
STATISTICS Ph.D. QUALIFYING EXAM
STATISTICAL INFERENCE I and II

August 2015

General Instructions: Write your ID number on all answer sheets.
Do not put your name on any of your answer sheets. Show all work. Please
write neatly so it is easy to read your solution.

Problem 1. Consider a sample of size n from Uniform(0, θ), θ ∈ (0,∞).
Find the minimal sufficient statistic (please prove your assertion). Is it
complete? (prove your assertion).

Problem 2. Formulate and prove Basu’s Theorem.

Problem 3. Is the best unbiased estimate of a parameter unique? Prove
your assertion or give counterexample.

Problem 4. Does an unbiased estimator always exist? Prove or disprove
(via giving an example).

Problem 5. Let we have a sample of size n from the density f(x|θ) =
θxθ−1I(0 < x < 1), θ ∈ (0,∞). Find the MLE estimate for the estimand
q(θ) = eθ.

Problem 6. It is known that if Xi are iid exponential random variables
with mean λ then the statistic T =

∑n
i=1Xi has Gamma distribution with

the pdf
f(t|λ) = [Γ(n)λn]−1tn−1e−t/λ.

Using this fact, suggest (1 − α)-confidence interval for λ using pivoting
methodology.

Problem 7. Let f(x|θ) be the logistic pdf,

f(x|θ =
ex−θ

(1 + ex−θ)2
, x ∈ (−∞,∞), θ ∈ (−∞,∞).

(a) Does the family have an MLR? (b) Based on one observation, find the
UMP size α test for H0 : θ ≤ 0 versus H1 : θ > 0.
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Problem 8. Show that if Eθ(δ) = g(θ) and V arθ(δ) attains the infor-
mation inequality lower bound then

δ(Xn) = g(θ) +
g′(θ)

I(θ)
∂ ln(fθ(X

n))/∂θ.

Problem 9. Consider a density fθ(x) from an exponential family of
distributions with θ being the natural parameter. Show that the likelihood
equation has a unique root.

Problem 10. Let F (x) and G(x) be two known cumulative distribution
functions on the real line. Consider a mixture distribution Hθ(x) = θF (x)+
(1− θ)G(x), θ ∈ (0, 1).
(a) For a single observation X from Hθ, find a UMP test of size α for testing
H0 : θ ≤ θ0 versus Ha : θ > θ0.
(b) Based on a sample of size n from Hθ, propose an asymptotically efficient
scoring estimate of θ.
Remark: If it is difficult to present complete solutions for (a) and (b), outline
main steps.
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