
that the distan e from ai to any of these points is at most dP (ai ; bi). In the rst
ase there is a morphing fun tion from ai to [p"; bi+1℄ by the indu tion assumption
and we are done. In the se ond ase we apply the symmetri approa h for bi+1 if the
orresponding angle is a ute. Let [b0i; b0i+1℄ be the redu ed segment (i.e., b0i = p").
The angles at b0i and b0i+1 are right sin e the indu tion argument annot be applied
to both b0i and b0i+1. But one of these angles must be a ute by the above argument
if b0i 6= b0i+1. Hen e b0i = b0i+1 and the polygon Qi redu es to the path (ai ; b0i)
ompleting the morph Fi . More important, it shows that (ai ; b0i) is shorter than
both (ai ; bi) and (ai ; bi+1).
In the general ase ai 6= ai+1 , the sum of the four angles at ai ; ai+1; bi and bi+1
is at most 360Æ . At least one of these angles is a ute and we apply the redu tion
des ribed above. For example, if the angle at ai is a ute, we slide p" away from
ai toward ai+1 to shorten (bi ; p"). This leads to the ase in whi h all four angles
are right and, therefore, Qi is a re tangle. Clearly, the translation of the segment
[aiai+1 ℄ to [bibi+1 ℄ is the required morphing.
The proof of Theorem 1 implies the following Corollary, whi h also an be derived
from the analysis of [7℄.
Let a be a point of and b1 and b2 be two points of an edge of
. The shortest path in P from a to any point b 2 [b1; b2℄ has length at most
max(dP (a; b1); dP (a; b2)).
Corollary 1

Theorem 1 allows us to redu e the morphing problem to nding the minimum
width skeleton.
Lemma 1

(i)
(ii)

There is a minimum width morph su h that ea h riti al mat h either

is a pair of verti es from

and , or

orresponds to the shortest distan e from a vertex of a polyline to an edge of
another polyline.

Proof. S 2.uppose that one of the riti al mat hes, say (a; b), does not satisfy
the onditions of the Lemma. Without loss of generality suppose a is a vertex of
. Then b is not a vertex of . Let e be an edge of ontaining b. The shortest
path ab meets e with a non-right angle. If the polygon P0(a; b) has an a ute angle
at b, then we hange the mat h (a; b) by moving b to the left by a suÆ iently small

amount, see Fig. 4(a). Note that we need to hange pre eding riti al mat hes with
endpoint b. If the polygon P0(a; b) has an obtuse angle at b, then we move b to the
right, see Fig. 4(b). Again, some of the riti al mat hes will be hanged too. All
the modi ed shortest paths redu e their lengths sin e they meet b with an a ute
angle.
b

b
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Fig. 4. Changing riti al mat hes (a) a0 b and ab, and (b) ab and a00 b.
Corollary 2 The minimum width W (M (F )) over all morphing fun tions F is a
shortest distan e in P either between two verti es of P (one from and another
from ) or between a vertex and an edge of P (vertex from (resp. ) and edge
from (resp. )).

By Corollary 2 there are O(n2) andidate shortest paths for an optimal skeleton.
In the next Se tion we show that they an be found in O(1) amortized time per
path.
4. Algorithm

We show that the optimal mat hing and morph between two polylines and an
be found in O(n2 ) time using dynami programming.
Lemma 1 provides a lass of morphs ontaining an optimal morph. A morph F
satisfying the onditions of Lemma 1 an be des ribed using O(n) shortest paths
S (F ) orresponding to the riti al mat hes. Note that the total omplexity of these
paths, the number of segments in the skeleton, is linear sin e the shortest paths form
a planar graph with O(n) verti es. Lemma 1 allows us to use dynami programming
as follows. Let A be the set of pairs (a; b) su h that one of the following onditions
holds
 a is a vertex of and b is a vertex of , or
 a is a vertex of , b is an edge of and the shortest path from a to a point of
b is a hieved at an interior point of b, or

 a is an edge of , b is a vertex of and the shortest path from b to a point of
a is a hieved at an interior point of a.
p(b)
(a; b)
P0(p(a); p(b))
p(a)
Fig. 5. Morph Fa;b in shaded polygon.

Let (a; b) be the shortest path from a to b, (a; b) 2 A. The dynami program, for
ea h pair (a; b) 2 A, nds an optimal morph Fa;b between parts of and trun ated
by endpoints of (a; b) su h that the morph is restri ted by the polygon P0 that
is ut o by (a; b), see Fig 5. More formally, let p(a) and p(b) be the endpoints
of the shortest path (a; b). Fa;b is an optimal morph of the polyline 0 p(a) into
the polyline 0 p(b) restri ted by the polygon P0 (p(a); p(b)). Let w(a; b); (a; b) 2 A
denote the width of the morph Fa;b. The algorithm spends O(n2 ) time although
there are (n2 ) pairs in A and the shortest path of a pair (a; b) 2 A an have linear
size.
For a morph F , the shortest paths of S (F ) do not ross and they an be sorted
in order of in reasing area of the polygon P0(p(a); p(b)). We de ne A(F ) as the
set of all mat hes of F that are also in A. Let (a0; b0); (a1 ; b1); : : :; (al ; bl ) be the
ordered sequen e of pairs of A(F ). By Lemma 1 we an assume that A(F ) ontains
all the riti al mat hes of F . We de ne a partial order on A, i.e., (a; b) < (a0 ; b0)
if P0 (p(a); p(b))  P0 (p(a0); p(b0 )). We say that (ai ; bi) and (ai+1 ; bi+1) satisfy the
transition property if (ai ; bi) is an immediate prede essor of (ai+1 ; bi+1) in A, see
Fig. 6. In order to ompute the minimum width morph eÆ iently we prove the
following Lemma.
There is an optimal width morphing fun tion F su h that
all onse utive pairs of A(F ) satisfy the transition property.

Lemma 2 (Transition)

Proof. L 2.et F be an optimal morph satisfying the onditions of Lemma 1.
Suppose that there is a vertex, say a 2 , whose two riti al mat hes from (ai ; bi)
to (ai+1 ; bi+1), where ai = ai+1 = a, do not make a transition. By Corollary 1 the
pairs (a; b) of A, where b is \between" bi and bi+1 (ea h b; bi; bi+1 an be either a
vertex or an edge), an be added to A(F ) without in reasing its width. These pairs
form a sequen e satisfying the transition property.
If two onse utive pairs (ai ; bi) and (ai+1 ; bi+1) share a ommon edge, say a =

bi+1

bi

ai

=

ai+1

(a)

bi+1

bi

ai

bi+1

bi

ai+1
(b)

ai

ai+1
(c)

Fig. 6. Transition property for (ai ; bi ) and (ai+1 ; bi+1 ).

ai = ai+1 , then bi and bi+1 are adja ent verti es of P (sin e shortest paths of F do
not ross).
If ai 6= ai+1 and bi 6= bi+1 then these pairs make a transition sin e there is no
vertex between ai and bi and there is no vertex between ai+1 and bi+1 .
We ompute all the widths w(a; b); (a; b) 2 A in lexi ographi al order (an edge of
with endpoints a and a0 is between a and a0 in the order). For a vertex ai 2 , the
dynami program stores all the pairs (ai ; b) 2 A and the minimum width w(ai; b)
for ea h su h pair. Initially i = 0 and the shortest paths from a0 to the verti es of
the polyline an be found in linear time using the shortest path tree Ta0 [9, 10℄, see
Fig. 7(a). Using the tree Ta0 we nd the shortest paths from a0 to edges of and
ompute the distan es dP (a0 ; b), (a0; b) 2 A. The values w(a0 ; b) an be omputed
using the re urren e
w(a0; b) = max(dP (a0; b); w(a0; b0)); where (a0 ; b0) pre edes (a0 ; b) in A:
Let e = [aiai+1 ℄ be the edge of su h that the widths w(ai ; b), (ai ; b) 2 A are
omputed. To nd the values w(ai+1 ; b), (ai+1 ; b) 2 A we onstru t the shortest
path tree Ta +1 and ompute the distan es dP (ai+1 ; b), (ai+1 ; b) 2 A in linear time.
We also need to nd the distan es dP (e; b), (e; b) 2 A.
Shortest paths to the edge e. Note that, if (e; b) 2 A, then b is a vertex of
and the shortest path (e; b) meets the edge e with angle 90Æ . A part of the polyline
visible from the edge e in the dire tion perpendi ular to e an be found in linear
time. We an use ray shooting to nd the range R of verti es of that parti ipates
in pairs (e; b) 2 A. Two rays are emanated from ai and ai+1 in the dire tion normal
to e. The edges of P hit by the rays an be found by simply he king all the edges
of P in O(n) time. Alternatively, we an nd the verti es in R using the fa t that
the shortest paths from a vertex of R to endpoints of e form a ute angles at both
ends of e.
We nd the shortest paths (e; b); b 2 R as follows. We ut o the verti es
i

b7

ai
ai+1
(a)

b1

b12

b8
b6

b15
ai

ai+1

e
(b)

Fig. 7. (a) Shortest path tree Tai+1 . (b) Verti es b6 ; b7 ; : : : ; b12 form shortest paths to e.

outside the range R and add a point p1 at in nity behind the edge e. We onstru t
the tree of shortest paths from p1 using the algorithm [9, 10℄ in slightly general
setting. Trun ating ea h path by the segment e we obtain the distan es dP (e; b); b 2
R, see Fig. 7(b).
Let R = fbj ; bj +1; : : :; pkg. The dynami program omputes the widths w(e; bl ),
bl 2 R using the following re urren e.
w(e; bj ) = max(dP (e; bj ); w(ai; bj ))
w(e; bl ) = max(dP (e; bl ); w(e; bl 1)) where j < l  k

The widths w(ai ; b), (ai ; b) 2 A an be found similarly.
The orre tness follows by Lemma 2. The total running time of the algorithm
is O(n2) sin e ea h transition takes O(n) time.
Theorem 2 An optimal morphing between two polylines an be found in O(n2 )
time using O(n) spa e.
Proof.
The above algorithm omputes the optimal width in O(n2 ) time using
linear spa e. It remains to show how to ompute a morph F of the optimal width.
A morph an be des ribed by its skeleton (the information about the mat h an be
derived easily from the skeleton). One way to ompute the skeleton is to modify
the above dynami program and store all the possible mat hes (a; b) and pointers
between them indi ating the transition mat hes. Then the optimal mat h M (F )
an be found by ba ktra king. The obvious drawba k of this approa h is that the
spa e requirement is (n2 ).
To a hieve a linear spa e we use the following approa h. Suppose that the
number of verti es of is at least the number of verti es of . Let pi be the middle
vertex of , i.e., i = dk=2e where p1 = 0 ; p2; : : :; pk = 1 are the verti es of .
The point pk partition the polyline into two subpolylines. We apply the dynami

pi

p1

p2
pk
b
Fig. 8. Po kets are shaded.

program twi e: for morphing the polyline p1; pi to and for morphing the polyline
pi ; pk to . The only di eren e is that we use the dynami program in \opposite"
dire tions in the sense that the two morphs end at pi . The two dynami programs
in the last step produ e the optimal widths for every pair (pi ; b) 2 A. These widths
orrespond to two sides of the shortest path (pi ; b). Using all these widths we an
nd the shortest path that parti ipates in the optimal morph between and (it
is in luded in S (F ) too). This redu es the problem to subproblems of smaller size.
If the shortest path we found is just a segment then the subproblems an be solved
re ursively. Otherwise some subpolylines make po kets, see Fig. 8. We an slightly
modify the dynami program to handle the po kets. We store segments of shortest
paths found re ursively in a list that eventually orresponds to a skeleton.
The spa e required by the modi ed algorithm is linear. Let T (n) be the running
time of the algorithm where n is the total number of segments of and . It implies
the re urren e
T (n) = O(n2 ) + T (n1) + T (n2 )
where n1 ; n2  3n=4 and n1 + n2  n + 1. The solution of the re urren e is
T (n) = O(n2 ) and we are done. 2.
5. Con lusion

In this paper, we study the problem of nding an optimal morphing from one polyline to another minimizing the morphing width. We hara terized the solution and
proved that there is an optimal morph in a ertain lass of morphs. We presented
an algorithm for nding an optimal morphing in O(n2 ) time. Future dire tions for
study are (i) extensions to higher dimensions, (ii) various shapes (points, segments,
polygons, et .), and (iii) other morphing obje tives.
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