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ABSTRACT

Antenna selection provides a low-cost low complexity so-
lution for MIMO systems, in particular transmit antenna se-
lection exploits partial knowledge of the channel that can be
made available without excessive feedback bandwidth. In
this work we explore information theoretic limits of trans-
mit antenna selection for high SNR and large number of
transmit antennas. We define the capacity gain as the con-
stant term in the asymptotic expansion of the ergodic ca-
pacity with respect to the SNR. We show that this value is
directly related to the channel state information (CSI) at the
transmitter. We compute and investigate the asymptotic be-
havior of the capacity gain for three cases: where the trans-
mitter has complete CSI, no CSI, and partial CSI (antenna
selection). We show that while water-filling provides a ca-
pacity gain that increases logarithmically in M (the number
of transmit antennas), the capacity gain of transmit antenna
selection behaves only like log(log(M)).

1. INTRODUCTION

Multiple antenna systems provide high spectral efficiency in
rich scattering environments. However, with a large number
of transmit or receive antennas, the complexity and cost of
multiple RF-chains and low noise receivers become consid-
erable. One solution to the cost/complexity problem is an-
tenna subset selection [1, 2, 3]. It has been shown that the
use of subset selection at transmit side, while requiring min-
imal feedback, can considerably improve the data rate in a
MIMO channel [4, 5]. However, optimal subset selection
itself has a computational complexity which grows expo-
nentially with the number of selected antennas, therefore it
is not suitable for practical purposes. Fast algorithms have
been proposed to reduce the complexity while still captur-
ing a large portion of the capacity [6, 7, 8]. Despite the
importance of suboptimal algorithms, not much is known
about their information information theoretic limits. In [9]
and [7] an analytical framework for receive antenna selec-
tion has been purposed to prove the equivalence in diversity

This work was supported in part by a grant from NSF and in part by a
grant from Nortel Networks

order between the full system and selected sub-system. In
this paper we explore the capacity gain obtained by transmit
antenna selection for high SNR and large number of trans-
mit antennas.

A brief note on notation: E[ ] refers to expected value
of a random variable, IN denotes the N × N identity ma-
trix, (x)+ = max{x, 0}, and γ ≈ 0.57721566 is the Euler-
Mascheroni constant. We use an

◦
= bn to denote the asymp-

totic equivalence of an and bn defined as: limn→∞
an

bn
= 1.

We use the natural logarithm througout this paper so the ca-
pacity unit is in Nats/Sec/Hz.

2. SYSTEM MODEL

We assume a frequency non-selective (flat) linear time in-
variant fading channel between M transmit and N receive
antennas. The signal model is:

y(t) =

√
ρ

M
Hx(t) + n(t) (1)

where y(t) represents the N × 1 received vector sampled at
time t, and x(t) represents the M × 1 vector transmitted by
the antennas, ρ is the average SNR (per channel use), n(t) is
the N × 1 additive circularly symmetric complex Gaussian
noise vector with zero mean and covariance matrix equal to
IN (theN×N identity matrix) andH is theN×M channel
matrix, whose ij-th element is the scalar channel between
the i-th receive and j-th transmit antenna. We assume that
the elements ofH are independent and have complex Gaus-
sian distribution with zero mean and unit variance. We also
assume thatH is perfectly known at the receiver but it is not
necessarily known at the transmitter. For antenna selection,
we assume there is a rate-limited feedback channel from re-
ceiver to transmitter so that a subset of transmit antennas
can be selected by the receiver and furthermore we assume
that the feedback channel is without error or delay.

3. TRANSMIT ANTENNA SELECTION

We consider a transmit antenna selection scheme where a
subset of transmit antennas are used for transmission with



equal power. This is made possible by a rate-limited feed-
back from the receiver. Optimal transmit antenna selection

via exhaustive search among all
(
M
L

)
combinations has

complexity O(ML), which is impractical for large number
of transmit antennas. One may reduce this complexity by
employing a successive selection scheme, i.e., a greedy al-
gorithm that at each step maximizes the capacity of the se-
lected sub-channel. A very similar methodology was men-
tioned in [6] for receive antenna selection. In this work,
starting from the original channel matrix, the algorithm re-
moves antennas one after another in a way that the capacity
loss is minimized. Gharavi-Alkhansari and Greshman [8]
showed that an incremental successive selection leads to
less computational complexity. Simulation results show that
this successive selection captures almost all the capacity of
optimal antenna selection in a wide range of SNRs. There-
fore, we adopt the latter algorithm for our analysis.

3.1. Incremental Successive Subset Selection Algorithm

The input of the algorithm consists of ρ (the given SNR), L
(the desired number of transmit antennas to be selected) and
H (the original channel matrix). The output of the algorithm
is H̃ (the channel matrix associated with selected transmit
antennas).

1. Let S1 = {all columns of H} and P̃1 = IN .

2. choose h̃1 = arg max
h ∈ S1

||h||2 , H̃1 = h̃1.

3. for i = 2 : L

(a) Si = Si−1 ∩ {h̃i−1}
c

(b) P̃i = I − ρ
L
H̃i−1(I + ρ

L
H̃H

i−1H̃i−1)
−1H̃H

i−1

(c) h̃i = arg max
h ∈ Si

hH P̃ih

(d) H̃i = [H̃i−1 h̃i]

4. H̃ = H̃L

3.2. A Framework for Analysis

Using the Sherman-Morisson formula for determinants, for
the selected channel H̃ we have:

det(IN +
ρ

L
H̃H̃H) =

L∏

i=1

(1 +
ρ

L
h̃H

i P̃ih̃i) (2)

As ρ → ∞, P̃i → Pi, where, Pi = IN − H̃i(H̃
H
i H̃i)

−1H̃i

is a projection matrix of rank N − i+ 1.

WhenM is also large, at each selection step, the distribution
of the remaining channel vectors can still be well approxi-
mated by a circularly symmetric Gaussian distribution. The
actual proof of this claim does not seem to be tractable and
even for very simple cases, there is no known result. Our
simulation results show that for largeM the Gaussianity as-
sumption provides a good approximation for the actual dis-
tribution of the remaining columns. Using this assumption
we can approximate the statistics of the right side of (??).
We know that for an uncorrelated complex Gaussian vector
x and a projection matrix P , xHPx has χ2 distribution with
rank(P ) degrees of freedom. Hence for large ρ and large
M , we have:

det(H̃H̃H) ∼

L∏

i=1

χ̃2
2(N−i+1),M−i+1 (3)

where χ̃2
2p,n stands for a random variable which is the max-

imum of n independent χ2
2p random variables. The pdf of

this random variable can be computed in closed form [10]:

fχ̃2
2p,n

(x) =
nxp−1

(p− 1)!
e−x(1 − e−xep(x))

n−1 (4)

where ep(x) =
∑p−1

k=0
xk

k!

4. CAPACITY GAIN OF MIMO SYSTEMS

We introduce the concept of capacity gain as a measure of
effectiveness of channel state information at the transmitter.
We start with the capacity expression for a general MIMO
system. Under the flat fading assumption, given a general
channel matrix, the ergodic capacity of the MIMO channel
is calculated as follows [11]:

C = E[ max
tr(Q)≤ρ

log(det(IN +HQHH))] (5)

where Q = E[xxH ] is the covariance of the transmitted
vector x.

We consider three different cases: First, uninformed trans-
mission in which CSI is perfectly known at receiver, but not
at transmitter. Second, informed transmission in which CSI
is perfectly known both at transmitter and receiver. Third,
transmission using an optimal subset of transmit antennas
selected by the receiver. The only information available at
the transmitter is the indices of the selected transmit anten-
nas.

Uninformed transmitter: As addressed in [11], when CSI
is only available at receiver, the covariance matrix that max-
imizes the capacity is of the form Q = 1

M
IN , hence, the

ergodic capacity is:

C = E[log(det(IN+
ρ

M
HHH))] = E

[
m∑

i=1

log(1 +
ρ

M
λi)

]



where where λ1, . . . , λm are ordered nonzero eigenvalues
of the Wishart matrix HHH [11] and m = rank(H) =
min{M,N} can be interpreted as the degrees of freedom
of the MIMO channel. As shown in [12], C = m log ρ +
O(1) . So the ergodic capacity grows linearly with m. Now
we notice that in the asymptotic expansion of C there is a
constant term that does not vanish as ρ → ∞. Thus we
define the capacity gain as follows:

G
4
= lim

ρ→∞
(C −m log ρ) (6)

For uninformed transmission we have:

G = lim
ρ→∞

(
E

[
m∑

i=1

log(1 +
ρ

M
λi)

]
−m log ρ

)

= lim
ρ→∞

E

[
m∑

i=1

log(
1

ρ
+
λi

M
)

]

= E

[
m∑

i=1

log λi

]
−m logM (7)

in the last step, the exchange of expectation and limit is al-
lowed by the monotone convergence theorem.

Informed transmitter (water-filling capacity): In this case
the channel state information is available at transmitter. As
addressed in [11] the so called water-filling capacity of the
MIMO channel is:

Cwf = E

[
m∑

i=1

(log(µλi))
+

]
(8)

where µ should satisfy ρ =
∑m

i=1(µ−λ
−1
i )+. In large SNR

scenario, all the eigenmodes of the channel are used by the

beamformer, hence µ =
ρ+
∑

m
i=1 λ

−1
i

m
and the water-filling

capacity is equal to:

Cwf = E

[
m∑

i=1

(log(µλi))

]
= mE

[
log(ρ+

m∑

i=1

λ−1
i )

]
+

E

[
m∑

i=1

log λi

]
−m logm (9)

For large ρ we have: Cwf ≈ m log ρ. In other words, avail-
ability of CSI at transmitter side has no impact on the log-
arithmic growth rate of the ergodic capacity, because the
growth rate only depends on the rank of the channel matrix.
Now we similarly calculate the capacity gain for informed
transmission:

Gwf = E

[
m∑

i=1

log λi

]
−m logm (10)

∆G = Gwf −G = m log(M/m) (11)

In the asymptote of large SNR, this is the maximum amount
of excess rate obtainable by providing channel state infor-
mation at the transmitter. We note that if M ≤ N then
∆G = 0, thus channel state information at transmitter can-
not provide any excess rate asymptotically. This result agrees
with one’s intuition that beamforming is effective only when
the number of transmit antennas is large. In the sequel, we
only consider the interesting case of M > N . In particu-
lar, we are interested to understand the behavior of the ca-
pacity gain when M � N . In these cases, Equation (11)
suggests that at high SNR, the capacity gain can be used as
an information-theoretic metric to evaluate any method that
uses channel state information at the transmitter.

Antenna selection: In the high SNR regime, one is inter-
ested in the case L ≥ N , to maintain the degrees of free-
dom of the channel and prevent excessive rate loss. Suppose
we have selected L (L ≥ N ) out of M transmit antennas
(M � N ) then if the selected channel is H̃ , the capacity
gain is:

G̃ = lim
ρ→∞

E

[
log
(
det(IN +

ρ

L
H̃H̃H)

)]
−N log ρ

= lim
ρ→∞

E

[
log

(
det(

1

ρ
IN +

1

L
H̃H̃H)

)]

= E

[
log
(
det(H̃H̃H)

)]
−N logL (12)

5. ASYMPTOTIC BEHAVIOR OF CAPACITY GAIN

In this section we explore the behavior of capacity gain, for
large M , in the case of informed, uninformed, and antenna
selection transmitter.

Uninformed transmitter: in the caseM > N , Equation (7)
can be rewritten as:

G = E
[
log det(HHH)

]
−N logM (13)

It is known [12] that det(HHH) ∼
∏N

i=1 χ
2
2(M−i+1) there-

fore [13]:

G =

N∑

i=1

(ψ(M − i+ 1) − logM) (14)

where ψ(n) = −γ+
∑n

k=1
1
k

is the di-gamma function. We
have [12]:

lim
M→∞

G = 0 (15)

Informed transmitter: Using Equations (11) and (15) for
large M we have:

Gwf
◦
= N log(

M

N
)

◦
= N logM (16)



Antenna selection: Using the results of Section 3.2, we can
evaluate the capacity gain for antenna selection. Using (12):

G̃ = E

[
log det(H̃H̃H)

]
−N logL

◦
=

L∑

i=1

E[log(χ̃2
2(N−i+1),M−i+1)] −N logL(17)

Equation (17) suggests that for largeM , selecting more than
N antennas does not provide any further gain. In the previ-
ous section we argued that L cannot be less than N , hence
for large M the optimal value for L is N . Henceforth we
assume L = N . To evaluate the asymptotic behavior of G̃,
we only need to evaluate E[logX], where X ∼ χ̃2

p,n. We
use the following result from order statistics [10]:
Definition: A cdf F is said to belong to the domain of max-
imal attraction of a nondegenerate cdf U if there exist se-
quences {an} and {bn > 0} such that

lim
n→∞

Fn(an + bnx) = U(x) (18)

at all continuity points of U(x).

Theorem 1 : Let X(n) be the maximum of n i.i.d. random
variables {Xi}

n
i=1, each with cdf F . If F belongs to the

domain of maximal attraction of U , then:

X(n) − an

bn

d
−→W (19)

where W is a random variable whose cdf is U .

It is known that the cdf of a χ2
2p random variable is equal

to F (x) = 1−e−xep(x), where ep(x) =
∑p−1

k=0
xk

k! . Choos-
ing an = log n+ log(log( np−1

(p−1)! )) and bn = 1 we have:

lim
n→∞

Fn(an + bnx) = e−e−x

(20)

We use (20) to evaluate the logarithmic moment of χ̃2
p,n

which is key to our analysis. In the above formulation we
choose F to be the cdf of a chi-square random variable with
p degrees of freedom. Jensen’s inequality provides an up-
per bound on the logarithmic moment and furthermore the
following theorem states that this bound is asymptotically
tight (see appendix for the proof).

Theorem 2 X(n), W , {an} and {bn > 0} are defined as in
Theorem 1 and furthermore, |an|

bn
→ ∞, then as n→ ∞ :

log(E[X(n)]) − E[logX(n)] −→ 0

So it is sufficient to evaluate the mean of the above random
variable. Using Theorem 1, E[X(n)]

◦
= bnE[W ]+an, where

W is a random variable with the cdf as in (20). It is easy to
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Fig. 1. Capacity gain of antenna selection (N=2 and SNR=30 dB)

verify that E[W ] = γ. Hence, the asymptotic growth of
the logarithmic moment of extreme order statistics of chi-
square random variables is given by

E[log(X(n))]
◦
= log(E[X(n)])

◦
= log

(
log n+ log(log(

np−1

(p− 1)!
)) + γ

)

◦
= log(log n) (21)

Now we can evaluate the behavior of G̃ in (17):

G̃
◦
=

N∑

i=1

E[log(χ̃2
2(N−i+1),M−i+1)] −N logN

◦
=

N∑

i=1

log


 logM + log(log( MN−i

(N−i)! )) + γ

N


(22)

◦
= N log(logM) (23)

Thus the capacity gain for transmit antenna selection be-
haves like O (log(logM)) .

6. SIMULATION RESULTS

Figure 1 compares our result with computer simulations.
We run the simulation for SNR=30 dB and N=2. For each
point on the plot, the capacity gain is calculated by averag-
ing over 5000 different channel realizations and compared
to the results obtained from equation (22). The results show
a very good match between our formula and the simulation
result. Thus the asymptotic formula is a useful tool for the
approximation of the capacity of transmit antenna selection.



7. CONCLUSION

In this paper, we introduce the concept of capacity gain, an
information theoretic metric for schemes that use various
amounts of channel state information at the transmitter. We
present some new results in order statistics that are useful
for asymptotic analysis of antenna selection problems. We
evaluate the capacity gain for transmit antenna selection in
the asymptote of large number of transmit antennas. We
show that this quantity describes the advantage gained by
having channel state information at the transmitter. By ex-
ploring the behavior of the capacity gain, we showed that
the optimal number of selected antennas for large M is ex-
actly N . Simulations show that the analysis is accurate and
can be used for approximation of the capacity of antenna
selection.

8. APPENDIX

Lemma 1 If Xn
i.p.
−→ X , then: E[Xn] −→ E[X] .

Proof: Xn
i.p.
→ X =⇒ Xn

d
→ X =⇒ E[Xn] → E[X]

Lemma 2 If Xn
i.p.
→ X and cn → c then Xn

cn

i.p.
→ X

c
.

Proof: see [14].

Lemma 3 If Xn
i.p.
→ X , then for any continuous measur-

able function g() we have: g(Xn)
i.p.
→ g(X)

Proof: see [14].

Proof of Theorem 2: For every ε > 0 and δ > 0

Pr

[∣∣∣∣
X(n)

an

− 1

∣∣∣∣ > ε

]
= Pr

[∣∣∣∣
X(n) − an

bn

∣∣∣∣ > ε
|an|

bn

]

≤

E

[(
X(n)−an

bn

)2
]

ε2(an

bn
)2

<
E[W 2] + δ

ε2(an

bn
)2

−→ 0

as n→ ∞. Thus X(n)

an

i.p.
→ 1. Now using Lemma 1 we have

E[X(n)]

an
→ 1, hence using Lemma 2 X(n)

E[X(n)]

i.p.
→ 1 and by

Lemma 3 (for g(x) = log x) we have log(
X(n)

E[X(n)]
)

i.p.
→ 0 .

Finally by Lemma 1, E[log(X(n))]− log(E[X(n)]) → 0, as
n→ ∞.
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