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Abstract—:H SUHVHQW D FRPELQHG ORRN�DKHDG GLVSDWFK DQG UH�
VHUYH RSWLPL]DWLRQ IRUPXODWLRQ� ZKLFK H[WHQGV RXU UHFHQW ZRUN
RQ WLPH�FRXSOHG UHVHUYH SROLFLHV DQG HPSOR\V WKH UHFHQW QRWLRQ RI
JHQHUDOL]HG GHFLVLRQ UXOHV IURP WKH UREXVW RSWLPL]DWLRQ OLWHUDWXUH�
7KLV DLPV WR LPSURYH WKH SHUIRUPDQFH RI WUDGLWLRQDO OLQHDU GHFL�
VLRQ UXOHV ZKHQ DSSOLHG WR VKRUW�WHUP HOHFWULFDO UHVHUYH RSHUDWLRQ�
:H GHULYH D SULPDO SUREOHP ZKRVH VROXWLRQ LV D WLPH�FRXSOHG UXOH
IRU XS� DQG GRZQ�UHJXODWLQJ WKH SRZHU LQMHFWLRQV RI HDFK FRQWURO�
ODEOH GHYLFH� VXFK DV D JHQHUDWRU RU HQHUJ\ VWRUDJH XQLW� LQ UHVSRQVH
WR GLVFRYHUHG YDOXHV RI SUHGLFWLRQ HUURUV� 7KLV UXOH GHSHQGV RQ WKH
³ELQ´ LQWR ZKLFK PHDVXUHG SUHGLFWLRQ HUURUV IDOO� VR WKDW� IRU H[�
DPSOH� XS�UHJXODWLRQ IROORZV D GLIIHUHQW UXOH WR GRZQ�UHJXODWLRQ�
:H DOVR GHULYH DQ DVVRFLDWHG GXDO SUREOHP� ZKRVH VROXWLRQ SUR�
YLGHV D ORZHU�ERXQG RQ WKH EHVW SRVVLEOH SULPDO FRVW� 7KLV DOORZV
WKH VXERSWLPDOLW\ RI D FDQGLGDWH VROXWLRQ EDVHG RQ D SDUWLFXODU GH�
FLVLRQ UXOH SDUDPHWHUL]DWLRQ WR EH ERXQGHG� 7KH SULPDO DQG GXDO
VROXWLRQV DUH DOVR FRPSDUHG WR WKH VR�FDOOHG SUHVFLHQW FDVH� LQ ZKLFK
WKH YDOXHV RI WKH XQFHUWDLQW\ DUH NQRZQ LQ DGYDQFH� :H GHPRQ�
VWUDWH WKH PHWKRG XVLQJ QXPHULFDO FDVH VWXGLHV� LQFOXGLQJ WKH VWDQ�
GDUG ,(((���� EXV QHWZRUN� LQ ZKLFK D PLQLPXP SRVVLEOH UHVHUYH
FRVW LV LGHQWL¿HG XVLQJ WKH GXDO ORZHU�ERXQGLQJ DSSURDFK�
Index Terms—$XWRPDWLF JHQHUDWLRQ FRQWURO� SLHFHZLVH OLQHDU

GHFLVLRQ UXOHV� SRZHU V\VWHPV� UHQHZDEOHV LQWHJUDWLRQ� UREXVW
RSWLPL]DWLRQ�

,� ,1752'8&7,21

$ // SRZHU V\VWHPV UHTXLUH D UHVHUYH V\VWHP LQ RUGHU WR
DFFRPPRGDWH FRQWLQJHQFLHV DQG PLVSUHGLFWLRQV RI WKH

V\VWHP
V QHW ORDG �ORDG PLQXV SRZHU LQIHHGV IURP RWKHU VRXUFHV�
VXFK DV LQWHUPLWWHQW UHQHZDEOHV�� ,Q JHQHUDO� WKH ODUJHU WKH
SRWHQWLDO PLVSUHGLFWLRQ RI QHW ORDG� WKH ODUJHU D UHVHUYH PDUJLQ
LV UHTXLUHG� $V D FRQVHTXHQFH� PDQ\ SRZHU V\VWHPV DUH VHHLQJ
UHVHUYH PDUJLQV� DQG UHVXOWLQJ FRVWV� LQFUHDVH DV WKH VKDUH RI
ÀXFWXDWLQJ UHQHZDEOH HQHUJ\ VRXUFHV VXFK DV ZLQG DQG VRODU
SRZHU LQFUHDVHV >��@� +LVWRULFDOO\� UHVHUYH PDUJLQV KDYH EHHQ
VSHFL¿HG RQ D UDWKHU VWDWLF EDVLV WR DFFRXQW IRU WKH IDLOXUH RI� IRU
H[DPSOH� WKH ODUJHVW QXFOHDU SODQW� +RZHYHU� LQ SRZHU V\VWHPV
IHDWXULQJ D KLJK SHQHWUDWLRQ RI LQWHUPLWWHQW UHQHZDEOHV� HUURUV LQ
WKH SUHGLFWLRQ RI WKHVH LQIHHGV DUH LQFUHDVLQJO\ RXWZHLJKLQJ WKH
WUDGLWLRQDO FRQWLQJHQF\ PDUJLQ >��@� &RQVHTXHQWO\� VKRUW�WHUP
UHVHUYH QHHGV PXVW EH FDOFXODWHG EDVHG RQ HVWLPDWHV RI IXWXUH
IRUHFDVW HUURUV� ZKRVH SURSHUWLHV DUH D IXQFWLRQ RI WKH FXUUHQW
DQG SUHGLFWHG IXWXUH VWDWH RI WKH ZHDWKHU� 0RUH SUHFLVHO\� D

0DQXVFULSW UHFHLYHG -XO\ ��� ����� UHYLVHG 'HFHPEHU ��� ����� DFFHSWHG
-DQXDU\ ��� ����� 3DSHU QR� 73:56������������
7KH DXWKRUV DUH ZLWK WKH $XWRPDWLF &RQWURO /DERUDWRU\� (7+ =XULFK� ����

=XULFK� 6ZLW]HUODQG �H�PDLO� EHXFKDWS#FRQWURO�HH�HWK]�FK��
'LJLWDO 2EMHFW ,GHQWL¿HU ��������73:56�������������

6\VWHP 2SHUDWRU SHUIRUPLQJ D ORRN�DKHDG GLVSDWFK ZLOO QHHG
WR PRGHO UHQHZDEOH LQIHHGV DV D UDQGRP SURFHVV ZKRVH ERXQGV
DQG PRPHQWV VKRXOG EH UHHYDOXDWHG HDFK WLPH WKH GLVSDWFK LV
FRPSXWHG�
5HQHZDEOH HQHUJ\ IRUHFDVW HUURUV DUH WLPH�FRUUHODWHG RQ

WLPHVFDOHV RI D IHZ KRXUV� IRU H[DPSOH� DQ XQGHU�SUHGLFWLRQ RI
ZLQG LQIHHG IRU RQH KRXU DKHDG PDNHV LW PRUH OLNHO\ WKDW WKH
ZLQG LQIHHG WZR KRXUV DKHDG KDV DOVR EHHQ XQGHU�SUHGLFWHG� 7KH
GHYLFHV PRVW DEOH WR FRPSHQVDWH IRU VXFK IRUHFDVW HUURUV� VXFK
DV IDVW�DFWLQJ JHQHUDWRUV DQG HQHUJ\ VWRUDJH XQLWV �RU LQFUHDV�
LQJO\� GHPDQG UHVSRQVH�� DOVR KDYH WLPH�FRXSOHG FRQVWUDLQWV
DQG FRVWV RQ WKH VDPH WLPHVFDOHV� )RU H[DPSOH� D JHQHUDWRU PD\
KDYH D OLPLW RQ LWV UDPSLQJ UDWH� DQG D EDWWHU\ PXVW SODQ KRZ
WR FRQVXPH DQG VXSSO\ SRZHU ZLWKRXW H[FHHGLQJ LWV HQHUJ\
FDSDFLW\� &RQVHTXHQWO\� LW LV DWWUDFWLYH WR VWXG\ WLPH�FRXSOHG
UHVSRQVHV WR WKH XQFHUWDLQW\� ZKLFK LQ SUHYLRXV ZRUN >��@ ZHUH
UHIHUUHG WR DV reserve policies� 7KHVH FDQ EH VHHQ DV D ORJLFDO
H[WHQVLRQ RI WKH LQFUHDVLQJO\ WLPH�FRXSOHG UHVHUYH SURGXFWV
LQWURGXFHG E\ VRPH 6\VWHP 2SHUDWRUV LQ UHFHQW \HDUV� IRU
H[DPSOH� WKH )OH[LEOH 5DPSLQJ SURGXFW LQWURGXFHG E\ &$,62
>��@� $Q DOWHUQDWLYH ORRN�DKHDG GLVSDWFK DSSURDFK SURSRVHG
LQ >�@LV EDVHG RQ VROYLQJ D FKDQFH FRQVWUDLQHG IRUPXODWLRQ
RI WKH 23) SUREOHP ZKHUH WKH SROLFLHV FRPSXWHG HQVXUH WKDW
WKH OLPLWV DQG FDSDFLWLHV RI WKH V\VWHP DUH VDWLV¿HG ZLWK KLJK
SUREDELOLW\� 7KLV FRQWUDVWV ZLWK WKH UREXVW DSSURDFK SUHVHQWHG
LQ WKLV SDSHU WKDW HQVXUHV WKH FRQVWUDLQV DUH VDWLV¿HG IRU DOO WKH
SUHGLFWHG XQFHUWDLQWLHV ZLWKLQ D JLYHQ VHW� ,Q WKH ZRUN RI >�@� D
UREXVW DSSURDFK LV DOVR DSSOLHG WR VROYLQJ DQ HFRQRPLF GLVSDWFK
SUREOHP IRU SRZHU V\VWHPV� EXW LQVWHDG WKH\ DLP RI VROYH WKH
XQLW�FRPPLWPHQW SUREOHP ZLWK DQ REMHFWLYH RI PLQLPL]LQJ WKH
ZRUVW FDVH FRVW�
7KH UHVHUYH SROLFHV SURSRVHG IDOO LQ WKH FODVV NQRZQ DV OLQHDU

GHFLVLRQ UXOHV �/'5V�� ZKHUH D QRPLQDO VROXWLRQ LV DGDSWHG OLQ�
HDUO\ DFFRUGLQJ WR WKH UHDOL]HG YDOXH RI WKH XQFHUWDLQW\� 7KHVH
KDYH JDLQHG PRPHQWXP VLQFH WKH ZRUN RI %HQ�7DO et al. >�@
VKRZLQJ WKDW RSWLPDO /'5V FDQ EH FRPSXWHG HI¿FLHQWO\ XQGHU
WKH UHTXLUHPHQW WKDW LQHTXDOLW\ FRQVWUDLQWV VKRXOG KROG IRU DOO
UHDOLVDWLRQV LQ WKH XQFHUWDLQW\ VHW� +RZHYHU� GHVSLWH WKHLU FRP�
SXWDWLRQ DWWUDFWLRQV� WKH GHJUHH RI VXE�RSWLPDOLW\ LQWURGXFHG E\
/'5V UHODWLYH WR RWKHU SDUDPHWHUL]DWLRQV RI WKH DGDSWDWLRQ FDQ
EH TXLWH VLJQL¿FDQW >�@� >�@�
*HRUJKLRX et al. >�@ SUHVHQWHG D generalized GHFLVLRQ UXOH

PHWKRG WKDW FDQ UHGXFH VXERSWLPDOLW\ FRPSDUHG WR /'5V� 7KHLU
DSSURDFK LQYROYHV OLIWLQJ WKH XQFHUWDLQW\ VHW LQWR D KLJKHU GL�
PHQVLRQDO VSDFH DQG WKHQ VROYLQJ IRU D GHFLVLRQ UXOH DV D IXQF�
WLRQ PDSSLQJ WKH lifted XQFHUWDLQW\ VHW WR FRQWURO LQSXWV� 7KLV
FDQ JLYH GHFLVLRQ UXOHV ZLWK LQFUHDVHG ÀH[LELOLW\� 7KH UHODWHG

��������� � ���� ,(((� 3HUVRQDO XVH LV SHUPLWWHG� EXW UHSXEOLFDWLRQ�UHGLVWULEXWLRQ UHTXLUHV ,((( SHUPLVVLRQ�
6HH KWWS���ZZZ�LHHH�RUJ�SXEOLFDWLRQVBVWDQGDUGV�SXEOLFDWLRQV�ULJKWV�LQGH[�KWPO IRU PRUH LQIRUPDWLRQ�
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VWXGLHV >��@ DQG >�@ RIIHU RWKHU DSSURDFKHV WR LQFUHDVH WKH ÀH[L�
ELOLW\ RI WKH GHFLVLRQ UXOHV E\ FRQVLGHULQJ WKH FODVV RI TXDGUDWLF
DQG SRO\QRPLDO GHFLVLRQ UXOHV UHVSHFWLYHO\�
$OWKRXJK VWLOO VROYDEOH LQ SRO\QRPLDO WLPH� WKH LQFUHDVHG

ÀH[LELOLW\ DOORZHG E\ WKHVH PHWKRGV FRPHV ZLWK DQ DVVRFLDWHG
LQFUHDVH LQ FRPSXWDWLRQDO FRVW� 6ROYLQJ WKH GXDO RI WKH /'5
SUREOHP ZLOO JLYH D VWULFW ORZHU ERXQG RQ WKH RSWLPDO FRVW
DFKLHYDEOH E\ DQ\ GHFLVLRQ UXOH� ,Q >��@ /'5V DUH DSSOLHG WR WKH
GXDO SUREOHP WR HI¿FLHQWO\ FRPSXWH D ORZHU ERXQG� DQG LQ >�@
WKH ORZHU ERXQG LV LPSURYHG LQVWHDG E\ DSSO\LQJ JHQHUDOL]HG
GHFLVLRQ UXOHV� +DGML\LDQQLV et al. >��@DSSO\ WKH ORZHU�ERXQGLQJ
WHFKQLTXH WR D FODVV RI FRQVWUDLQHG ¿QLWH�KRUL]RQ UREXVW FRQWURO
SUREOHPV�
7KH SLHFHZLVH DI¿QH SROLFLHV SUHVHQWHG LQ WKH SUHVHQW SDSHU

RIIHU DGGLWLRQDO ÀH[LELOLW\ FRPSDUHG WR WKH DI¿QH SROLFLHV FRQ�
VLGHUHG LQ >��@� 7KH QXPHULFDO H[DPSOH LQGLFDWHV WKDW WKH FRVW RI
DFFRPPRGDWLQJ XQFHUWDLQW\� L�H�� WKH UHVHUYH FRVW� FDQ EH VLJQLI�
LFDQWO\ UHGXFHG E\ WKLV LQFUHDVHG ÀH[LELOLW\� $GGLWLRQDOO\� WKH
SLHFHZLVH DI¿QH SROLFLHV ZH SUHVHQW DUH FRQVWUXFWHG VXFK WKDW
WKH UHVHUYH FRVW FDQQRW EH KLJKHU �WKDW LV� ZRUVH� WKDQ XVLQJ
VLPSOH DI¿QH SROLFLHV�
,W LV DOVR SRVVLEOH WR ORZHU ERXQG WKH RSWLPDO FRVW RI DFFRP�

PRGDWLQJ XQFHUWDLQW\ E\ FRQVLGHULQJ WKH FDVH ZKHUH LWV UHDOL]HG
YDOXH LV NQRZQ LQ DGYDQFH�:H UHIHU WR WKLV DV WKH prescient FDVH�
:H UHSRUW WKDW WKH FRVW RI WKH RSWLPDO SUHVFLHQW GLVSDWFK SODQ
PD\ KRZHYHU EH D FRQVHUYDWLYH ORZHU ERXQG� LQ FRQWUDVW WR WKH
GXDO�EDVHG ORZHU ERXQG SUHVHQWHG LQ WKLV ZRUN� ZKLFK DFFRXQWV
IRU WKH QHHG WR DFFRPPRGDWH XQFHUWDLQW\ LQ WKH GLVSDWFK SODQ�
7KLV SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ ,, RXWOLQHV WKH

VWDWH VSDFH DSSURDFK XVHG WR PRGHO FRQWUROODEOH DQG XQFRQWURO�
ODEOH JULG GHYLFHV� 6HFWLRQ ,,, GHVFULEHV WKH FRQFHSW RI D JHQ�
HUDOL]HG GHFLVLRQ UXOH� DQG 6HFWLRQ ,9 JLYHV D JHQHUDO IRUPXOD�
WLRQ RI WKH ORRN�DKHDG RSWLPDO GLVSDWFK SUREOHP� 6HFWLRQV 9 DQG
9, GHULYH D WUDFWDEOH ¿QLWH�KRUL]RQ RSWLPL]DWLRQ SUREOHP LQ�
FRUSRUDWLQJ PXOWLVWDJH UHFRXUVH� SURYLGLQJ DQ XSSHU DQG ORZHU
ERXQG� UHVSHFWLYHO\� IRU WKH RSWLPDO FRVW RI WKH JHQHUDO SUREOHP�
6HFWLRQ 9,, GHPRQVWUDWHV WKH PHWKRG YLD D QXPHULFDO H[DPSOH�
DQG 6HFWLRQ 9,,, FRQFOXGHV�
Notation: 7KH QRWDWLRQ GHQRWHV WKH YHFWRU RU PDWUL[

WUDQVSRVH� UHSUHVHQWV HOHPHQW RI D YHFWRU� FROXPQ
RI D PDWUL[� WKH .URQHFNHU SURGXFW� WKH LGHQWLW\ PDWUL[

RI VL]H � WKH YHFWRU RI RQHV RI VL]H � WKH XQLW YHFWRU
ZLWK WKH WK HOHPHQW HTXDO WR �� GHQRWHV WKH FRQYH[
KXOO RI D VHW�
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7KH SRZHU V\VWHP PRGHO FRQVLGHUHG LQ WKLV SDSHU LV WKH VDPH
DV WKH PRGHO SUHVHQWHG LQ >��@� 7KHUH DUH SDUWLFLSDQWV FRQ�
QHFWHG WR D QHWZRUN RI QRGHV� (DFK SDUWLFLSDQW FDQ EH DVVR�
FLDWHG ZLWK WZR W\SHV RI SRZHU ÀRZV� DQ inelastic SRZHU ÀRZ�
ZKLFK FDQQRW EH FRQWUROOHG DQG PD\EH LQÀXHQFHG E\ WKH PRG�
HOOHG XQFHUWDLQW\� DQG DQ elastic SRZHU ÀRZ ZKLFK FDQ EH FRQ�
WUROOHG� 7KH FRQYHQWLRQ XVHG LV WKDW SRVLWLYH SRZHU ÀRZV UHSUH�
VHQW LQMHFWLRQ LQWR WKH QHWZRUN� 7KH IROORZLQJ VXEVHFWLRQV GH�
WDLOV WKH FRPSRQHQWV RI WKH GLVFUHWH�WLPH PRGHO�

A. Inelastic Power Injection
7KH LQHODVWLF SRZHU ÀRZ IURP SDUWLFLSDQW RYHU WKH IXWXUH

KRUL]RQ RI WLPH VWHSV LV PRGHOOHG DV DI¿QH LQ WKH XQFHUWDLQW\
SDUDPHWHU DQG FDQQRW EH LQÀXHQFHG E\ DQ\ FRQWURO
DFWLRQV� 7KH YHFWRU LV WKH QRPLQDO VFKHGXOH IRU WKH
SRZHU ÀRZ DQG WKH PDWUL[ PDSV D UDQGRP
YHFWRU WR WKH SRZHU ÀRZV� 7KH YHFWRU UHSUHVHQWV
WKH V\VWHP XQFHUWDLQWLHV� H�J�� IURP HUURUV LQ WKH SUHGLFWLRQ RI D
ORDG RU UHQHZDEOH LQIHHG� DQG LV RI WKH IRUP ZKHUH
HDFK LV WKH SDUW RI WKH YHFWRU GLVFRYHUHG VWHSV DKHDG
RI WKH FXUUHQW WLPH� :H DVVXPH WKDW WKH XQFHUWDLQW\ LV UHVWULFWHG
WR D FRPSDFW VHW FRQWDLQLQJ WKH RULJLQ�
$GGLWLRQDOO\� DV D PLQLPXP� DQ HVWLPDWH RI LWV ¿UVW DQG VHFRQG
PRPHQWV DQG DUH DVVXPHG WR EH DYDLODEOH�

B. Elastic Power Flows
7KH HODVWLF SRZHU ÀRZ LV PRGHOOHG DV WKH RXWSXW IURP D OLQHDU

WLPH�LQYDULDQW �/7,� V\VWHP XVLQJ D VWDWH�VSDFH PRGHO� 7KH VWDWH
DQG LQSXW RI SDUWLFLSDQW DW WLPH DUH GHQRWHG DQG

� UHVSHFWLYHO\� ZLWK

���

ZKHUH DQG � 7KH ¿UVW HOHPHQW RI WKH VWDWH
UHSUHVHQWV WKH SRZHU RXWSXW DW WLPH ZKLOH WKH UHPDLQLQJ

HOHPHQWV DUH XVHG WR PRGHO LQWHUQDO G\QDPLFV RU WR LQFOXGH SULRU
VWDWHV� 7KH LQSXW DW HDFK WLPH VWHS LV D VFDODU VSHFLI\LQJ WKH UH�
TXHVWHG SRZHU RXWSXW IURP WKDW SDUWLFLSDQW�

C. Finite-Horizon Stacked Representation
)RU HODVWLF SDUWLFLSDQWV WKH VWDWH YHFWRUV DQG LQSXWV RYHU WKH

WLPH KRUL]RQ DUH VWDFNHG WRJHWKHU DV DQG
� UHVSHFWLYHO\� +HQFH� WKH VWDWH HYROXWLRQ FDQ

EH VXPPDUL]HG DV

���

� � �
���

� � � � � �
���

���

ZKHUH DQG �
7KH SRZHU LQMHFWLRQ IURP SDUWLFLSDQW LQWR WKH WUDQVPLVVLRQ

QHWZRUN LV KHQFH JLYHQ E\ � ZKHUH VHOHFWV
WKH ¿UVW HOHPHQW RI WKH VWDWH YHFWRU IRU HDFK WLPH VWHS�

D. Participant Costs and Local Constraints
)RU HODVWLF SDUWLFLSDQW � WKH FRVW RI D VWDWH DQG LQSXW WUDMHFWRU\

�UHVS� DQG DV GH¿QHG DERYH� LV PRGHOOHG E\ WKH IXQFWLRQ
DVVXPHG WR EH TXDGUDWLF RI WKH IRUP

���

$GGLWLRQDOO\� LW LV DVVXPHG WKDW WKH FRVW IXQFWLRQ LV FRQYH[
DQG WKDW WKH FRVWV DUH WKH VDPH DW HDFK VWDJH� ZKLFK UHTXLUHV WKDW
WKH +HVVLDQ PDWULFHV WDNH WKH IRUP ZLWK HDFK

V\PPHWULF SRVLWLYH VHPLGH¿QLWH DQG �
DQG WKH OLQHDU FRHI¿FLHQWV WDNH WKH IRUP �
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7LPH�FRXSOHG FRVWV� IRU H[DPSOH� UDPSLQJ FRVWV� DUH UHDGLO\ LQ�
FRUSRUDWHG LQWR WKLV IUDPHZRUN E\ DXJPHQWLQJ WKH VWDWH�YHFWRU
WR LQFOXGH PHPRU\ RI SULRU VWDWHV�
7KH FRQVWUDLQWV RQ HDFK SDUWLFLSDQW
V LQSXW DQG VWDWH VH�

TXHQFHV DUH UHSUHVHQWHG E\ WKH VHW � JLYHQ E\

���

ZKHUH WKH QXPEHU RI FRQVWUDLQWV XVHG WR PRGHO SDUWLFLSDQW LV
GHQRWHG DQG WKH SDUDPHWHUV DUH � �

� DQG � 7KLV DOORZV D ZLGH UDQJH RI
FRQWUROODEOH V\VWHPV WR EH PRGHOOHG LQFOXGLQJ WKRVH SHUWLQHQW
WR FRQYHQWLRQDO DQG UHQHZDEOH SRZHU V\VWHP SDUWLFLSDQWV� )RU
QRWDWLRQDO VLPSOLFLW\ ZH GH¿QH DV WKH DY�
HUDJH QXPEHU RI ORFDO FRQVWUDLQWV SHU SDUWLFLSDQW�

E. Network Constraints

7KH QHWZRUN FRQVLVWV RI QRGHV FRQQHFWHG E\ WUDQVPLV�
VLRQ OLQHV� DQG LV PRGHOOHG XVLQJ WKH VDPH VWDQGDUG OLQHDU DS�
SUR[LPDWLRQ DV LQ >��@� LQ ZKLFK OLQHV DUH ORVVOHVV� EXV YROWDJH
PDJQLWXGHV DUH FRQVWDQW� DQG SKDVH DQJOH GLIIHUHQFHV DORQJ OLQHV
DUH VPDOO� (DFK SDUWLFLSDQW LV FRQQHFWHG WR RQH RI WKH QRGHV�
OHDGLQJ WR D QHWZRUN PRGHO WKDW FRQVWUDLQV WKH FRPELQHG DFWLRQV
RI WKH SDUWLFLSDQWV LQ WZR ZD\V� )LUVW� DW HYHU\ WLPH VWHS� WKH QHW
SRZHU LQMHFWLRQ DQG H[WUDFWLRQ IURP LQHODVWLF ÀRZV DQG
HODVWLF ÀRZV PXVW EDODQFH DFURVV DOO SDUWLFLSDQWV

���

6HFRQG� WKH SRZHU ÀRZV LQ WKH OLQHV� ZKLFK XQGHU WKH OLQHDU
QHWZRUN DSSUR[LPDWLRQ EHFRPH OLQHDU IXQFWLRQV RI WKH QRGDO
SRZHU LQMHFWLRQV� FDQQRW H[FHHG WKHLU UHVSHFWLYH UDWLQJV� LQ HL�
WKHU GLUHFWLRQ� DW DQ\ WLPH� 7KLV UHVXOWV LQ D YHFWRU FRQVWUDLQW
ZLWK HOHPHQWV

���

ZKHUH WKH EORFN�GLDJRQDO PDWUL[ FRQWDLQV SDU�
WLFLSDQW 
V FRQWULEXWLRQV WR SRZHU ÀRZV LQ ERWK GLUHFWLRQV� LQ
HDFK RI WKH OLQHV� IRU HDFK RI WKH WLPH VWHSV� DQG LV GHWHU�
PLQHG E\ ZKLFK RI WKH QRGHV WKH SDUWLFLSDQW LV FRQQHFWHG�
7KH YHFWRU FRQWDLQV WKH OLQH UDWLQJV� (DFK EORFN RI

LV GHULYHG IURP WKH SURFHGXUH LQ >�@� LQ ZKLFK WKH EXV SKDVH
DQJOHV DUH HOLPLQDWHG�

,,,� *(1(5$/,=(' '(&,6,21 58/(6

,Q WKH SUHYLRXV ZRUN >��@� D WUDFWDEOH UHIRUPXODWLRQ RI WKH
SULPDO RSWLPL]DWLRQ SUREOHP ZDV DFKLHYHG E\ UHVWULFWLQJ WKH
FRQWURO SROLFLHV WR EH DI¿QH LQ WKH XQFHUWDLQW\ � )ROORZLQJ E\
WKH ZRUN RI >�@� WKLV UHVWULFWLRQ FDQ EH SDUWLDOO\ UHOD[HG E\ lifting
WKH XQFHUWDLQW\ SDUDPHWHU LQWR D KLJKHU GLPHQVLRQDO VSDFH RI
VL]H DQG DOORZLQJ D SROLF\ WKDW LV OLQHDU LQ WKH OLIWHG
XQFHUWDLQW\ SDUDPHWHU �

)LJ� �� 2ULJLQDO XQFHUWDLQW\ VHW � LWV OLIWHG FRXQWHUSDUW ȩ REWDLQHG E\ DSSO\LQJ
WKH OLIWLQJ WR HDFK HOHPHQW RI WKH RULJLQDO VHW� DQG
WKH FRQYH[ KXOO RI ȩ� 7KH UHWUDFWLRQ RSHUDWRU IRU WKLV OLIWLQJ ZRXOG LJQRUH WKH
TXDGUDWLF WHUP� 1RWH WKDW WKH ¿UVW HOHPHQW RI LV QRW VKRZQ EHFDXVH LW LV DOZD\V
HTXDO WR ��

A. Lifting and Retraction Operator

$V SHU >�@� D lifting operator LV LQWURGXFHG DQG GH¿QHG DV
� DORQJ ZLWK LWV FRUUHVSRQGLQJ retraction

operator � ZKHUH UHIHUUHG WR DV
WKH lifted space� 7KH RSHUDWRUV DQG DUH UHTXLUHG WR VDWLVI\
WKH IROORZLQJ SURSHUWLHV�
�� LV FRQWLQXRXV DQG VDWLV¿HV �L�H��

WKH ¿UVW FRPSRQHQW RI LV DOZD\V HTXDO WR ���
�� LV OLQHDU�
��
�� 7KH FRPSRQHQW PDSSLQJV RI DUH OLQHDUO\ LQGHSHQGHQW�

PHDQLQJ WKDW IRU HDFK

���

$V DQ H[DPSOH FRQVLGHU D RQH�GLPHQVLRQDO ���'� RULJLQDO XQ�
FHUWDLQW\ DQG GH¿QH WKH OLIWLQJ RSHUDWRU DV

� ZKLFK LV FRQWLQXRXV DV UHTXLUHG� DQG KHQFH WKH
UHWUDFWLRQ RSHUDWRU FDQ EH GH¿QHG DV �
ZKLFK LV OLQHDU DV UHTXLUHG�
7KH OLIWHG XQFHUWDLQW\ VHW ZLOO EH GHQRWHG ȩ DQG FDQ

EH FRPSXWHG E\ DSSO\LQJ WKH OLIWLQJ WR HYHU\ HOHPHQW RI � 7KH
OLIWHG XQFHUWDLQW\ VHW ZLOO LQ JHQHUDO EH QRQFRQYH[ DQG FDQ EH
H[SUHVVHG DV

ȩ ���

)LJ� � VKRZV WKH OLIWHG XQFHUWDLQW\ VHW IRU WKH ��' H[DPSOH
DERYH� ZKHUH WKH RULJLQDO XQFHUWDLQW\ VHW LV D ERXQGHG OLQH� ,W LV
FOHDU WKDW WKH OLIWHG VHW LV QRQFRQYH[� DQG LQ WKH VHTXHO LW ZLOO
EH UHTXLUHG WR KDYH D GHVFULSWLRQ RI WKH FRQYH[ KXOO RI ȩ� )RU
WKLV ORZ�GLPHQVLRQDO H[DPSOH� ȩ LV GUDZQ E\ LQVSHFWLRQ�
EXW IRU JHQHUDO OLIWLQJV LQ D KLJKHU GLPHQVLRQ LW LV XVXDOO\ QRW
WUDFWDEOH RU HYHQ SRVVLEOH WR REWDLQ D GHVFULSWLRQ RI WKH FRQYH[
KXOO�
:LWK VRPH DEXVH RI QRWDWLRQ� WKH PDWUL[ WKDW GHVFULEHV WKH

OLQHDU UHWUDFWLRQ RSHUDWRU ZLOO DOVR EH GHQRWHG �

,9� ),1,7(�+25,=21 352%/(0 67$7(0(17

+HUH� ZH VWDWH WKH SUREOHP RI PLQLPL]LQJ WKH H[SHFWHG
IXWXUH FRVWV RYHU FRQWURO SROLFLHV� WKH SULPDO SUREOHP� XQGHU
ZKLFK SDUWLFLSDQWV
 SODQQHG DFWLRQV DW D JLYHQ WLPH PD\ EH DQ\
FDXVDO IXQFWLRQ RI WKH XQFHUWDLQW\ LQIRUPDWLRQ DYDLODEOH XS WR
WKDW WLPH� 7KHQ� D GXDO IRUPXODWLRQ LV SUHVHQWHG� ZKLFK ZLOO EH
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XVHG LQ VXEVHTXHQW VHFWLRQV WR REWDLQ D ORZHU ERXQG RQ WKH EHVW
DFKLHYDEOH FRVW LQ WKH IDFH RI XQFHUWDLQW\�

A. General Problem Statement

7KH REMHFWLYH LV WR PLQLPL]H WKH H[SHFWHG VKRUW�WHUP UXQQLQJ
FRVWV RYHU D KRUL]RQ RI OHQJWK � ZKLOH IXO�
¿OOLQJ WKH ORFDO FRQVWUDLQWV ��� DQG QHWZRUN FRQVWUDLQWV ��� DQG
��� IRU DOO SRVVLEOH UHDOL]DWLRQV RI � 7KLV LV DFKLHYHG E\ DSSOL�
FDWLRQ RI D VHTXHQFH RI FRQWURO LQSXWV ZKLFK FDQ YDU\ DV DQ\
JHQHUDO IXQFWLRQ RI WKH XQFHUWDLQW\ SDUDPHWHU � FDOOHG D policy�
7R EH SUDFWLFDOO\ LPSOHPHQWHG� WKH GHSHQGHQFH LV UHVWULFWHG WR
EH FDXVDO� DQG WKH PRVW JHQHUDO FDXVDO SROLF\ LV GHQRWHG
IRU SDUWLFLSDQW � ,W LV DVVXPHG WKDW LV GLVFRYHUHG MXVW LQ
WLPH WR DSSO\ WKH LQSXWV � KHQFH D FDXVDO SROLF\ LV RQH ZKHUH

LV RQO\ D IXQFWLRQ RI �
6XEVWLWXWLQJ WKH LQSXW DQG WKH VWDWH HTXDWLRQ LQWR

���� ���� ���� DQG ��� WR HOLPLQDWH WKH VWDWH� WKH IROORZLQJ primal
RSWLPL]DWLRQ SUREOHP LV REWDLQHG�

ZKHUH SUREOHP ODEHOV� � � LQ WKLV FDVH� ZLOO EH XVHG WKURXJKRXW
WKH SDSHU WR UHIHU WR ERWK WKH VSHFL¿F RSWLPL]DWLRQ IRUPXODWLRQ
DQG WKH RSWLPDO REMHFWLYH YDOXH ZHUH WKDW SUREOHP WR EH VROYHG�

B. General Lifted Problem Statement

2SWLPL]DWLRQ SUREOHP � � LV LQWUDFWDEOH GXH WR WKH LQ¿QLWH
VSDFH RI IHDVLEOH FDXVDO SROLFLHV DQG WKH LQ¿QLWH FRQVWUDLQWV HQ�
FRGHG E\ � %HIRUH SHUIRUPLQJ D SROLF\ UHVWULFWLRQ VLP�
LODU WR WKDW LQ >��@� D SUREOHP DQDORJRXV WR � � LV IRUPXODWHG LQ
WHUPV RI WKH OLIWHG XQFHUWDLQW\� /HW WKH SROLF\ QRZ EH D JHQHUDO
IXQFWLRQ RI WKH OLIWHG XQFHUWDLQW\ SDUDPHWHU� GHQRWHG �
7KH IRUPDO GH¿QLWLRQ RI FDXVDOLW\ IRU WKH OLIWHG SROLF\

GHSHQGV RQ WKH GH¿QLWLRQ RI WKH OLIWLQJ RSHUDWRU� ,Q WKH LQWHUHVWV
RI FRQFLVHQHVV ZH VLPSO\ QRWH KHUH WKDW LQ JHQHUDO� DQ HOHPHQW
RI WKH OLIWHG XQFHUWDLQW\ FDQ RQO\ LQÀXHQFH WKH FRQWURO GHFLVLRQ
RQFH DOO WKH RULJLQDO XQFHUWDLQW\ HOHPHQWV UHTXLUHG WR FRPSXWH
LW EHFRPH DYDLODEOH�
7KH FRQVWUDLQWV DUH QRZ UHTXLUHG WR KROG UREXVWO\ IRU DOO
ȩ � DQG DQ\ WHUPV LQ WKH FRQVWUDLQW HTXDWLRQV

DUH HTXLYDOHQWO\ UHSODFHG E\ � 7KLV OHDGV WR WKH IROORZLQJ
SUREOHP�

ȩ

ȩ

ȩ

'XH WR WKH OLIWHG RSWLPL]DWLRQ SUREOHP � � EHLQJ RYHU DOO JHQ�
HUDO FDXVDO SROLFLHV DV D IXQFWLRQ RI WKH OLIWHG XQFHUWDLQW\� D VHW RI
FDXVDO SROLFLHV WKDW VDWLVI\ WKH FRQVWUDLQWV RI SUREOHP � � FDQ
EH PDSSHG WR D VHW RI FDXVDO OLIWHG SROLFLHV WKDW VDWLVI\ WKH
FRQVWUDLQWV RI � �� 7KH UHYHUVH LV DOVR WUXH WKDW D IHDVLEOH SROLF\
RI � � FDQ EH PDSSHG WR D IHDVLEOH SROLF\ RI � �� KHQFH WKH SURE�
OHPV KDYH WKH VDPH RSWLPDO YDOXH >�� 3URS� ���@� $GGLWLRQDO LQ�
WUDFWDELOLW\ LV LQWURGXFHG ZKHQ ȩ LV QRQFRQYH[� EXW� IRUWXQDWHO\�
UHSODFLQJ WKH OLIWHG VHW E\ LWV FRQYH[ KXOO ȩ FKDQJHV QHL�
WKHU WKH REMHFWLYH YDOXH QRU WKH RSWLPDO SROLF\ >�@�
,Q WKH VHTXHO� WKH SULPDO SUREOHP LV VROYHG LQ SRO\QRPLDO WLPH

E\ UHVWULFWLQJ WKH VSDFH RI SROLFLHV WR ¿QLWH GLPHQVLRQDO GHFL�
VLRQ UXOHV� $OWKRXJK WKLV \LHOGV D WUDFWDEOH SUREOHP� WKH UHVXOW
LV FRQVHUYDWLYH VLQFH WKH IHDVLEOH VHW LV UHVWULFWHG� 7KLV LV OHVV
UHVWULFWLYH RQ WKH IHDVLEOH VHW RI � � FRPSDUHG WR � �� KHQFH�
WKH PRWLYDWLRQ IRU IRUPXODWLQJ WKH OLIWHG SUREOHP LV LQFUHDVHG
ÀH[LELOLW\ LQ WKH GHFLVLRQ UXOHV�

C. General Dual Formulation

7R XSSHU ERXQG WKH FRQVHUYDWLVP WKDW UHVXOWV IURP DSSO\LQJ
GHFLVLRQ UXOHV WR WKH SULPDO SUREOHP� D ORZHU ERXQG IRU � � LV
UHTXLUHG� )RUPXODWLQJ WKH IROORZLQJ GXDO SUREOHP LV PRWLYDWHG
LQ 6HFWLRQ 9, EHFDXVH SURJUHVVLYHO\ EHWWHU ORZHU ERXQGV WR � �
FDQ EH REWDLQHG E\ DSSO\LQJ LQFUHDVLQJO\ ¿QHO\ SDUWLWLRQHG GH�
FLVLRQ UXOHV WR WKH GXDO SUREOHP�
)LUVW� WKH LQHTXDOLW\ FRQVWUDLQWV �WKH WUDQVPLVVLRQ�OLQH FRQ�

VWUDLQWV DQG WKRVH GH¿QLQJ HDFK VHW � DUH FRQYHUWHG WR HTXDOLW\
FRQVWUDLQWV E\ LQWURGXFLQJ D QRQ�QHJDWLYH VODFN IXQFWLRQ �
$Q LQQHU SURGXFW ZLWK DXJPHQWHG VHW RI
HTXDOLW\ FRQVWUDLQWV DQG D JHQHUDO GXDO FRQWURO SROLF\ LV
WKHQ DSSHQGHG WR WKH FRVW IXQFWLRQ� OHDGLQJ WR WKH IROORZLQJ
IRUPXODWLRQ�



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

%(8&+$7 et al.� 3(5)250$1&( %281'6 )25 /22.�$+($' 32:(5 6<67(0 ',63$7&+ 86,1* *(1(5$/,=(' 08/7,67$*( 32/,&,(6 �

ZKHUH WKH YHFWRU LV WKH VWDFNHG YHFWRU RI DOO
QHWZRUN DQG ORFDO FRQVWUDLQWV H[SUHVVHG DV HTXDOLW\ FRQVWUDLQWV
DQG LV JLYHQ E\

���

����

7KH VWDFNHG VWDWH YHFWRU KDV EHHQ UHLQWURGXFHG WR VLPSOLI\
WKH QRWDWLRQ� 7KH QRWDWLRQ DQG
PHDQV WKDW WKH GXDO FRQWURO SROLF\ DQG VODFN IXQFWLRQ FDQ EH
DQ\ JHQHUDO IXQFWLRQ RI � ZKHUH WKH VXEVFULSW LQGLFDWHV WKH
GLPHQVLRQ�
,Q WKLV IRUPXODWLRQ� WKH GXDO FRQWURO SROLF\ FDQ EH

YLHZHG DV D SHQDOW\ IXQFWLRQ ZKHUH WKH VXSUHPXP RYHU ZLOO
DSSO\ D KLJK FRVW IRU YLRODWLRQ RI WKH FRQVWUDLQWV HQFRGHG LQ �
&RQVLGHU D VHW RI FDXVDO SROLFLHV IRU ZKLFK DW OHDVW RQH FRQ�
VWUDLQW LV YLRODWHG� 7KLV PHDQV WKDW ZLOO KDYH D FRUUHVSRQGLQJ
QRQ]HUR HOHPHQW� $Q\ YLRODWLRQ RI WKH FRQVWUDLQWV HQFRGHG LQ
ZLOO OHDG WR DQ XQERXQGHG LQQHU PD[LPL]DWLRQ RYHU � 7KXV�

SUREOHPV � � DQG � � HIIHFWLYHO\ KDYH WKH VDPH IHDVLEOH UHJLRQ
IRU WKH RXWHU PLQLPL]DWLRQ RYHU DQG DUH WKHUHIRUH HTXLYDOHQW
>��@�
6LPLODU WR WKH IRUPXODWLRQ RI OLIWHG SULPDO SUREOHP � �� D

OLIWHG GXDO SUREOHP WKDW LV HTXLYDOHQW WR � � FDQ EH IRU�
PXODWHG E\ FRQVLGHULQJ � � DQG WR EH D IXQFWLRQ
RI WKH lifted XQFHUWDLQW\ DQG UHSODFLQJ DQ\ RFFXUUHQFH RI E\

�

9� 75$&7$%/( 3,(&(:,6( $)),1( '(&,6,21 58/(6

:H QRZ UHVWULFW WKH VHW RI IHDVLEOH SROLFLHV LQ SUREOHP � �
WR WKH VHW RI OLIWHG SROLFLHV WKDW DUH OLQHDU LQ WKH OLIWHG XQFHUWDLQW\

���
����

ZKHUH � 5HPHPEHULQJ WKDW E\ GH¿QLWLRQ
RI WKH OLIWLQJ RSHUDWRU� WKLV PHDQV WKH SROLF\ LV LPSOLFLWO\ DI¿QH
LQ WKH XQFHUWDLQW\ ZLWK WKH ¿UVW FROXPQ� � GHVFULELQJ
WKH QRPLQDO VFKHGXOH DQG WKH FDXVDO OLQHDU DGMXVWPHQW ZLWK
UHVSHFW WR WKH SUHGLFWLRQ HUURUV PHDVXUHG DIWHU WKH OLIWLQJ LV DS�
SOLHG� 7KH DI¿QH SROLFLHV DQDO\]HG LQ >��@ DUH D VSHFLDO FDVH RI
WKLV� VHHQ E\ FRQVLGHULQJ D OLIWLQJ WKDW OHDYHV WKH XQFHUWDLQW\ VHW
XQFKDQJHG �L�H�� �� LQ WKLV
FDVH DQG DUH H[DFWO\ HTXLYDOHQW WR DQG DV GH¿QHG
LQ >��@�

6XEVWLWXWLQJ LQWR WKH FRVW IXQFWLRQ OHDGV
WR WKH IROORZLQJ H[SUHVVLRQ IRU WKH FRVW LQ WHUPV RI WKH LQLWLDO
FRQGLWLRQ DQG WKH FRQWURO SROLF\� IRU SDUWLFLSDQW �

����

7KLV VKRZV WKDW HYDOXDWLQJ WKH FRVW IXQFWLRQ IRU WKH OLIWHG
SUREOHP UHTXLUHV NQRZOHGJH RI WKH ¿UVW DQG VHFRQG PRPHQWV
RI WKH lifted XQFHUWDLQW\� )RU QRQWULYLDO OLIWLQJV� WKLV LQIRUPDWLRQ
FDQQRW EH H[WUDFWHG IURP DQG � WKXV LW UHSUHVHQWV DQ
DGGLWLRQDO LQSXW LQIRUPDWLRQ UHTXLUHPHQW ZKLFK PD\ UHTXLUH DG�
GLWLRQDO XQFHUWDLQW\ PRGHOOLQJ HIIRUW WR REWDLQ PHDQLQJIXO HVWL�
PDWHV RI DQG �
$SSO\LQJ OLQHDU SROLFLHV WR OLIWHG SUREOHP � � UHVXOWV LQ WKH

IROORZLQJ ¿QLWH�GLPHQVLRQDO RSWLPL]DWLRQ SUREOHP�

ȩ

ȩ

ȩ

ZKHUH RSWLPL]LQJ RYHU OLQHDU SROLFLHV LV D UHVWULFWLRQ WR WKH IHD�
VLEOH VSDFH RI DOO JHQHUDO SROLFLHV� DQG WKH RSWLPDO REMHFWLYH
YDOXH ZLOO EH FRQVHUYDWLYH� � � � ��
,I WKHUH H[LVWV D WUDFWDEOH KDOI�VSDFH UHSUHVHQWDWLRQ IRU

ȩ � WKHQ� OHWWLQJ GHQRWH WKH QXPEHU RI KDOI�VSDFHV�
SUREOHP � � FDQ EH UHDGLO\ IRUPXODWHG DV D WUDFWDEOH SURJUDP
E\ LQWURGXFLQJ D PDWUL[ RI VODFN YDULDEOHV RI VL]H

DQG IROORZLQJ WKH VWURQJ GXDOLW\ DUJXPHQW SUHVHQWHG
LQ >��@�
,I QR VXFK UHSUHVHQWDWLRQ H[LVWV RU LW FDQQRW EH WUDFWDEO\ FRP�

SXWHG� WKHQ SUREOHP � � FDQ EH XSSHU ERXQGHG E\ IROORZLQJ
WKH DSSURDFK RI >�@� ZKHUH WKH DXWKRUV LQWURGXFH D ODUJHU XQFHU�
WDLQW\ VHW ȩ ȩ FDOOHG WKH outer approximation RI ȩ DQG
HQIRUFH UREXVWQHVV WR WKLV ODUJHU VHW� 7KLV ȩ VHW LV WKHQ FKRVHQ
VXFK WKDW LW KDV D WUDFWDEOH KDOI�VSDFH UHSUHVHQWDWLRQ DQG WKXV
OHDGV WR D WUDFWDEOH RSWLPL]DWLRQ SUREOHP�

A. Piecewise Linear Policies
)RU WKH UHPDLQGHU RI WKLV VHFWLRQ� WKH OLIWLQJ RSHUDWRU LV VSHF�

L¿HG DQG DQ RXWHU DSSUR[LPDWLRQ ȩ LV JLYHQ WKDW LV WUDFWDEOH IRU
DQ\ RULJLQDO XQFHUWDLQW\ VHW � 7KH OLIWLQJ RSHUDWRU VSOLWV HDFK
GLPHQVLRQ LQWR SLHFHV DQG DVVRFLDWHV HDFK SLHFH ZLWK D QHZ GL�
PHQVLRQ RI WKH OLIWHG XQFHUWDLQW\ VHW� /HW GHQRWH WKH QXPEHU
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RI SLHFHV LQWR ZKLFK GLPHQVLRQ RI LV VSOLW�
DQG OHW WKH VFDODU ORFDWLRQV RI WKH VSOLW SRLQWV EH GH�
QRWHG DQG RUGHUHG DV IROORZV�

����

ZKHUH FKRRVLQJ DQ PHDQV WKDW GLPHQVLRQ RI WKH RULJ�
LQDO XQFHUWDLQW\ LV XQDIIHFWHG E\ WKH OLIWLQJ� 7KLV VSHFL¿FDWLRQ
PHDQV WKH OLIWLQJV IRU HDFK GLPHQVLRQ DUH LQGHSHQGHQW DQG WKH
OLIWLQJ RSHUDWRU FDQ EH ZULWWHQ VHSDUDWHO\ IRU HDFK GLPHQVLRQ DV

��� ����

ZLWK WKH IXOO OLIWLQJ RSHUDWRU GH¿QHG DV

����

QRWLQJ WKDW LI � 7KH UHWUDFWLRQ RSHU�
DWRU IRU WKLV SLHFHZLVH OLIWLQJ LV FRQVWUXFWHG EDVHG RQ

� 7KH FDXVDOLW\ FRQVWUDLQW RQ WKH PDWUL[ DV
GH¿QHG E\ WKLV OLIWLQJ RSHUDWRU LV

� � �
���

���
� � � � � �

����

ZKHUH LV WKH UHVSRQVH RI LQSXW
WR WKH HUURU DIWHU WKH OLIWLQJ LV DSSOLHG�
7KLV OLIWLQJ LV FKRVHQ EDVHG RQ >�@� ZKHUH WKH DXWKRUV JLYH WKH

IROORZLQJ WUDFWDEOH DQDO\WLFDO H[SUHVVLRQ IRU ZKHQ LV D
K\SHU�UHFWDQJOH�

����

IRU ZKLFK ȩ �
ZKHUH WKH SRO\WRSH IRU LV GH¿QHG E\

� � �
���

� � �

� � �

���
� � �

����

ZKLFK FRQWDLQV K\SHUSODQHV� ,Q WKH FDVH WKDW LV QRW
D K\SHU�UHFWDQJOH� WKHQ XQGHU WKH SLHFHZLVH OLIWLQJ GH¿QHG� DQ
RXWHU DSSUR[LPDWLRQ ȩ FDQ EH FRQVWUXFWHG E\ ¿UVW GH¿QLQJ DV

WKH VPDOOHVW K\SHU�UHFWDQJOH WKDW FRQWDLQV DQG WKHQ WDNLQJ WKH
IROORZLQJ LQWHUVHFWLRQ RI VHWV�

ȩ ����

ZKHUH WKH VHFRQG WHUP LQ WKH GH¿QLWLRQ HQVXUHV WKDW DOO HOHPHQWV
ȩ PDS EDFN XQGHU WKH UHWUDFWLRQ WR EH DQ HOHPHQW RI WKH

RULJLQDO XQFHUWDLQW\ VHW� �
3UREOHP � � FDQ QRZ EH VROYHG IRU DQ\ FKRLFH RI

VSOLW SRLQWV SHU WKH GH¿QLWLRQV DERYH� ZLWK WKH UHWUDF�
WLRQ RSHUDWRU IRU WKH SLHFHZLVH OLIWLQJ GH¿QHG DV

� /HWWLQJ
FRUUHVSRQG WR WKH SUREOHP RI ¿QGLQJ DQ RSWLPDO SROLF\

WKDW LV DI¿QH LQ �DV SHU >��@� ZH FDQ VWDWH WKH IROORZLQJ OHPPD�
Lemma 5.1: $ IHDVLEOH SROLF\ RI � � UHVWULFWHG WR EH DI¿QH

LQ LV IHDVLEOH IRU �
Proof: 7KLV SURRI KDV EHHQ DGDSWHG IURP WKH SURRI RI

>�@3URSRVLWLRQ ��� WR EH LQ QRWDWLRQ FRQVLVWHQW ZLWK WKLV SDSHU�
7KH FRQVWUDLQWV RI � � DUH DOO DI¿QH LQ DQG FDQ EH ZULWWHQ
FRQFLVHO\ DV ȩ� /HWWLQJ WKH
OLIWHG SROLFLHV EH DI¿QH LQ WKH FRQVWUDLQW EHFRPHV�

ȩ� )URP WKH GH¿QLWLRQ RI
ȩ� ZH KDYH WKDW ȩ� WKHUHIRUH WKH FRQVWUDLQW LV
HTXLYDOHQW WR� � 7KLV LV
H[DFWO\ WKH FRQVWUDLQW IRUP IRU SUREOHP � KHQFH DQG
LV D IHDVLEOH SROLF\ RI �
7KH LPSOLFDWLRQ RI WKLV OHPPD LV WKDW WKH VHW RI SROLFLHV FRQ�

VLGHUHG ZKHQ VROYLQJ IRU WKH RSWLPDO SLHFHZLVH DI¿QH SROLF\�
LQFOXGHV WKH VHW RI DOO SROLFLHV WKDW DUH DI¿QH LQ WKH RULJLQDO XQ�
FHUWDLQW\ GLPHQVLRQ � :KHQ WKH PRPHQWV XVHG LQ WKH FRVW IXQF�
WLRQ DUH FRPSXWHG IURP D VHW RI XQFHUWDLQW\ VDPSOHV� HDFK
GHQRWHG � WKHQ LW LV DOVR LPSRUWDQW WR FKHFN WKDW WKH RSWLPDO
FRVW IURP DSSO\LQJ SLHFHZLVH DI¿QH SROLFLHV FDQQRW EH ZRUVH
WKDQ DSSO\LQJ DI¿QH SROLFLHV� *LYHQ WKDW WKH ¿UVW DQG VHFRQG
PRPHQWV DUH FRPSXWHG IURP WKH VDPSOHV DV

DQG �
WKHQ ZH FDQ VWDWH WKH IROORZLQJ OHPPD�
Lemma 5.2: 7KH REMHFWLYH YDOXHV RI � � HTXDOV WKDW RI

ZKHQ WKH PRPHQWV RI WKH XQFHUWDLQW\ VHW DUH FRPSXWHG IURP WKH
VDPH GDWD DQG WKH OLIWHG SROLFLHV DUH UHVWULFWHG WR EH DI¿QH LQ

�
Proof: 7KH REMHFWLYH IXQFWLRQ RI � � FRQWDLQV TXDGUDWLF

WHUPV RI WKH IRUP � ZKHUH LV D V\PPHWULF SRVL�
WLYH VHPL�GH¿QLWH PDWUL[� /HWWLQJ WKH OLIWHG SROLFLHV EH DI¿QH LQ
WKH TXDGUDWLF WHUP EHFRPHV �
*LYHQ WKDW � DQG GHQRWLQJ � WKLV EHFRPHV�

� :ULWLQJ RXW WKH H[SHF�
WDWLRQ DV LW LV FRPSXWHG IURP GDWD OHDGV WR

����

ZKLFK HTXDOV WKH TXDGUDWLF WHUP LQ WKH FRVW IXQFWLRQ RI �
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7KHVH OHPPDV VKRZ WKDW� ZKHQ WKH PRPHQWV RI WKH OLIWHG DQG
RULJLQDO XQFHUWDLQW\ VHW DUH FRPSXWHG IURP WKH VDPH GDWD VDP�
SOHV� WKHQ LW LV VXI¿FLHQW WR FRPSXWH RQO\ WKH RSWLPDO SLHFHZLVH
DI¿QH GLVSDWFK SROLF\ IRU D FKRVHQ OLIWLQJ� ,Q RWKHU ZRUGV� LW LV
QRW QHFHVVDU\ WR FRPSXWH WKH RSWLPDO DI¿QH SROLF\ IRU PDNLQJ
D FRPSDULVRQ�

9,� 75$&7$%/( /2:(5 %281' &20387$7,21

,Q D VLPLODU IDVKLRQ WR 6HFWLRQ 9� WKH VXSUHPXP RYHU DOO JHQ�
HUDO GXDO SROLFLHV LV PDGH WUDFWDEOH E\ UHVWULFWLQJ WR
GXDO SROLFLHV WKDW DUH OLQHDU LQ WKH OLIWHG XQFHUWDLQW\

����

7KH UHVWULFWLRQ RI WKH GXDO FRQWURO SROLFLHV HIIHFWLYHO\ LQ�
FUHDVHV WKH IHDVLEOH VHW RI LQ WKH LQ¿PXP DQG KHQFH LV D
UHOD[DWLRQ RI SUREOHP � L�H��

����

$V WKH REMHFWLYH IXQFWLRQ LV OLQHDU LQ WKH VXSUHPXP FDQ EH
FRPSXWHG DQG OHDGV WR WKH IROORZLQJ SUREOHP�

ȩ

$VVXPLQJ ȩ KDV D WUDFWDEOH KDOI�VSDFH UHSUHVHQWDWLRQ
GHQRWHG E\

ȩ ����

ZKHUH � DQG IROORZLQJ WKH DUJXPHQWDWLRQ SUH�
VHQWHG LQ >��@� SUREOHP � � FDQ EH VKRZQ WR EH HTXLYDOHQW WR
WKH IROORZLQJ WUDFWDEOH SUREOHP�

����

7KH RSWLPDO YDOXH RI ���� HTXDOV WKH RSWLPDO YDOXH RI � �
DQG E\ ���� LV ORZHU ERXQG RQ WKH RSWLPDO VROXWLRQ RI �'�� ZKLFK
LV LQ WXUQ HTXDO WR WKDW RI � �� 7KXV ���� FDQ EH XVHG WR DVVHVV
KRZ FORVH D VROXWLRQ RI � � LV WR REWDLQLQJ WKH EHVW DFKLHYDEOH
FRVW RI DFFRPPRGDWLQJ XQFHUWDLQW\�

9,,� 180(5,&$/ (;$03/(6

7KLV VHFWLRQ SUHVHQWV WKH UHVXOWV RI DSSO\LQJ WKH ERXQGLQJ
DSSURDFK WR WZR FDVH VWXGLHV� )LUVW� D VLPSOL¿HG HLJKW�SDUWLFL�
SDQW V\VWHP LV XVHG WR H[HPSOLI\ WKH EHQH¿WV RI WKH DSSURDFK�
6HFRQG� WKH ,(((���� EXV QHWZRUN LV XVHG WR GHPRQVWUDWHG WKDW
WKH DSSURDFK KDV SRWHQWLDO RQ UHDO�VL]HG V\VWHPV�

A. Uncertainty Model Description
,Q RUGHU WR PRGHO XQFHUWDLQW\ IRU WKH LQHODVWLF SDUWLFLSDQWV� WKH

SRZHU LQMHFWLRQV IURP WKH WKH ZLQG IDUP DQG ORDG ZHUH GULYHQ
ZLWK D ¿UVW RUGHU VWRFKDVWLF SURFHVV� /HW GHQRWH WKH
VWDWH RI WKH XQFHUWDLQW\ PRGHO DW WLPH � 7KH XQFHUWDLQW\ PRGHO
LV GULYHQ E\ WKH IROORZLQJ XSGDWH HTXDWLRQ� ZLWK VDWXUDWLRQ OLPLWV
RQ �

����

ZKHUH LV VDPSOHG IURP D PXOWLYDULDWH QRUPDO GLV�
WULEXWLRQ ZLWK YDULDQFH � 7KH VWDFNHG YHFWRU

LV WKHQ WKH UDQGRP IXWXUH HYROXWLRQ IURP WKH
LQLWLDO VWDWH � 7KH VDWXUDWLRQ ERXQGV� DQG � UHSUHVHQW
WKH SK\VLFDO OLPLW RI WKH V\VWHP� 7KH XQFHUWDLQW\ PRGHO SDUDP�
HWHUV DUH DOVR VKRZQ LQ 7DEOH ,�
0RQWH &DUOR VDPSOLQJ RI ZDV XVHG WR JHQHUDWH
IXWXUH HYROXWLRQV RI WKH ¿UVW�RUGHU VWRFKDVWLF SURFHVV RYHU

WKH WLPH KRUL]RQ � ZKHUH HDFK HYROXWLRQ LV GHQRWHG
� 7KH VDPSOH PHDQ ZDV FRPSXWHG�

DOORZLQJ WKH QRPLQDO SUHGLFWLRQ IRU WKH LQHODVWLF SDUWLFLSDQWV
WR EH FRPSXWHG DV � 7KH SUHGLFWLRQ HUURU IRU HDFK
VDPSOH LV WKHQ FRPSXWHG DV IURP ZKLFK
WKH VHFRQG PRPHQW PDWUL[ FDQ EH UHDGLO\ FRPSXWHG DQG

E\ GH¿QLWLRQ� $V VDWXUDWLRQ LV RQO\ DSSOLHG WR WKH VWDWH
RI WKH XQFHUWDLQW\ PRGHO� � WKH ERXQGV GHVFULELQJ WKH RULJLQDO
XQFHUWDLQW\ SRO\WRSH DUH

����

7KH OLIWHG SUHGLFWLRQ HUURU LV FRPSXWHG IRU HDFK VDPSOH�
� IURP ZKLFK WKH ¿UVW DQG VHFRQG PRPHQWV

DQG DUH FRPSXWHG� $V LV D K\SHU�UHFWDQJOH�
ȩ LV FRQVWUXFWHG DV SHU WKH GHVFULSWLRQ LQ 6HFWLRQ 9�

7KHVH ZHUH FRPSXWHG IRU SLHFHZLVH OLIWLQJ IXQFWLRQV ZLWK
SLHFHV IRU HYHU\ GLPHQVLRQ RI �

7KH QXPEHU RI SLHFHV ZDV YDULHG LQ WKH SULPDO � � �UH�
VSHFWLYHO\ GXDO � �� IRUPV RI WKH SUREOHP� ,Q RUGHU WR REWDLQ
SURJUHVVLYHO\ ORZHU �UHVS� KLJKHU� XSSHU �UHVS� ORZHU� ERXQGV
RQ WKH RSWLPDO FRVW RI DFFRPPRGDWLQJ WKH XQFHUWDLQW\ WKH VSOLW
SRLQWV ZHUH VSUHDG HYHQO\ EHWZHHQ WKH ORZHU DQG XSSHU ERXQG
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)LJ� �� 9DULDWLRQ RI XSSHU �VROLG OLQH� DQG ORZHU �GDVKHG OLQH� ERXQGV RQ WKH
RSWLPDO H[SHFWHG UHVHUYH FRVW ZLWK WKH QXPEHU RI SLHFHV LQ WKH SULPDO RU GXDO
SROLF\� 7KH H[SHFWHG SUHVFLHQW FDVH �GDVKHG±GRWWHG OLQH� LV DOVR VKRZQ DV D KRUL�
]RQWDO OLQH� 7KH ODUJHVW JDS EHWZHHQ WKH GXDO DQG SUHVFLHQW FRVWV LV D ORZHU ERXQG
RQ WKH PLQLPXP SRVVLEOH FRVW RI DFFRPPRGDWLQJ XQFHUWDLQW\ LQ WKLV ORRN�DKHDG
GLVSDWFK�

RI HDFK GLPHQVLRQ� 7KH SUREOHPV ZHUH VROYHG� DQG WKH FRVW UH�
VXOWV DUH VKRZQ RQ )LJ� ��
7KH prescient FDVH ZDV FRPSXWHG E\ PHDVXULQJ WKH RSWLPDO

VROXWLRQ WR D GHWHUPLQLVWLF YHUVLRQ RI SUREOHP � � LQ ZKLFK WKH
RSWLPDO RSHQ�ORRS SODQV ZHUH IRXQG �QR UHVHUYHV� RU HTXLYD�
OHQWO\ QR PDWULFHV � DUH QHHGHG LQ WKH GHWHUPLQLVWLF FDVH�� 7KH

RSWLPDO FRVW ZDV DYHUDJHG RYHU ���� 0RQWH &DUOR UHDOL]DWLRQV
RI WKH VWRFKDVWLF SURFHVV LQ RUGHU WR REWDLQ DQ expected prescient
cost� 7KLV YDOXH LV SORWWHG DORQJVLGH WKH ERXQGV RQ UREXVW FRVWV
RQ )LJ� ��

B. Small Eight-Participant Example

7KH SURSHUWLHV RI WKH HLJKW�SDUWLFLSDQW V\VWHP DUH OLVWHG LQ
7DEOH ,� )RU WKLV H[DPSOH� LW ZDV DVVXPHG WKDW WKH WUDQVPLV�
VLRQ�OLQH FDSDFLWLHV DUH VXI¿FLHQWO\ KLJK WKDW WKH FRUUHVSRQGLQJ
FRQVWUDLQWV FDQ EH QHJOHFWHG�
)LJ� � VKRZV WKDW WKH H[SHFWHG RSHUDWLQJ FRVWV LQ WKH IDFH RI

XQFHUWDLQW\� �3/D�� UHGXFHV DV WKH QXPEHU RI SLHFHV LQ WKH SLHFH�
ZLVH DI¿QH SROLF\ LV LQFUHDVHG� )RU WKH H[DPSOH FRQVLGHUHG� WKH
WZR�� IRXU�� DQG HLJKW�SLHFH SROLFLHV UHSUHVHQW� UHVSHFWLYHO\� D
������ ������ DQG ����� UHGXFWLRQ LQ FRVW RYHU WKH RQH�SLHFH�
DI¿QH LQ � SROLFLHV IURP >��@�
,Q WKLV QXPHULFDO H[DPSOH� WKH GXDO SUREOHP JLYHV D EHWWHU

ORZHU ERXQG WKDQ WKH 3UHVFLHQW FDVH� 7KH GXDO ORZHU ERXQGV
� � VKRZ WKH H[SHFWHG WUHQG RI LQFUHDVLQJ YDOXHV DV WKH
QXPEHU RI SLHFHV LV LQFUHDVHG� 7KHUH LV RQO\ D ����� LQFUHDVH
IURP WKH RQH�SLHFH WR WKH HLJKW�SLHFH GXDO ORZHU ERXQG�
7KH EHVW DFKLHYDEOH RSHUDWLQJ FRVW LQ WKH IDFH RI XQFHUWDLQW\

PXVW OLH EHWZHHQ WKH 3ULPDO DQG 'XDO FRVWV� +HQFH WKH EHVW
SRVVLEOH GXDO ORZHU ERXQG �WKDW DFKLHYHG ZLWK HLJKW SLHFHV LQ
SUREOHP � � LQ WKH QXPHULFDO H[DPSOH� FDQ EH XVHG WR JLYH
DQ XSSHU ERXQG RQ WKH VXE�RSWLPDOLW\ RI DQ\ SULPDO SLHFHZLVH
DI¿QH SROLF\� )RU WKH QXPHULFDO H[DPSOH� WKH RQH�SLHFH� DI¿QH
LQ � SROLF\ LV ZLWKLQ ���� RI WKH EHVW DFKLHYDEOH FRVW� ZKLOH WKH
HLJKW�SLHFH SROLF\ LV ZLWKLQ ����� 7KH PDMRULW\ RI WKLV UHGXF�
WLRQ LQ VXERSWLPDOLW\ RYHU WKH RQH�SLHFH SROLF\ LV DFKLHYHG E\
WKH WZR�SLHFH SROLF\�
7KHUH PD\ EH VRPH FDVHV LQ ZKLFK WKH GXDO FRQWURO SROLF\ UH�

VWULFWLRQ WR WKH FODVV RI SLHFHZLVH DI¿QH SROLFLHV OHDGV WR ORZHU
ERXQGV WKDW DUH OHVV WKDQ WKH SUHVFLHQW FDVH� (YDOXDWLQJ WKH SUH�
VFLHQW FDVH KDV D VPDOO FRPSXWDWLRQDO ORDG UHODWLYH WR � � DQG
� �� DQG LW LV DOVR JXDUDQWHHG WR JLYH D ORZHU ERXQG RQ WKH
EHVW DFKLHYDEOH RSHUDWLQJ FRVW LQ WKH IDFH RI XQFHUWDLQW\� 7KHUH�
IRUH� LW LV ZRUWKZKLOH WR DOZD\V FRPSXWH ERWK DQG XVH WKH KLJKHU
ORZHU ERXQG IRU DVVHVVLQJ WKH VXERSWLPDOLW\ RI D SULPDO SLHFH�
ZLVH DI¿QH UHVHUYH SROLF\�

C. IEEE 118-Bus Network Case Study

7KH GHWDLOV RI WKH ,((( ����%XV 1HWZRUN ZHUH H[WUDFWHG
IURP WKH ³0DWSRZHU´ WRROER[ >��@� 7KH ����EXV V\VWHP ZDV
WKHQ DXJPHQWHG ZLWK �� ZLQG IDUPV WKDW ZHUH JHRJUDSKLFDOO\
FOXVWHUHG LQ WKUHH JURXSV RI VL[� 7KH ZLQG IDUPV ZHUH VSHFL¿HG
DV LQHODVWLF SDUWLFLSDQWV GULYHQ E\ D VL[�GLPHQVLRQDO XQFHUWDLQW\
PRGHO� 7KH EXV WR ZKLFK HDFK ZLQG IDUP LV FRQQHFWHG DQG WKH
SURSHUWLHV RI WKH XQFHUWDLQW\ PRGHO DUH JLYHQ LQ 7DEOH ,,� 7KH
ZLQG IDUPV ZHUH VL]HG VR WKDW WKHLU PD[LPXP FXPXODWLYH LQMHF�
WLRQ ZDV DSSUR[LPDWHO\ RQH WKLUG RI WKH WRWDO ORDG�
7DEOH ,, DOVR GHWDLOV WKH UDPS FRQVWUDLQW LPSRVHG RQ HDFK JHQ�

HUDWRU DQG WKH WUDQVPLVVLRQ OLQH FDSDFLWLHV VHOHFWHG� QHLWKHU RI
ZKLFK LV VSHFL¿HG IRU WKH VWDQGDUG ����EXV QHWZRUN� 7KUHH VHWV
RI WUDQVPLVVLRQ OLQHV ZHUH FKRVHQ WKDW FRQQHFW PDMRU VHFWLRQV RI
WKH QHWZRUN JUDSK� ,Q RUGHU WR VSHFLI\ PHDQLQJIXO WUDQVPLVVLRQ
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OLQH FDSDFLWLHV� WKH SUREOHP ZDV VROYHG ZLWKRXW QHWZRUN FRQ�
VWUDLQWV� WKH UDQJH RI OLQH ÀRZV ZDV REVHUYHG� DQG WKH FDSDFLWLHV
ZHUH VHOHFWHG IURP ZLWKLQ WKLV UDQJH�
7KH GLVSDWFK SUREOHP ZDV IRUPXODWHG IRU D ORRN�DKHDG WLPH

KRUL]RQ RI WLPH VWHSV� )LJ� � VKRZV WKH H[SHFWHG RSHU�
DWLQJ FRVW LQ WKH IDFH RI XQFHUWDLQW\ IRU WKLV ��� EXV QHWZRUN
FDVH VWXG\� 7KH SULPDO FRVWV� � �� VKRZ D VLPLODU WUHQG DV WKH
VPDOOHU H[DPSOH DERYH� ZLWK WKH WZR� DQG IRXU�SLHFH SROLFLHV
UHSUHVHQWLQJ� UHVSHFWLYHO\� D ����� DQG ����� UHGXFWLRQ LQ FRVW
RYHU WKH RQH�SLHFH SROLF\�
,Q WKLV FDVH WKH ORZHU ERXQG SURYLGHG E\ WKH GXDO SUREOHP

�'/D�LPSURYHG QHJOLJLEO\ E\ LQFUHDVLQJ WKH QXPEHU RI SLHFHV
LQ WKH OLIWLQJ� 7KH H[SHFWHG SUHVFLHQW FDVH ZDV FRPSXWHG IURP
�� ��� 0RQWH &DUOR VDPSOHV DQG ZDV D WLJKWHU ORZHU ERXQG IRU
WKLV FDVH VWXG\� DOWKRXJK LW ZDV RQO\ ���� EHWWHU WKDQ WKH GXDO
ORZHU ERXQG� 7KLV VXSSRUWV WKH VWDWHPHQW PDGH DERYH IRU WKH
VPDOO QXPHULFDO H[DPSOH WKDW WKH SUHVFLHQW FDVH FDQ SURYLGH D
WLJKWHU ORZHU ERXQG LQ FHUWDLQ FDVHV�
7KH GHWDLOV RI WKH RSWLPL]DWLRQ SUREOHP VROYHG WR JHW WKHVH UH�

VXOWV DUH VKRZQ LQ 7DEOH ,,,� $V LQGLFDWHG E\ WKH QXPEHU RI YDUL�
DEOHV� WKH VL]H RI ERWK WKH SULPDO DQG GXDO RSWLPL]DWLRQ SUREOHP
LV SURSRUWLRQDO WR WKH QXPEHU RI SLHFHV XVHG LQ WKH 3:$ SROLF\�
)RU WKH FRPSXWDWLRQ WLPHV VKRZQ LQ 7DEOH ,,,� WKH RSWLPL]D�

WLRQ SUREOHPV ZHUH VROYHG RQ D 'XDO 'HFD�&RUH ,QWHO ;HRQ

)LJ� �� 9DULDWLRQ RI XSSHU �VROLG OLQH� DQG ORZHU �GDVKHG OLQH� ERXQGV RQ WKH
RSWLPDO H[SHFWHG UHVHUYH FRVW ZLWK WKH QXPEHU RI SLHFHV LQ WKH SULPDO RU GXDO
SROLF\� 7KH H[SHFWHG SUHVFLHQW FDVH �GDVKHG±GRWWHG OLQH� LV DOVR VKRZQ DV D KRU�
L]RQWDO OLQH� ,Q WKLV ORRN�DKHDG GLVSDWFK� WKH SUHVFLHQW FDVH JLYHV WKH EHWWHU ORZHU
ERXQG�

7$%/( ,,,
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(�±���� Y� ��� *+] XVLQJ WKH *XUREL >��@ VSDUVH 43 VROYHU
SDFNDJH� 7KH FRPSXWDWLRQ WLPHV IRU ERWK WKH SULPDO DQG GXDO
SUREOHP LQFUHDVHG VLJQL¿FDQWO\ ZLWK WKH QXPEHU RI SLHFHV� $V
WKH FDVH VWXGLHV KDYH VKRZQ PLQLPDO LPSURYHPHQW LQ WKH GXDO
ORZHU ERXQG E\ LQFUHDVLQJ WKH QXPEHU RI SLHFHV� D UHDVRQDEOH
DSSURDFK ZRXOG EH WR FRPSXWH ERWK WKH GXDO ORZHU ERXQG XVLQJ
DI¿QH SROLFLHV� DQG WKH H[SHFWHG SUHVFLHQW FDVH� DQG WDNH WKH
KLJKHU DV WKH ORZHU ERXQG IRU DVVHVVLQJ WKH UHVXOWV RI WKH SULPDO
SUREOHP� )RU WKH SULPDO SUREOHP� WR OHYHUDJH WKH FRVW UHGXF�
WLRQV LQGLFDWHG E\ WKH UHVXOWV� D UHDVRQDEOH DSSURDFK LV WR XVH
WKH PD[LPXP QXPEHU RI SLHFHV IRU ZKLFK WKH SLHFHZLVH DI¿QH
SROLF\ FDQ EH FRPSXWHG RQ WKH UHVRXUFHV DYDLODEOH LQ WKH WLPH
IUDPH UHTXLUHG�
7KH EUHDNSRLQWV RI WKH SLHFHZLVH OLIWLQJV XVHG LQ WKH FDVH

VWXGLHV ZHUH FKRVHQ WR EH VSUHDG HYHQO\ EHWZHHQ WKH ORZHU DQG
XSSHU ERXQG RI HDFK GLPHQVLRQ� ,W LV SRVVLEOH WR IRUPXODWH D
RSWLPL]DWLRQ SUREOHP WR ¿QG WKH EHVW VSOLW SRLQW ORFDWLRQV IRU D
JLYHQ QXPEHU RI VSOLW SRLQWV SHU GLPHQVLRQ� KRZHYHU� WKH UH�
VXOWLQJ SUREOHP LV QRQFRQYH[ >�@ DQG KHQFH DGGV VLJQL¿FDQW
FRPSXWDWLRQDO EXUGHQ� 7KH UHVXOWV RI WKH SULPDO SUREOHP LQ ERWK
FDVH VWXGLHV VXJJHVW WKDW HYHQ WKH VLPSOHVW WZR�SLHFH OLIWLQJ
WKDW VSOLWV HDFK XQFHUWDLQW\ GLPHQVLRQ LQ KDOI DFKLHYHV D VLJQLI�
LFDQW UHGXFWLRQ LQ FRVW� $GGLWLRQDOO\� LQ ERWK FDVH VWXGLHV WKH
GXDO ORZHU ERXQG FRPSXWDWLRQ LQGLFDWH WKDW D WZR�SLHFHZLVH
DI¿QH SROLF\ LV VLJQL¿FDQWO\ FORVHU WR WKH EHVW DFKLHYDEOH FRVW
ZKHQ FRPSDUHG WR D SXUHO\ DI¿QH SROLF\� 7KHUHIRUH� IRU D JLYHQ
SUREOHP LQVWDQFH� LW LV UHDVRQDEOH WR XVH HYHQO\ VSDFHG VSOLWV IRU
GH¿QLQJ WKH SLHFHZLVH OLIWLQJ�
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7KLV SDSHU H[WHQGHG WKH LGHD RI PXOWL�VWDJH UHVHUYH SROLFLHV
WR SLHFHZLVH DI¿QH IXQFWLRQV RI WKH XQFHUWDLQW\� 7KH QXPEHU RI
SLHFHV SHU GLPHQVLRQ DQG WKH ORFDWLRQ RI WKH VSOLW SRLQWV LV D
GHVLJQ FKRLFH IRU WKH SUREOHP IRUPXODWLRQ� 7KH QXPHULFDO H[�
DPSOH VKRZHG WKDW HYHQ WKH PRVW REYLRXV FKRLFH RI WZR SLHFHV
SHU GLPHQVLRQ �L�H�� GLVWLQJXLVKLQJ EHWZHHQ XS� DQG GRZQ�UHJ�
XODWLQJ UHVHUYHV�� FDQ JLYH VLJQL¿FDQW FRVW LPSURYHPHQW FRP�
SDUHG WR RQH�SLHFH� SXUHO\ DI¿QH� SROLFLHV�
$ FRUUHVSRQGLQJ GXDO SUREOHP ZDV LQWURGXFHG� ZKRVH VR�

OXWLRQ ZDV DOVR SDUDPHWHUL]HG XVLQJ SLHFHZLVH DI¿QH SROLFLHV�
7KLV UHVXOWHG LQ D WUDFWDEOH PHWKRG IRU FRPSXWLQJ D ORZHU
ERXQG RQ GLVSDWFK FRVWV WKDW DFFRXQWV IRU XQFHUWDLQW\� 7KLV
GXDO SUREOHP FDQ JLYH D WLJKWHU ERXQG RQ WKH VXERSWLPDOLW\ RI
D SDUWLFXODU SULPDO VROXWLRQ� ZKHQ FRPSDUHG WR D ORZHU ERXQG
FRPSXWHG EDVHG RQ D GHWHUPLQLVWLF SUREOHP �L�H�� WKH SUHVFLHQW
FDVH�� ,W PD\ WKHUHIRUH LGHQWLI\ D PLQLPXP SRVVLEOH FRVW DULVLQJ
IURP DQ\ causal UHGLVSDWFK SODQ�
,Q UHDOLW\� SRZHU V\VWHP ORRN�DKHDG GLVSDWFK GHFLVLRQV DUH

PDGH UHSHDWHGO\� LQ UHVSRQVH WR XSGDWLQJ UHDO�WLPH PHDVXUH�
PHQWV RI WKH JULG VWDWH� )XWXUH ZRUN FRXOG VWXG\ KRZ WKH GXDO�
EDVHG ORZHU ERXQG� FRPSXWHG IRU HDFK LQVWDQFH RI D UROOLQJ LP�
SOHPHQWDWLRQ� PLJKW EH XVHG WR HVWLPDWH WKH FRQVHUYDWLYHQHVV RI
WKH UROOLQJ UH�GLVSDWFK GHFLVLRQ SURFHVV�
7KH SLHFHZLVH DI¿QH SHUIRUPDQFH ERXQGV DSSURDFK ZDV DS�

SOLHG WR WKH ,((( ����EXV QHWZRUN WR GHPRQVWUDWH LWV SRWHQWLDO
YLDELOLW\ RQ ODUJH VFDOH SUREOHPV� )RU VROYLQJ WKH RSWLPL]DWLRQ
SUREOHPV UHSHDWHGO\� WKH FRPSXWDWLRQV WLPHV SUHVHQWHG IRU WKH
����EXV QHWZRUN FDVH VWXG\ LQGLFDWH WKDW WKLV LV IHDVLEOH ZLWK
FXUUHQW VROYHUV� 7R DOORZ IRU ODUJHU SUREOHPV WR EH WDFNOHG� IX�
WXUH ZRUN FRXOG DOVR LQYHVWLJDWH VSDUVLW\ H[SORLWLQJ DQG GLV�
WULEXWHG RSWLPL]DWLRQ WHFKQLTXHV VSHFL¿F WR WKH VWUXFWXUH RI WKH
SRZHU V\VWHP IRUPXODWLRQ SUHVHQWHG�
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3DXO 1� %HXFKDW UHFHLYHG WKH %�(QJ� GHJUHH LQ
PHFKDQLFDO HQJLQHHULQJ DQG %�6F� GHJUHH LQ SK\VLFV
IURP WKH 8QLYHUVLW\ RI 0HOERXUQH� $XVWUDOLD� LQ
����� DQG WKH 0�6F� GHJUHH LQ URERWLFV� V\VWHPV�
DQG FRQWURO IURP (7+ =�ULFK� =�ULFK� 6ZLW]HUODQG�
LQ ����� ZKHUH KH LV FXUUHQWO\ ZRUNLQJ WRZDUG WKH
3K�'� GHJUHH DW WKH $XWRPDWLF &RQWURO /DERUDWRU\ �
)URP ���� WR ����� KH ZDV D 6XEVXUIDFH (QJLQHHU

ZLWK ([[RQ0RELO� EDVHG LQ 0HOERXUQH� $XVWUDOLD�
+LV UHVHDUFK LQWHUHVWV DUH FRQWURO DQG RSWLPL]DWLRQ RI
ODUJH�VFDOH V\VWHPV� ZLWK D IRFXV WRZDUGV GLVWULEXWHG

FRQWURO DQG DSSOLFDWLRQ WR SRZHU V\VWHPV DQG FRRUGLQDWH ÀLJKW�

-RVHSK :DUULQJWRQ �0
��� UHFHLYHG WKH %�$� DQG
0�(QJ� GHJUHHV LQ PHFKDQLFDO HQJLQHHULQJ IURP WKH
8QLYHUVLW\ RI &DPEULGJH� &DPEULGJH� 8�.�� LQ �����
DQG WKH 3K�'� GHJUHH IURP(7+ =�ULFK� =�ULFK�
6ZLW]HUODQG� LQ �����
,Q ����� KH KHOG D 685) )HOORZVKLS DW WKH &DOL�

IRUQLD ,QVWLWXWH RI 7HFKQRORJ\� )URP ���� WR �����
KH ZDV D &RQWURO 'HVLJQ (QJLQHHU ZLWK :LQG 7HFK�
QRORJLHV /WG� &DPEULGJH� 8�.� 6LQFH 6HSWHPEHU
���� KH KDV EHHQ ZLWK WKH $XWRPDWLF &RQWURO
/DERUDWRU\� (7+ =XULFK� =XULFK� 6ZLW]HUODQG� +LV

UHVHDUFK LQWHUHVWV LQFOXGH GLVWULEXWHG DQG UREXVW FRQWURO DQG RSWLPL]DWLRQ� ZLWK
DSSOLFDWLRQV LQ SRZHU V\VWHPV DQG PDUNHW PHFKDQLVP GHVLJQ�

7\OHU +� 6XPPHUV UHFHLYHG WKH %�6� GHJUHH LQ PH�
FKDQLFDO HQJLQHHULQJ IURP 7H[DV &KULVWLDQ 8QLYHU�
VLW\� )RUW :RUWK� 7;� 86$� LQ ����� DQG WKH 0�6� DQG
3K�'� GHJUHHV LQ DHURVSDFH HQJLQHHULQJ IURP WKH 8QL�
YHUVLW\ RI 7H[DV LQ $XVWLQ� $XVWLQ� 7;� 86$� LQ ����
DQG ����� UHVSHFWLYHO\�
+H LV DQ (7+ 3RVWGRFWRUDO )HOORZ ZLWK WKH

$XWRPDWLF &RQWURO /DERUDWRU\� (7+ =�ULFK� =�ULFK�
6ZLW]HUODQG� +H ZDV D )XOOEULJKW 6FKRODU ZLWK WKH
$XVWUDOLDQ 1DWLRQDO 8QLYHUVLW\� &DQEHUUD� $XVWUDOLD�
LQ ����±����� +LV UHVHDUFK LQWHUHVWV DUH LQ IHHGEDFN

FRQWURO DQG RSWLPL]DWLRQ LQ FRPSOH[ G\QDPLFDO QHWZRUNV� ZLWK DSSOLFDWLRQ WR
HOHFWULF SRZHU QHWZRUNV DQG URERWLF QHWZRUNV�
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0DQIUHG 0RUDUL �)
��� UHFHLYHG WKH 'LSORPD IURP
(7+ =�ULFK� =�ULFK� 6ZLW]HUODQG� DQG WKH 3K�'� GH�
JUHH IURP WKH 8QLYHUVLW\ RI 0LQQHVRWD� 0LQQHDSROLV�
01� 86$� ERWK LQ FKHPLFDO HQJLQHHULQJ�
+H ZDV DSSRLQWHG KHDG RI WKH $XWRPDWLF &RQWURO

/DERUDWRU\ DW (7+ =�ULFK� =�ULFK� 6ZLW]HUODQG� LQ
����� %HIRUH WKDW� KH ZDV WKH 0F&ROOXP�&RUFRUDQ
3URIHVVRU RI &KHPLFDO (QJLQHHULQJ DQG ([HFXWLYH
2I¿FHU IRU &RQWURO DQG '\QDPLFDO 6\VWHPV DW WKH
&DOLIRUQLD ,QVWLWXWH RI 7HFKQRORJ\� +H KDV KHOG
DSSRLQWPHQWV ZLWK ([[RQ DQG ,&, SOF DQG VHUYHV RQ

WKH WHFKQLFDO DGYLVRU\ ERDUGV RI VHYHUDO PDMRU FRUSRUDWLRQV� +LV LQWHUHVWV DUH LQ
K\EULG V\VWHPV DQG PRGHO SUHGLFWLYH FRQWURO�
3URI� 0RUDUL LV D )HOORZ RI ,)$& DQG D PHPEHU RI WKH 1DWLRQDO $FDGHP\ RI

(QJLQHHULQJ� +H ZDV WKH UHFLSLHQW RI WKH +HQGULN :� %RGH /HFWXUH 3UL]H RI WKH
,((( &RQWURO 6\VWHPV 6RFLHW\� WKH 'RQDOG 3� (FNPDQ $ZDUG DQG WKH -RKQ 5�
5DJD]]LQL $ZDUG RI WKH $XWRPDWLF &RQWURO &RXQFLO� WKH $OODQ 3� &ROEXUQ $ZDUG
DQG WKH 3URIHVVLRQDO 3URJUHVV $ZDUG RI WKH $,&K(� WKH &XUWLV :� 0F*UDZ
5HVHDUFK $ZDUG RI WKH $6((� DQG 'RFWRU +RQRULV &DXVD IURP %DEHV�%RO\DL
8QLYHUVLW\�


