
SOLUTION FOR QUIZ 1, STAT4352

1. Consider a sample X1, . . . , Xn from a normal population with the mean
µ and the variance σ2. For the random variable

Y = X1 + 21/2X2 + . . . + n1/2Xn,

we can write:

V arµ,σ(Y ) =
n∑

l=1

V arµ,σ(l1/2Xl) =
n∑

l=1

lσ2 = σ2n(1 + n)/2.

2. Let a sample of size n from Unif(0, θ) be given. Then

fXn

(xn) = θ−n
n∏

l=1

I(0 < xl < θ) = θ−nI(0 < X(1) < θ)I(0 < x(n) < θ).

As a result, by the Factorization Theorem, T = X(n) is the sufficient
statistic (note that it is also minimal). Then for t ∈ [0, θ]

Pθ(T ≤ t) =
n∏

l=1

Pθ(Xl ≤ t) = (t/θ)n,

for t < 0 this probability is 0 and otherwise it is 1.
This implies that the pdf of T is

fT
θ (t) = ∂Pθ(T ≤ t)/dt = θ−nntn−1I(0 < t < θ).

3. Let Θ̂ be an unbiased estimator of θ, and T is a sufficient statistic for
the parameter θ. Consider a new estimator Θ̂1 = E(Θ̂|T ). Then

Eθ(Θ̂1) = Eθ{{E{Θ̂|T}} = ...

Using sufficiency of T we can write E{Θ̂|T} = Eθ{θ̂|T}, so we can continue

... = Eθ{Eθ{Θ̂|T}} = Eθ{Θ̂} = θ.

In the next to last equality we used the general formula for the conditional
expectation, and in the last we used unbiasedness of the estimator θ̂. Thus
we proved that the estimator Θ̂1 is unbiased.
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4. Let X1, . . . , Xn be Expon(θ). Show that X̄ is the minimal variance
unbiased estimator. [Hint: Use Cramer-Rao inequality].

I would like to begin with a remark. The exponential density is fθ(x) =
(1/θ)E−x/θI(x ≥ 0). Then you can think about X as X = θZ where Z is
Expon(θ). In other words, θ is the scale parameter. Because E{Z} = 1 we
have E{X} = θ. Please note that sometimes 1/θ is used as the parameter –
just read carefully which one is used. Typically in the last case 1/θ is referred
to as a rate (because it corresponds to a Poisson process with this rate).

Well, we need to compare variance of the estimator with the lower bound
for the Cramer-Rao inequality. First of all,

V arθ(X̄) = n−1V arθ(X1) = n−1θ2.

[Note that θ is the scale parameter — this explains the answer]. Now, the
Fisher information is

I(θ) = Eθ[∂ln(fθ(X))/∂θ]2 = Eθ[−θ−1 + Xθ−2]2

= Eθ[θ
−2 − 2Xθ−3 + X2θ−4] = θ−2 − 2θθ−3 + 2θ2θ−4 = θ−2.

We conclude that

V arθ(X̄) =
1

nI(θ)
.

By Cramer-Rao this yields the efficiency (minimal variance) of the unbiased
estimator X̄.

5. Consider a sample of size n from Gamma(α, β). Let α be given. Find
the (minimal) sufficient statistic for parameter β.

Well, there is only one way to solve the problem — write down the joint
pdf and apply the Factorization Theorem. Let us do this:

fXn

(xn) = Γ−n(α)β−nα
n∏

l=1

xα−1
l e−

∑
n

l=1
Xl/β.

Now we conclude that T = X̄ (or any other one-to-one function of X̄) is a
minimal sufficient statistic.

[Remark: of course, we do not prove the minimality (it is beyond this
course) but T is a one-dimensional statistics and this is a very good dimension
reduction from n to just 1, and here it is indeed minimal — you cannot
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suggest a function g(T ), such that g(T ) is still sufficient but from knowing
g(T ) you cannot restore T . I can give you a nice example when just a
univariate nature of statistic does not imply its minimality. Let X be a
normal random variable with mean zero and variance σ2. Then T = X is a
sufficient statistic but it is not minimal one: here |X| is the minimal sufficient
statistic —- see its sufficiency via the Fact. Theorem.]

6. Consider a sample of size n from Unif(α, α + β). Find the method of
moment estimator of the parameter g = 2α + β.

Well, here we are dealing with a two-parameter family, so if we are not
lucky then we will need to equate two moments (just prepare yourself for
such a possibility.)

You always begin with the first moment:

Eα,β(X) = α + β/2.

Well then we equate this to the empirical first moment,

α̂MME + β̂MME = X̄.

And here the luck is on our side:

ĝMME = 2X̄.

Please note that for a different g, say g = α + β (the largest possible
observation), you will need to calculate the second moment, then solve the
system of equations to get MME estimates for α and β, and then plug-them-
in.

7. Consider a sample of size n from Unif(α, β). Find the MLE of the
pair (α, β).

Remark: For MLE you begin with looking at if the parameter of interest
(the estimand) is in the support or in the shape of the density. If it is in
the support — you use graphic to find the MLE. If it is in shape - you take
derivatives and find extreme points and then the point of maximum. As a
result, a nicely written formula for the pdf (meaning you write it with the
use of the indicator function which describes the support) and, if necessary,
a graphic, is the foundation for finding the MLE. Never skip these steps.

Now let us look at the problem at hand. Here the likelihood (that is, the
joint density written as a function of the estimand/parameter) is

LXn(α, β) = (β − α)−nI(α < X(1) ≤ X(n) < β).
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Now graph this bivariate function: you can fix α and look at the graphic
of L versus β and then fix β and look at the likelihood versus α. Then you
can see that the likelihood attains its maximum at points

α̂MLE = X(1), β̂MLE = X(n).

Note that here you do not need (and should not!) take derivatives. An-
other remark: do you see that the MLEs depend only on the sufficient statis-
tic (here bivariate)? This is always the case so you can always double-check
your answer for the MLE. Finally, if the parameter is not in the support,
then typically you find the MLE as an extreme point (take derivative, equate
it zero, etc.)

8. Consider a sample of size n from a normal population with mean θ
and variance 1. It is known to the statistician that the mean is nonnegative,
that is, θ ∈ Ω := [0,∞). Find the MLE.

Well, this is the case of restricted range MLE, which is as simple as
“unrestricted” case. Write the loglikelihood

log(LXn(θ)) := −(n/2) log(2π) − (1/2)
n∑

l=1

(Xl − θ)2

= [−(n/2) log(2π) − (1/2)
n∑

l=1

X2
l ] + [nX̄θ − n(1/2)θ2].

Now graph this function in θ on the positive half of the line, and visualize
that the loglikelihood takes on maximum on Ω = [0,∞) at

Θ̂MLE = max(0, X̄).

9. Let X be Binom(n, θ) and θ is believed to be a realization of a RV
Θ ∼ Beta(α, β). Find a Bayes estimator of θ.

This problem is solved in you text — see Theorem 10.5.
10. Let Θ̂ be an estimator of a parameter θ, and T is a sufficient statistic

for this parameter. Introduce a new estimator δ = E(Θ̂|T ). Compare mean
squared errors of these two estimators.

Well, we can write:

Eθ(Θ̂ − θ)2 = Eθ{Eθ{(Θ̂ − θ)2|T}} =: A.
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Now I use E(X2) ≥ (E(X))2 inequality (this is a very simple case of the
Jensen inequality):

A ≥ Eθ{(Eθ(Θ̂|T ) − θ)2} =: B

Now we use sufficiency of T :

B = Eθ{(E(Θ̂|T ) − θ)2} = Eθ(δ̂ − θ)2.

We conclude that

Eθ(Θ̂ − θ)2 ≥ Eθ(δ̂ − θ)2.

Thus, δ̂ is not less efficient than Θ̂ and may be more efficient when the Jensen
inequality is strict.
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