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Abstract

We study identification of linear systems with multiplicative noise from multiple trajectory data. A least-squares algorithm,
based on exploratory inputs, is proposed to simultaneously estimate the parameters of the nominal system and the covariance
matrix of the multiplicative noise. The algorithm does not need prior knowledge of the noise or stability of the system,
but requires mild conditions of inputs and relatively small length for each trajectory. Identifiability of the noise covariance
matrix is studied, showing that there exists an equivalent class of matrices that generate the same second-moment dynamic of
system states. It is demonstrated how to obtain the equivalent class based on estimates of the noise covariance. Asymptotic
consistency of the algorithm is verified under sufficiently exciting inputs and system controllability conditions. Non-asymptotic
estimation performance is also analyzed under the assumption that system states and noise are bounded, providing vanishing
high-probability bounds as the number of trajectories grows to infinity. The results are illustrated by numerical simulations.
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1 Introduction

The study of stochastic systems with multiplicative noise, i.e., noise multiplying with system states and inputs, has a
long history in control theory [1], but is re-emerging in the context of complex networked systems and learning-based
control. In contrast with the additive noise setting, multiplicative noise has the ability to capture the dependence
of noise on system states and control inputs. This situation occurs in modern control systems as diverse as robotics
with distance-dependent sensor errors [2], networked systems with noisy communication channels [3,4], modern
power networks with high penetration of intermittent renewables [5], turbulent fluid flow [6], and neuronal brain
networks [7]. Linear systems with multiplicative noise are particularly attractive as a stochastic modeling framework
because they remain simple enough to admit closed-form expressions for stabilization [8] and optimal control [1,9,10].
Identification of linear systems with multiplicative noise needs to be investigated, as a preliminary step of solving
these problems in practice.

The first issue to be addressed is that identification of linear systems with multiplicative noise requires to estimate
not only the nominal system matrices, but also the noise covariance matrix. This stands in contrast to the additive
noise case where the noise covariance matrix has no bearing on the control design and may be omitted during system
identification.
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The second issue we address is to perform system identification based on multiple input-state trajectory data, rather
than a single trajectory. Multiple trajectory data arises in two broad situations: 1) episodic tasks where a single
system is reset to an initial state after a finite run time, as encountered in iterative learning control and reinforcement
learning [11]; 2) collecting data from multiple identical systems in parallel, for example, physical experiments [12]
and social processes [13]. For multiple trajectory data, the length of each trajectory may be small, but a large number
of trajectories can be obtained, by virtue of repetition in the case of episodic tasks and parallel execution in that of
multiple identical systems.

1.1 Related Work

For identification of a nominal linear system, recursive algorithms have been developed in the control literature, such
as the recursive least-squares algorithm [14-16]. These can be utilized to identify linear systems with multiplicative
noise provided that certain conditions for noise and system stability hold. Non-asymptotic performance analysis of
identification methods can be found in [17-19]. It has once again attracted much attention from different domains
and been investigated more extensively, because of recent development of random matrix theories, self-normalized
martingales, and so on (see [20-22] and references therein).

For estimation of noise covariance, both recursive and batch methods have been proposed over the last few decades [23],
but most of these methods focus on the additive noise case. In order to estimate multiplicative noise covariance, a
maximum-likelihood approach is introduced in [24], and a Bayesian framework is utilized in [25,26]. These methods,
however, require prior assumptions on the noise distributions, whose incorrectness may worsen the performance of
the algorithms. The papers [27,28] study stochastic linear quadratic regulator (LQR) design for a special case of
linear systems with multiplicative noise. It is assumed that the multiplicative noise is observed directly so that a
concentration inequality can be obtained for the estimation of the noise covariance. The authors in [29] develop,
concurrently and independently of the present work, finite-sample error bounds associated with simultaneously es-
timating the nomial system parameters and noise covariance matrix, by using single trajectory data, which is the
most relevant work to ours. A self-normalizing (ellipsoidal) bound and a Euclidean (box) bound are provided for the
least-squares estimation, but it is not sure whether the bounds converge to zero under the dynamic system setting.

There is a growing interest in system identification based on multiple trajectory data, along with their applications
in data-driven control [20,21], due to the powerful and convenient estimator schemes facilitated by resetting the
system. This framework can be applied for both stable and unstable systems, because of the finite duration of
each trajectory. The procedure of collecting multiple trajectories is utilized in [30,31], to identify finite impulse
response systems. In [20], a framework called coarse-ID control is introduced to solve the problem of LQR with
unknown linear dynamics. The first step of this framework is to learn a coarse model of the unknown linear system,
by observing multiple independent trajectories with finite length of the system. However, only the last input-state
pairs of the trajectories are used in developing theoretical guarantees for the learning task. The performance of a
least-squares algorithm, using all samples of every trajectory, is studied in [22], for estimating partially observed,
possibly open-loop unstable, linear systems.

1.2 Contributions

In this paper we consider the identification of linear systems with multiplicative noise from multiple trajectory data.
Our contributions are three-fold:

1. A least-squares estimation algorithm (Algorithm 1) is proposed to jointly estimate the nominal system matrices
and multiplicative noise covariance from multiple trajectory data. The algorithm does not need prior knowledge
of the noise or stability of the system, but requires mild conditions of inputs, relatively small length for each
trajectory, and the assumption of independent and identically distributed (i.i.d.) noise with finite first and
second moments.

2. Identifiability of the noise covariance matrix is investigated (Propositions 1 and 2). It is shown that there exists
an equivalent class of covariance matrices that generate the same second-moment dynamic of system states. In
addition, it is studied when such equivalent class has a unique element, meaning that the covariance matrix can
be uniquely determined. An explicit expression of the equivalent class is provided so that the noise covariance
can be recovered based on estimates given by the proposed algorithm.

3. Asymptotic consistency of the proposed algorithm is verified (Theorem 1), under sufficiently exciting inputs and
system controllability conditions. Non-asymptotic estimation performance is also analyzed under the assumption



that the system is bounded, providing vanishing high-probability bounds as the number of trajectories grows
to infinity (Theorems 2 and 3).

The differences between this paper and its conference version [32] are as follows. We study the identifiability of
the noise covariance matrix in detail, demonstrating a framework to recover the equivalent class of the covariance
matrix. Moreover, we give sharper bounds for the required length of each trajectory in Propositions 3 and 4. Finally,
finite sample analysis of the proposed algorithm is provided.

1.8 Outline

The remainder of the paper is organized as follows: In Section 1.4 we provide notations used in the paper. We
formulate the problem in Section 2. In Section 3 the algorithm is introduced and theoretical results are given.
Numerical simulation results are presented in Section 4. In Section 5 we conclude the paper. Some proofs are
postponed to Appendix.

1.4 Notation

We denote the n-dimensional Euclidean space by R"™, and the set of n x m real matrices by R™"*™. Let IN stand
for the set of nonnegative integers, and Nt = IN \ {0}. Let [k] := {1,2,...,k}, k € NT. We use || - || to denote the
Euclidean norm for vectors, and use || - || and || - |2 to denote the Frobenius and spectral norm for matrices. The
probability of an event E is denoted by P{E}, and the expectation of a random vector z is represented by E{x}. An
event happens almost surely (a.s.) means that it happens with probability one. Let A x B be the Cartesian product
of sets A and B, i.e., A x B ={(a,b) :a € A,b € B}. For two sequences of real numbers aj and by # 0, k € NT, we
say ap = O(bg), if there exists a positive constant C' such that |ay/b;| < C for all k € INT.

We use a;; or [A];; to represent the (i, j)-th entry of A € R™"*™. Denote the n-dimensional all-one vector and all-zero
vector by 1, and 0, respectively. The n-dimensional unit vector with :-th component being one is represented by
el'. Denote the n-dimensional identity matrix by I,,. For two symmetric matrices 4,B € R"*", A > 0 (4 > 0)
means that A is positive semidefinite (positive definite), and A > B (A > B) means A— B = 0 (A — B > 0). For a
matrix A € R"*" p(A) is used to represent the spectral radius of A. For a symmetric matrix A € R™, denote its
smallest and largest eigenvalue by Apin(A) and Apax(A) respectively. A block diagonal matrix A with Ay, ..., A
on its diagonal is denoted by blockdiag(Ay, ..., Ag).

The Kronecker product of two matrices A € R™*™ and B € RP*? is represented by A ® B. The full vectorization

of A = [a;;] € R™*" is found by stacking the columns of A4, i.e., vec(A) = (@11 @21 -+ Gm1 G12 G22 “ - Gmn)T. The
symmetric vectorization (sometimes called half-vectorization) of a symmetric matrix A € R™*"™ is found by stacking
the upper triangular part of the columns of A, i.e., by svec(4) = (a11 @12 a2 -+ a1y a2 -+ app)7. The inverse

operations of vec(-) and svec(-) are the full matricization mat,yq(x) := (vec(Iy)T ® I,,)(I; @ x) of a vector x € RPY

and symmetric matricization smat,(y) of a vector y € RP(P1)/2 respectively. Generalizing the vectorization and
matricization operations to a block matrix

Bi1 Biz -+ B
B=| : ; D] e RMPXM
Bml Bm2 T an
where B;; € RP*?, we define the following matrix reshaping operator F' : R™P*"4 — R™"*P4,

F(B,m,n,p,q) :=[vec(B11) vec(Bz21) -+ vec(Bp1) -+ vec(Bi2) vec(Ba2z2) -+ vec(Bpmn)]T.

Then we have that F(A® A, m,n,m,n) = vec(A) vec(A)T for A € R™*", which demonstrates the correspondence
between the entries of A® A and those of vec(A4) vec(A)T. Note when p = ¢ = 1, F/(-) degenerates to vec(-). We also



define the inverse reshaping operator G : R™"*P4 — R™PX"4 ag

ma,tpxq(Bl) s matpxq(B(n_l)m+1)

matyx,(B2) -+ matyxg(Bn_1)mi2)
G(B,m,n,p,q) — px.q PXq .( 1)m+2 7

matyyq(Bm) - maty s q(Bmn)

where B € R™"*P4, B is the i-th row of B. Thus F' and G are inverses of each other in the sense that

F(G(A,m,n,p,q),m,n,p,q) = A,
G(F(B,m,n,p,q),m,n,p,q) = B,

for any A € R™"*P? and B € R™P*"4. In this way, we have G(vec(A) ec(A) m,n,m,n) =A® A for A e R™*™.
Note that both F" and G are linear, i.e., F(A+ B,m,n,p,q) = F(A,m,n,p,q )+F(B m,n,p,q) for A, B € RmP*"4,
and G(A+ B,m,n,p,q) = G(A,m,n,p,q) + G(B,m,n,p,q) for A, B mnXxpq,

2 Problem Formulation

We consider linear systems with multiplicative noise
Ti41 = (A + At)It + (B + Bt)ut, te IN, (1)

where x; € R™ is the system state, and u; € R™ is the control input, m < n. The system is described by nominal
dynamic matrix A € R™*™ and nommal input matrix B € R™™, and incorporates multiplicative noise terms
modeled by i.i.d. and mutually mdependent random matrices A; and By, which have zero mean and covariance
matrices ¥4 = BE{vec(4;) vec(4)T} € RV *"" and $p = E{vec(B;) vec(B;)T} € R"™*"™  The multiplicative
noise is independent of the inputs. Note that if At has non-zero mean A, then we can consider a system with
nominal matrix [A + A B], as well as noise terms A, — A and By, which satlsﬁes the above zero-mean assumption.
This also holds for the case of B, with non-zero mean. The term multiplicative noise refers to that noise, A;
and By, enters the system as multipliers of z; and w., rather than as additions. The independence of A; and By
is assumed for simplicity, and under this assumption the covariance matrix of the entire multiplicative noise is
a block diagonal matrix E{vec([4: By])vec([A: Bi])T} = blockdiag(¥4,Xp). Throughout the paper, we will use
(X4,¥B) € R X7 5 Rmxnm g represent this matrix. If A, and B; are dependent, there is an extra but amenable
term on their correlations, E{vec(A;) vec(B;)T}.

As an example of System (1), consider the following system studied in the optimal control literature [8,10].

Tiy1 = <A + ZAipi,t>It + <B + Zquj,t>ut; (2)
i=1 j=1

where {p;;} and {¢;:} are mutually independent scalar random variables, with E{p; } = E{q;} = 0, E{p},} = o7
and B{q},} = 62, Vi € [r],j € [s],t € N. It can be seen that A, = >/ Ajp;; and B, = > 5= Bidies Where
o; and §; are the eigenvalues of ¥4 and Xp, and A; and B, are the reshaped eigenvectors of ¥4 and Xp. These
parameters are necessary for optimal controller design [10]. However, for new systems with unknown parameters, the
key problem is to identify them in the first place. Another example of System (1) is interconnected systems, where
the nominal part captures relations among different subsystems, and multiplicative noise characterizes randomly
varying topologies [33].

Suppose that multiple state-input trajectories {(z; (k) (k)) 0<t</¢keINT} are available, where {(:v,gk), ugk)), 0<
t < ¢} is the k-th trajectory, and ¢ is the rollout length (index of the final time-step) for every trajectory. The
problem considered in this paper is as follows.
Problem. Given multiple trajectory data {(zﬁ’“’ (k))
[A B] and the noise covariance matrix (X4, Xp).

0 <t <{ke N} estimate the nominal system matrix



3 Least-Squares Algorithm Based on Multiple Trajectory Data

In this section, identifiability of the noise covariance matrix is studied in Section 3.1, paving the way to algorithm
design. Consistency of the algorithm is given by Theorem 1 in Section 3.2. Finally, sample complexity of the algorithm
is studied in Section 3.3, and qualitative results are provided in Theorems 2 and 3.

3.1 Moment Dynamics and Algorithm Design

In this section, we propose a least-squares algorithm to estimate system parameters from multiple trajectory data.
We assume that the sampled trajectory data are collected independently, and refer to each trajectory sample as
a rollout. First of all, we study the effect of multiplicative noise by investigating the moment dynamics of system
states. This relates to an identifiability issue of the noise covariance matrix, which needs to be clarified before stating
the algorithm.

Taking the expectation of both sides of System (1) and letting p: := E{x:} and vy := E{u;}, we obtain the first-
moment dynamic of system states, i.e., the dynamic of E{x:}, as follows,

i1 = A,LLt + By, t € IN. (3)

Likewise, denote the vectorization of the second-moment matrices of state, state-input, and input at time ¢ by
Xy = vec(E{z¢x]}), Wi := vec(E{zu] }), W} := vec(E{wz]}), and U; := vec(E{usu]}). Note that the second
moment matrix E{xyT} for two random vectors x and y is different from the second central moment (covariance)
matrix E{(z — E{z})(y — E{y})T} = E{zyT} — E{x}E{y}T, whenever both = and y have nonzero mean.

From the independence of A; and By, as well as vectorization, the second-moment dynamic of system states is

Xt+1 = (A X A)Xt + (B (24 A)Wt + (A (24 B)Wt/ + (B X B)Ut + E {(At (24 At)vec(xtxg)} + E {(Bt X Bt) VeC(UtUI)}
= (A A+Y)X:+ (B B+Y5) Ui+ (B A)W: + (A B)W,, t € N, (4)

where ¥ = B{4; ® 4,;} € R"*"" and ¥ = B{B; ® B,;} € R" *™". The relation between (4, %3) and (X, %)
can be illustrated by F(X/4,n,n,n,n) = ¥4 and F(X5,n,m,n,m) = Xp, where the reshaping operator F(-) is
defined in Section 1.4. As said earlier, if A, and B, are dependent, then there are two extra terms, E{B, ® A,}W,
and E{At X Bt}Wt/; in (4)

Before giving an estimation algorithm, it is necessary to discuss an intrinsic identifiability issue arising in second-
moment dynamic (4). Since E{z;z]} is symmetric, X; has n(n — 1)/2 pairs of identical entries corresponding to the
off-diagonal entries of E{z;a] }, i.e., E{wy ;2 ;} = E{xy jxs,} for all i, j € [n]. In order to remove the redundant terms
in (4), we refer to binary row- and column-selection matrices, also called elimination and duplication matrices [34].

To begin, notice that the redundant entries of X; are associated with the index set {(j — 1)n+i:4,j € [n],i < j}.
Define matrix Ty € R" *"” by replacing the [(j — 1)n + i]-th row of I,,2 by (e’(il)nﬂ)T for all 4,j € [n] with ¢ < j.
Then, by noticing that E{x,;x, ;} is the [(j — 1)n + i]-th entry of X, it follows that X, is invariant under 77, i.e.,
X; = T1 X;. Furthermore, we define a binary elimination matrix P; that picks out only the unique entries of X; as
well as a complementary binary duplication matrix (01 which in turn reconstructs X; from the unique representation,
by repeating the redundant entries in the proper order. These matrices are defined explicitly as P; € RI*(n+1)/2] xn?
by removing the [(j — 1)n + i]-th row of Iz, i,j € [n] with i < j, and Q1 € R™ *("+1)/2) by removing the
[(5 — 1)n +d]-th column of T3, 4, j € [n] with ¢ < j. Then we may freely convert between the full vectorization (with
redundant entries) X; and the symmetric vectorization (without redundant entries) X; := svec(X;) by employing
the linear transformations defined by the matrices P; and Q1:

X: = P X, X = Q1 Xy

The same arguments apply to the second moment of input, U;. That is, U; has m(m — 1)/2 pairs of identical

m41)/2]xm?

entries corresponding to the off-diagonal entries of E{u;u] }, so we define Ty € R™ *xm* P, e RIm( and

Qo € R™**[m(m+1)/2] 1,y yeplacing n by m in the definitions of T}, Pi, and @1, respectively.



By applying the symmetric vectorization transformations X, = P,X, and U, = P,U,, the unique entries of the
second-moment dynamic (4) can be characterized as

X1 =P X

=P (A® A+Y)X; + PL(B® B+ Y5)U; + PL(B® A)W, + Pi(A® B)W,

=P (A A+ Y)Q1PiX: + Pi(B® B+ X%5)Q2PU + Pi(B® AW + P (A® B)W/

= (A4 )X, + (B+ )i + KpaW, + KapW/, (5)
where the penultimate equation follows from T3
notations:

= Q1P and Ty = Q2PF. In the last equation we introduce these
A=p (A® A)Q; € R[n("Jrl)/?]X[n(nﬂLl)/Q],
{A — PlzfAQl c H{[n(n-l-l)/ﬂ><[n(n-i-1)/2]7
B:=P (B® B)Q € R (n+1)/2x[m(m+1)/2]
N’B = PY5Qs € R+ 1)/2x[m(m+1)/2]
Kpa:=P (B A), Kap:= P (A® B).

Note that X; and U, have no redundant entries but are able to capture the second-moment dynamic of system states.

By the definition of Kronecker product, ¥/, and X5 have the structures shown in (6) respectively.

(i—1n+j

(G—Dn+1

E{[Adi[As]} -

E{[Adjx[Adua} -

(k=Dn+l (I-1)n+k
E{[AdalAdjr} -

B{[A;[Adir} - -

(p—1)m+q (g—1)m+p

- B{[Bt)ip[Btljq} -

- B{[Bi]jp[Biliq} -+

E{[Bt]ig[Biljp} - -

E{[Btjq[Btlip} -

where i, j, k,1 € [n], p,q € [m], and [A4];; ([Bi]ip) is the (i,7)-th entry of A; ((i,p)-th entry of B;). If i = j (k = l)

the corresponding two rows (two columns) coincide. The proposition below demonstrates the entries of 3/, and 35
and their correspondence with those of ¥’y and ¥'5.

Proposition 1 Denote the (i, j)-th entry of X'y by [X4]i;, then it holds that

/
A

(2]
(Sl 1) (n—i/2)+
Bl -1y m—i/2)+
(2]

A
Al(i—1)(n—1i/2)+

(i=1)(n—i/2)+i,(k—1) (n—k/2)+k = B{[Adix[Addar}, i,k € [n],

is(h=1)(n—k/2)+ = 2B{[Adir[Adlur}, k <10,k 1€ [n],

k=) n—k/2)+k = B{[Adir[Adji}, i < 3, 4,5,k € [n],

= E{[A)ic[A)ji} + B{[AalAdjx}, i < j, k<1, 4,7,k,1 € [n].

> 3,(k=1)(n—k/2)+1

Denote the (i, j)-th entry of X'y by [X'5]ij, then it holds that

/

(S5 (=1)(n—i/2)+i,(p—1)(m—p/2)+p = B{[Belip[Bilip}, i € [n], p € [m],

[E/B] (i—=1)(n—i/2)+i,(p—1)(m—p/2)+q — 2E{[Bt]lp[Bt]lq} (S [ ] p<gq, p,g€ [m]7

[E/B] (i—1)(n—i/2)+4,(p—1)(m—p/2)+p — E{[Bt]Z;D[Bt]Jp} 1<jg, 4,j € [ ] pE [ ]

[E/B] (i—1)(n—i/2)+j,(p—1)(m—p/2)+q = E{[Bt]w[Bt]Jq} +E{[Bt]lq[ ipts 1 <J, p<q, i,j € [n], p,q € [m].

PROOF. By observing the definitions of P; and Q;, ¢ = 1,2, and the structures of ¥’y and ¥’ shown in (6), we
can get the expressions of the entries of ¥y and 3’5 as in the proposition. To determine their positions, note from



the definition of P; that all of the [(j — 1)n + i]-th rows of ¥/, are removed during the transformation P;¥’,, where
j >1,4,j € [n]. This means that the following rows above the [(¢ — 1)n + j]-th row of ¥/y, ¢ < j, i,j € [n], are
removed: (i —)n+1, ..., i —n+i—1,(i—-2)n+1, ..., (i—2)n+i—2, ..., n+ 1, whose total number is
i(i — 1)/2. Thus, the [(i — 1)n + j]-th rows of ¥, becomes the [({ — 1)n + j — i(i — 1)/2]-th row of ¥/,, i.e., the
[(: —1)(n —i/2) + j]-th row, where ¢ < j, ¢,j € [n]. Applying the same argument to the columns of ¥/, and to X',
we obtain the correspondence given in the proposition.

Remark 1 The above discussion indicates that X, is in fact determined by [A B] and [%'y ¥%]. It also shows that
there exist a set of equivalent covariance matrices in the sense that they generate the same second-moment dynamic

of system states, given nominal part [A B). This is because the dynamic of X; = Q1X; only depends on [A B] and
Xy E5], and is invariant with respect to (X,%5) satisfying PAXiQ1 = ¥y and PaY5Qe = Xg.

From an entry-wise point of view, E{[A]i[Ad)ji} and E{[A]ul[Atljx}, i # 7 and k # 1, have a coupled effect
on the second-moment dynamic of system states. One may only estimate the sum of these two entries out of X,
rather than their exact values. This is because we do mot observe realizations of Ay and By directly, but indirectly
through their effect on system states. Fortunately, some entries of 'y and ¥'5 are identifiable, e.g., E{[A¢]ix[At]ir},
the variance of [A)ik, and E{[A)i[Ailjx}, the covariance between entries in the same column. Similar issues also
appear, when estimating covariance matrices, in topics such as Kalman filtering [35, 36]. Critically, since these

identifiable quantities uniquely generate the second-moment dynamic of system states, it suffices to estimate 224 and

ijg for the purposes of linear quadratic optimal control. This can be verified by expanding the Bellman equation; we
omit the details here to keep the paper concise.

Given (X4,Xp) with ¥4 = 0 and X5 > 0 (then 224 =P Y, Q1 and f]jg = P,¥/5Q)2), the set of equivalent matrices
mentioned in Remark 1 can be written explicitly as follows, where positive semidefinite conditions are imposed
because ¥ 4 and ¥ p are covariance matrices,

S§*(54) = {Tale) e R i 5 4(a) = 0,0 € RV,
S*(i}g) = {EB(B) e Rrmxnm . EB(ﬁ) - O,ﬁ c ]an(n—l)(m—l)/ll},
S5 = 5 (Z)) x §*(Zp), (7)

with ¥ 4(a) := F(Q1X4QI Dy, 4+ Ea,n,n,n,n) and g(8) := F(Q1X3QI Dy, + Es,n,m,n,m). Here

n2 n2 n2 n2 T

Eo = Z [aij,kl (e(i—l)n-i-j - e(j—l)n—i—i) (e(k—l)n-l—l - e(l—l)n-i—k) }

i,5,k,l€[n]

i<j,k<l

2 2 2 2 T

Eg = Z {ﬂijmq (e?ifl)nJrj - e?j—1)n+z‘) (e?;fl)erq - ez—l)mﬂo) } )

©,j€[n],i<j

p,q€[m],p<q

with o = [ayj ) € RV (D54 8 = (8, ,,] € Rrm(=D0m=D/4 1 j k1 € [n], p,q € [m], i <j, k<1, p<g,Qrand
Q2 are given before (5), D,, is an n?-dimensional diagonal matrix with [(i — 1)n +i]-th diagonal entry being 1 and the
rest being 1/2, i € [n], and D,,, is an m2-dimensional diagonal matrix with [(p — 1)m + p]-th diagonal entry being 1
and the rest being 1/2, p € [m]. Note that S& is given by two inequalities which depend on « and § respectively. In
fact, these two are linear matrix inequalities [8], since the reshaping operator F is linear. Obviously S%, is not empty,
because (X 4,%Xp) is one of its elements. The following examples provide an intuitive idea of the above discussion.

Example 1 Consider System (1) with n = 2 and m = 1, where X; = [E{xi1201} E{wioni1} E{zpax2}
E{w; 07 2}7T. So B{X;2X1} and B{X;1X;2} are identical and have the same dynamic due to (4). Under this

situation,

Xy = [B{zi1201} B{wiomi1} E{Sct,ﬂ?t,z}]T,
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According to the above simplification, from

0qa,11,11 Oqa,11,12 O0qa,12,11 O0qa,12,12
0a,11,21 0a,11,22 0a,12,21 0qa,12,22 ;o T
, Xp = Ob,11 Ob,12 0b21 Ob22| >
0q,21,11 0qa,21,12 0qa,22,11 0qa,22,12

0a,21,21 0a,21,22 0a,22,21 0q,22,22

we have

Oa,11,11 204.11,12 0a,12,12 .
Y, = Y, =
A= |0a11,21 0a,11,22 + 04,1221 Oa,1222| » 2B = |Op11 Ob,12 Op22|

0a,21,21 204.21,22 0a,22,22
where 0450 = E{[Atij[Adm}, 055 = E{[Bi:, [B:];}, and

a11611 @11012 + @12011 Q120712

- - T
A= |aiiaz aii1a + aiza azaz |, B= [blbl b1ba bzb2} )
(21021 021022 + 022021 422022
a11b1 aizb; a11b1 aizby
Kap = |a21b1 axnbs|, Kpa = |ai1bs a12bs
a21b2 a22ba a21ba azobs

In this example, Y. is unique, but based on (7) the covariance matriz equivalent to ¥ 4 is given by

Oa,11,11 0a,11,21 0a,11,12 0q,11,22 + @
0a,21,11 0a,21,21 0q,21,12 — Q.  0qg 21,22
EA(CM) = N
0a,12,11 0a,12,21 — & 0a,12,12 0a,12,22
0a,22,11 T & 042221 0a,22,12 0a,22,22

where o € R such that L 4(a) = 0.

Example 2 Consider System (2) with Ay =Y ;_, Aipit, Bt = E;:1 Bjq;+. Hence,
Sa =Y BE{p},}vec(A;)vec(A)T, £ = > E{p} A @ A;, ¥y = B{p},}Pi(Ai @ 4,)Qu,
i=1 i—1 i=1
Sp =Y B{q,}vec(B;)vec(B))T, B => E{q},}B; ® B;, Ly => E{q} }P1(B; @ B;)Q2.
j=1 j=1 j=1

Suppose that for A;, i € [r], there exist k;, l; € [n] such that [A]x, 1, # 0 and [Aj]k, 1, for all j € [r]\ {i}. That is,
the (k;,l;)-th entry of A; is nonzero but the (k;,l;)-th entry of A; is zero for all j # i. Then E{[Adk, 1,[Atlki1.} =



[Ail}, 1 B{p} +} = [Ail}, 1,07 From Proposition 1 we know that o7 = E{p},} can be uniquely determined if second-

moment dynamic (4), or i;‘, is given. A similar conclusion holds for {q;.}. However there are also situations where
o2 cannot be uniquely determined. For instance, assume that r > 2 and for all i € [r], [Ai]11 # 0 but all other entries

of A; are zero. Then we only have a single equation Y\ [Ai]}o? = [X4]11 for {07}

As shown in Example 1, given (¥ 4,3 p) with 34 > 0 and ¥p > 0, the set S5, is not empty but may have infinitely
many elements, leading to an unidentifiable issue for entries E{[A]ix[A¢];1} and E{[Bi|ip[Btljq}, ¢ # j, k # 1, p # q,
i,j,k,l € [n], p,q € [m]. The proposition below gives several conditions under which the covariance matrix of the
multiplicative noise can be uniquely determined from [¥/, 3] or not.

Proposition 2 Given (X4,%Xp) with ¥4 = 0 and Xp = 0, 214 =P Y,Q1 and i’B = P,Y5Q2, the following results
hold.

(i) If n =m = 1, then S% has a unique element. If m = 1, then S*(X'3) has a unique element. If n. > 2 and X4 > 0
(resp. m > 2 and Xp = 0), then S*(X')) (resp. S*(X'3)) has infinitely many elements, and as a result, under either
condition, Sy, has infinitely many elements.

(i) If S*(X4) has infinitely many elements, then S*(X') N Ta has a unique element, where

2 2 . . . .
Ty = {E ER™ ™ i kB (h—1)nti, (1= 1)n+j T Oig kB (1—1)nti,(k—1)n+j = Tijikl, @ < J, k < 1,i,j,k,l € [n]},

with fized constants vij ki, 0ij.kls Tij ki € R and vij g # i for all i < j, k <1, i,7,k,1 € [n]. The same result holds
for S*(X'5) by modifying the definition of Ta according to the dimension of ¥p.

PROOF. The first two conclusions of (i) are trivial. If n > 2, then ¥/, has entries of the form E{[A]ix[A:];1} +

E{[A:]u[As];x}. Since X4 = 0, its minimum eigenvalue is larger than zero. Note that from the definition of S*(%,)
there exists a* such that ¥4 = ¥4(a*). Because the eigenvalues of a matrix depend continuously on its entries
(Theorem 2.4.9.2 of [37]), Ta(a* + ¢) is still a positive definite matrix for small enough & > 0. This proves the last

result in (i). From (i), we know that if S*(3’,) has infinitely many elements, then n > 2. To show (ii), just note
that if 3 = vec(A) vec(A)T for some A € R"*™, then the [(k — 1)n + i, (I — 1)n + j]-th entry of ¥ is [A];x[A];; and
the [(I — 1)n + i, (k — 1)n + jl-th entry is [A]y[A]jk, @ # j, k # [. Hence if ;; k1 # 0ij1 then we have two linearly

independent equations for [A];[A]; and [A];[A];k (the other one from Proposition 1 is [A];x[A]j + [Alu[Aljx =
[ETA](,L',1)(7171'/2)4’,]'_’(k,l)(n,k/2)+l). So these entries can be uniquely determined, and the conclusion follows.

Remark 2 The first part of the above proposition shows that if X4 = 0 or Xp = 0 and n > m > 2, then it is
impossible to uniquely determine (Xa4,%p) only based on second-moment dynamic (5). However the second part
indicates that if we introduce more conditions for the covariance matriz, then all entries of ¥4 and Xp can be
identified. The set T4 in fact introduces additional constraints for E{[Ai)i[Adji}, @ # j, k # 1. For example, if
entries in A, are mutually independent, then ¥4 is diagonal and all of its entries except B{[As)ik[Adlir}, 3,k € [n],
are zero. In this case, we have E{[A]ix[Ae]ji} — E{[AdulAju} =0, # 4, k#L.

Now we are ready to propose our estimation algorithm. To follow the above discussion and simplify analysis, we
consider a least-squares method based on the first- and second-moment dynamics (3) and (5). Since we do not have
access to the exact moment dynamics, we need to average over multiple independent rollouts to estimate them. To
guarantee persistently exciting inputs, one needs to design their first and second moments in advance, in either a
deterministic or a stochastic way. For example, generate the two moments from standard Gaussian and Wishart
distributions [38], respectively, or set them periodically. The initial states of different rollouts are assumed to be i.i.d.
subject to a same distribution Xy with finite second moment (see Section 3.2.2). The overall algorithm is shown in
Algorithm 1, where the superscript (k) represents the k-th rollout. It should be noted that Algorithm 1 is different
from classic recursive identification algorithms. The recursive least-squares algorithm [14,16], for example, uses only
one trajectory of a system. On the contrary, Algorithm 1 is based on multiple trajectories with finite length.

Based on the estimates ¥/, and 35, we can obtain an estimate S% of the equivalent class (7), via replacing 3, and

i'B in the definition (7) by their estimates. If the linear matrix inequalities are infeasible, i.e., S’g = (), then one
can project the estimates onto the positive semidefinite cone. However this is unlikely to happen when n, is large,
because of the consistency of Algorithm 1, as shown in the next section.



Algorithm 1
Multiple-trajectory averaging least-squares (MALS)

1: for ¢ from 0 to £ — 1 do

2:  Generate v, € R™ and U; € R™*™ with U, > 0.

3: end for

4: for k from 1 to n, do

5:  Generate xék) independently from the initial multivariate distribution Xj.

6: fort¢fromO0tol—1do

7 Generate_ugk) independently from a multivariate distribution with first moment v, and second central
moment Uy,

g ot = A+ AP 1 (B4 B,

9: end for

10: end for

11: for ¢t from O to ¢ do
12:  Compute

T

o1 (k)
He n th ’

" k=1

2 1
Xt = —P1 vec (Z CCtk) k)) ) )
k=1
- 1
Wy = -~ vec <Z xtk)yt ) = vec(firy ),

k=1

A 1 k)T N
I ( — T
W, -~ vec <]§_1 vy ) vec(vfi] ),

U, =P, vec(Uy + vp1f).

13: er}dAfor
s (4, 5) = orguin {028 s = (A + Bl

15: Compute A= Pi(A® A)Q., B=r (B® B)Qs2, Kpa = P(B® A), and Kap = P(A® B
and Q2 are given before (5),
16: (5, 5,) = argmln {zt N Xis1 — [AX) + KpaW, + KapW/ + BU, + 5/, X, + S0, 5}
(£,,5)

), where Pp, P, Q1,

3.2  Consistency of Algorithm 1
In this section we analyze the consistency of Algorithm 1 by investigating the moment dynamics (3) and (5).
3.2.1 Moment Dynamics

Note again if we know pu; and X, then it is possible to recover the parameters via least-squares as in lines 14-16 in
Algorithm 1. Let

Xo1 - Xo
Uy -+ U

He—1 - Ho

, C:=[Cp --- 4], D:= ()

Yol 2 |

Ve_1 *++

where C; = X, — (AXt_l +KpaWi_1+KapW]_, —l—Ef]t_l), 1 <t < /. Then closed-form solutions of the least-squares
problems are

[A B] = YZ"(2Z")1, {i'A i’B} — CDT(DD")T,

10



where C, D, Y, and Z are defined in (8), and the sign { represents the pseudomverse When the inverse matrices exist,
the solutions are identical to true values, that is, [A B] = [A B] and [¥/, ¥/5] = [¥/, ¥'5]. Hence, the first question
towards the consistency of Algorithm 1 is Whether the matrices ZZT and DDT are 1nvert1ble As to be shown, this

invertibility can be obtained by designing a proper input sequence, if systems (A, B) and (A + E B+ % '5) are
controllable, and the rollout length ¢ is large enough.

Proposition 3 Suppose that £ > n +m and (A, B) is controllable. For fized po € R", the matriz Z has full row
rank, and consequently ZZT is invertible, for almost all [v] --- v] ||T € R™.

PROOF. See Appendix A.

Remark 3 The above proposition shows that for large enough time step of each rollout, the full row rank of Z can
be guaranteed for almost all [v] --- v]_||T € R™. In the proof, the controllability of (A, B) plays a key role, similar
to classic results on identification of linear systems [16]. The condition £ > n+m is necessary for the invertibility of
Z7Z7. According to the proposition, ZZT is invertible with probability one if one randomly generates the first moments
of inputs i.i.d. from a distribution absolutely continuous with respect to Lebesque measure, e.g., Gaussian distribution
or uniform distribution. This proposition can be seen as a generalization of the single-input case in [39].

Proposition 4 Suppose that £ > [n(n + 1) + m(m + 1)]/2 and (A + ¥4, B + X%) is controllable. For fized

o € R™ and Xy € R*™tD/2 the matriz D has full row rank, and consequently DDT is invertible, for almost
all [v§ -+ v}, svec(Up)T -+ SVeC(Uz ))T]T € REmmE3)/2 ywhere U, is defined in line 2 of Algorzthm 1.

PROOF. See Appendix B.

Remark 4 The controllability condition in Proposition 4 reflects the nature of the multiplicative noise, i.e., coupling
between A; and xy, and that between By and uy. It also indicates that a controllability condition on (5) is necessary to
ensure the successful identification of the covariance matriz. The condition £ > [n(n—+1)+m(m+1)]/2 is necessary
for the invertibility of DDT. As in Algorithm 1, U; = svec(Us + 141y ), so random generation of vy and Uy can ensure
DDT is invertible with probability one.

Corollary 1 Suppose that £ > [n(n+1)+m(m+1)]/2, and both (A, B) and (A+Y',, B+¥%) are controllable. For
fized po € R™ and Xo € R™"V/2 the matrices ZZT and DDT are invertible, for almost all [v] --- v]_| svec(Up)T
- svec(Up_1))T]T € RIMME3)/2 where U, is defined in line 2 of Algorithm 1.

Remark 5 From the proof of Propositions 3 and 4, we know that the existence of (ZZ7)™" and (DDT)™! can indeed
be guaranteed with probability one, as long as vy and Uy, the mean and covariance matriz of the input at time t,
are independently generated from distributions that is absolutely continuous with respect to Lebesgue measure. For
example, the entries of vy are generated i.i.d. from a non-degenerate Gaussian distribution and then U, is generated
i.9.d. from a non-degenerate Wishart distribution, 0 <t < /¢ —1.

3.2.2  Consistency

After the discussion in the previous section, we now assume that the expectations and covariance matrices of inputs
have been generated, and both ZZT and DDT have been designed to be invertible. The closed-form estimates
generated by Algorithm 1 are

[A B] =YZT(22")', (9)
[i;, S| = EDT(DD), (10)
where
.- (e - ], [M 1 ﬂo] 7 (11)
Ve—1 o

11



Xpq -o- Xo

- |, (12)
Uy - U

and C't = f(t — (;1):(,5_1 + KBAWt_l + IA{ABWt'fl + éUt_l), 1 <t < /. Here ;1, é, KAB, and KBA are estimates
of A, B, Kap, and Kpa, obtained from A and B given by Algorithm 1. The estimates above depend on the

number of rollouts n,., but we omit it for convenience. Before stating the convergence result, we present the following
assumptions.

Assumption 1 For all rollouts indexed by 1 < k < n,., the below conditions hold.

(i) The rollout length is £ > [n(n + 1) +m(m + 1)]/2.

(i) The initial states xék), 1 <k <mn,, are i.i.d. subject to the same distribution Xy with finite second moment, and
are independent of the multiplicative noise and inputs.

) {A,E’“lo <t<41<k<n.} and {B,E’“),o <t <1<k <n.}, are i.i.d. sequences respectively and are
mutually independent, both with zero mean and finite second moments; i.e., E{Agk)} and E{ng)} are zero matrices,
and [Sallz, [E]lz < .

(iv) The parameters of inputs are given by lines 1-3 of Algorithm 1, and the inputs are generated, according to line 7

of Algorithm 1, independently of the multiplicative noise.
(v) Both ZZT and DDT are invertible.

Under Assumption 1 the rollouts {azék), e ,a:l(k)}, 1 < k < n,, are i.i.d., so consistency can be established from
strong law of large numbers.

Theorem 1 (Consistency) Suppose that Assumption 1 holds, then the estimators (9)-(10) are asymptotically con-
sistent, i.e.,

[AB]— 4B, end [ 55] = [S4 S),

with probability one as the number of rollouts n, — oco.

PROOF. See Appendix C.

Remark 6 This theorem indicates that a relatively small rollout length suffices, while consistency is guaranteed by
an increasing number of rollouts. In [29], the estimation of the first and second moments of multiplicative noise is
decoupled, while here the estimate of [¥'y 5] relies on [A B]. This is because we estimate the covariance matriz of
the noise, which from definition depends on its first moment. Note that we assume that £ is fixed and do not consider
the case where ¢ — oo, since an averaging step is used in Algorithm 1, to simplify the analysis. Study of the case
with increasing rollout length s left to future work.

3.3 Finite-Sample Analysis

In this subsection we present a finite-sample result of Algorithm 1, demonstrating its non-asymptotic behavior. The
existence of multiplicative noise complicates the analysis, so here we introduce additional assumptions for simplicity
to ensure that the states are bounded a.s.

Assumption 2 For all rollouts indezed by 1 < k < n,., the following conditions hold.
(i) The initial state is bounded a.s. for all rollouts 1 < k < n,. as

(k)
0

lzg || < ex < 0.

(i) The inputs are bounded a.s. for all0 <t <f—1and 1<k <n, as

[ul®|| < ey < 0.

12



(i4i) The multiplicative noise, A,E’“) and ng), is bounded a.s. for all0 <t <{l—1and 1<k <n, as

1A |l2 < 4 < o0, [|BM|l2 < cg < 0.

Remark 7 The assumption of bounded multiplicative noise is reasonable for physical systems, which cannot have
infinite variations. For example, in interconnected systems, the noise represents randomly varying topologies of
subsystems, and is naturally bounded.

Introduce the state- and input-deviation quantities

e =" —Blay”] = 2" — e,

d(k) = ug ) _ E[ugk)

—
=
=

The next proposition is a natural consequence of Assumption 2.

Proposition 5 Under Assumption 2, the following results hold.
(i) The initial state-deviation is bounded a.s. for all rollouts 1 < k < mn, as

e || < ¢ < 0.

(i) The outer product initial state deviation is bounded a.s. for all rollouts 1 < k < n, as

Hvec (xgk) (I(()k))T —E [:E(()k)( (k) ])H <cax.
(iii) The input-deviations are bounded a.s. for all0 <t <{l—1 and 1 <k <n, as
1d67]| < ¢ < o.
(iv) The Kronecker products of A,E’“) and ng) are bounded a.s. for all 0 <t </l —1and 1<k <n, as

1(k T(k
1A @ AP — 52 < ex,
IBM @ B¥ — $5]l2 < es .

Remark 8 This proposition captures the deviations of random components of System (1) from their expectations.
Using the bounds in Assumption 2 one could upper-bound these deviations, for instance,

e S| B I Tt
and

“(k “(k = (k = (k “(k

|4 @ A E/AHQ < AP © A >|\2+ AP >|\§+ 14 ll2 < & +11Z4]l2,
=(k = k

1B @ BY — Sl < 1B @ BP 2 + =512 = B3 + 1S5z < & + 1]l

However, these bounds may not depend on those in Assumption 2. For example, when ;v((Jk)

cu = 0 but cx is positive.

1S a nonzero constant,

The boundedness of the states and state-deviations follows from Assumptions 1 and 2 according to the below
statement.

Lemma 1 Suppose that Assumptions 1 and 2 hold, then for all 1 < k <n, and 0 <t < £ we have that

el < ear, et < ens ot @)l < i [lei® )T, < e

13



and

Hvec (argk) (:zrgk))T -E {xgk) (xgk))T}) H <cp, Hvec (xgk) (ugk))T - E {xgk) (ugk))T}) H < cw,

where
t—1
o= g+ e}
1=0
t—1 _
on = Oﬁglfgé{lAllécu + L 1415 1B acy + cacn + chU>} ,
i—
t—1
P 02ig {(|A||§ +1=4ll2) eax + D (A5 + [S4ll2) (crx + cru + CFXU)} :
== i=0
Cw = CNCU + CpmCy,
and
ca = ||All2 + ca,
cg = | Bll2 + cp,

crx = (2l|All2ca + e )i,
crv = 3(IBI3 + IZ5ll2)cve, + (21 Bllacs + sy, et
crxv = 2| All2l|Bllzew + (2||All2cp + 2| Bll2c4 + 2c4c5)enmcu.

-

PROOF. See Appendix D.

Remark 9 The quantity cpr can be interpreted as a bound on the radius from the origin to the outer boundary of
the set of reachable states from any valid xo over £ time steps. If the system is not robustly stable in the sense that
ca > 1, then the limit as £ — oo of cpr could be infinite. However, since we consider only finite-length rollouts, cr
is finite regardless of the stability properties of the system.

Analogous interpretations follow for the quantity cy and the reachable state-deviations. Notice that the constants cy
grows with increasing maximum initial state and input deviations c,, and c,, and maximum noise magnitudes c g and
cg. Conversely, cn vanishes as those quantities become smaller, i.e. in the case that the initial state xo is a fized
deterministic value, the inputs u; follow a deterministic sequence, and there is no multiplicative noise. Likewise, cp
vanishes in such a scenario, so that cax = cpx = cpy = cpxy = 0.

We have the following finite-sample result for the estimates of [A B] and [¥/, X5, whose proofs are given in
Appendices F and G respectively.

Theorem 2 Suppose that Assumptions 1-2 hold. Fix a failure probability § € (0,1). It holds with probability at
least 1 — 0 that

A llog (¢/H
H[AB}_[AB]H _o | [Heslt/d)
2 Ny
Theorem 3 Under the same condition of Theorem 2, with probability at least 1 — d, it holds that

Llog (¢/6)

Ny

4 8] - 5 501 =o
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Remark 10 In Theorems 2 and 3 qualitative high-probability upper bounds are given for the estimates of [A B|
and (X4 E'g]. It can be observed that these bounds converge to zero as the number of rollouts, n,, grows to infinity,
indicating the consistency of the estimator. It should be noted that the bounds are deterministic, though they depend
on the failure probability 6. The theorems also indicate that given a positive constant, the probability of the estimation
error exceeding this constant decays exponentially fast as n, increases, which is illustrated in Section 4.1.

The O(-) notation hides the coefficients of the error bounds, and the polynomial and exponential factors of n and m
in the logarithm term. Their explicit forms are given in Appendices F' and G. The coefficient of the estimation error
of [A B] increases with ||Y||2, ||Z||2, and the bound of the system, but decreases with the minimum eigenvalue of ZZT.
Similarly, the coefficient of the estimation error of [¥!y 3’5 decreases with the minimum eigenvalue of DDT, but
increases with ||C||2, [|D|l2, and the bound of the system. It also increases with || All2, ||Bll2, and quantities related

to the second-moment dynamic of system states, due to the dependence of [%'y ¥'5] on [A B]. From definition, Y,
Z, C, and D depend on the parameters of the system and inputs, so proper input design could reduce the estimation
error. But since the nominal matrix is unknown, optimal input design strategies and data-dependent bounds still need
to be studied.

Note that the current bounds imply that longer rollout length £ leads to worse performance, which seems to be contrary
to the intuition that longer trajectory provides more data. This could result from the averaging step which eliminates
some excitation. Future work will consider how to use the data more efficiently.

4 Numerical Simulations

In this section we empirically validate the theoretical results for Algorithm 1, and compare its performance with the
recursive least-squares algorithm [14, 16].

4.1  Consistency and Finite-Sample Result

We continue to consider Example 1, with parameters as follows,

8 —200
. 10.2]’ =l0'8,2,4=i —216 20 aEB:i[E) —2]'
01 1 4010 220 40 | -2 20
0 008

According to the reshaping operator G defined in Section 1.4 and Example 1, we have

) 8§ 02 )

~ ~ T

E/ = — — E/ :_|: - :| . 1

AT 70 220, 4B 10 5 —2 20 (13)
16 0 8

A simulated experiment is conducted with rollout data of length £ = [n(n+ 1)+ m(m +1)]/2=4. For 0 <t < 3, 1
is generated independently from uniform distribution #(]0, 1]) and then fixed. Three types of inputs are considered:
Gaussian, uniform, and deterministic inputs. An identical sequence of input covariances, independently generated
from one-dimensional Wishart distribution W),(0.1,1) and then fixed, are used in the former two cases. For the case
of deterministic inputs, the covariances are set to be zero, i.e., (Zt = 0. This is able to make DDT invertible because
the second moment of the input at time ¢ satisfies that U; = Uy + 1], and the generation of the latter provides
randomness. For each case, Algorithm 1 is run for 50 times. The mean of estimation error in each case is shown in
Fig. 1. It can be seen that Algorithm 1 converges and performs similarly under all three types of control inputs, with
convergence rate O(1//n,). The algorithm fluctuates when the number of rollouts is small, which may result from
error arising in averaging trajectories.

Fig. 2 provides the relative frequency of the normalized estimates, ||[[A B] — [A B]|2/|[[A Bl and ||[§f4 i'B]

—[2% 25]ll2/ II[Z E]ll2, exceeding a given constant, under the uniform input case. This indicates an exponential
decay and validates the finite-sample result. The relative frequence of n, rollouts is denoted by p,,, .
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Fig. 1. Consistency of Algorithm 1.
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Fig. 2. Finite-sample result of Algorithm 1.

From Remark 1 and (7), (13) defines an equivalent class of covariance matrices that generates the same second-
moment dynamic of system states. In the current example, Y5 is unique, but the following covariance matrix is
equivalent to ¥4 in the previously discussed sense,

8§ -2 0 l1+a
1] -2 16 1—a 0
¥ - —
a(e) 401 0 1-a 2 o |’

1+a 0 0 8

where o € R and is such that ¥ 4(«) > 0. In Fig. 3, we illustrate the dynamic (4) given by (X4,¥5), (X4(1),X5), and
the estimated parameters of Algorithm 1 respectively, starting with the same initial condition pg = 02 and Xy = 04.
The parameters of inputs, v; and Uy, are the same as the uniform input case above. Note that X 4(—1) = X4, and
¥ 4(1) > 0. It can be observed that the dynamics given by (X4,%Xg) and (X£4(1), ) are identical, and the dynamic
given by the estimates from Algorithm 1 is close to the former.

It is assumed that there is no additive noise in System (1), but Algorithm 1 can also be applied to identify lin-
ear systems with both multiplicative and additive noise. If additive noise wy, independent of the inputs and the

multiplicative noise, exists, then we can write the system as

Ti4+1 — (A =+ At)llft =+ (B + Bt)ut =+ Wy

= (A4 Ay)zs + [B + By wt} |fit‘| . (14)

This means that we consider wy as a part of multiplicative noise corresponding to a constant input with value one.
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Fig. 4. Consistency of Algorithm 1 under both multiplicative and additive noise.

Consider the above 2-dimensional system with w; ~ N(02,0213), i.e., Gaussian noise with zero mean and o = 0.2,
and Gaussian inputs designed as above. Note that in this case we need ¢ = 6 because the dimension of inputs
increases by one in (14), compared with the original system. Fig. 4 shows the consistency of Algorithm 1 under the
presence of additive noise.

4.2 Performance Comparison

The recursive form of ordinary least-squares (OLS), i.e., recursive least-squares (RLS), is widely used in identification
of dynamic systems [14,16]. It is possible to apply RLS to identify System (1) if certain conditions hold. Note that
from System (1), we have that

Ti41 = A{Et + But + (At(Et + Btut)
= Az, + Buy + wgl),

where wgl) .= Az, + Byu; is considered to be noise. Under Assumption 1, {wgl),]-"t} is a martingale difference

sequence, i.e., E{w£1)|ft,1} = 0, where F; := o(Ag, Bg,ur,0 < k < t). A mild condition for w,gl) to ensure
convergence of RLS in literature [14,16] is sup, E{||w§1) 8| F;—1} < oo a.s. for some 3 > 2. However in our case wgl)
is state-dependent, so certain stability assumption is needed to ensure this boundedness condition. This means that
RLS could fail if the nominal part of System (1) is marginally stable (p(A) < 1) or unstable (p(A) > 1). In contrast,

Algorithm 1 can handle this situation with the help of multiple trajectory data. Similarly, the noise covariance matrix
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of System (1) may be estimated using the following dynamic

Py vec(wip12y )

=P ((A+ 4) @ (A+ Ay))Q1Pyvec(wyx]) + PL((B + By) @ (B + By)) Q2P vec(uguf)
+ P ((B+ By) @ (A+ Ay)) vec(zuf) + P ((A+ Ay) ® (B + By)) vec(uszy)

= PE{(A+ A) ® (A+ 4;)}Q1 Py vec(zya] ) + PLE{(B + B,) ® (B + B;) } Q2P> vec(uqu])
+ Py (B ® A) vec(zyu]) + Py (A® B) vec(ua]) + wi?,

where

w® = P ((A+ A) @ (A+ A) — E{(A+ A;) @ (A + A)})Q1 Py vec(z,a])
+ Pi((B+ By) @ (B+ By) — E{(B+ B;) ® (B + By)})Q2P, vec(usuf)
+P(BR A+ By @ A+ By ® Ay) vec(zyu])
+ P (A® By + A, ® B+ A; ® By) vec(uyx]).

One can obtain that under Assumption 1, though state-dependent, {wf), Fi} is also a martingale difference sequence.
To estimate the covariance matrix of the multiplicative noise, [29] applies OLS, equivalent to RLS, to the above
dynamic. It should be noted that when utilizing OLS/RLS, one estimates the second moments of A + A; and
B + By, rather than their covariance matrices, ¥4 and Xp in our context. The estimation of noise covariance
is still coupled with the estimation of the nominal system, since ¥y = E{(A+ 4;) ® (A + A;)} — A® A and
Yy =E{(B+B;)®(B+B:)} -B®B.

To compare the performance of RLS and Algorithm 1, we consider four systems. In the first case, let the nominal

system matrices be
0.6 0.2 0.8
A= , B= ,
0 0.6 1

and ¥4 = ¥p be all-zero matrices. That is, a linear system without noise and p(A) = 0.6. We use this case to

_ o [0.6 0.2] lO.S 0.21 [1 0.2]

show the consistency of RLS. In the other three cases, the matrix A is set to be , , and ,
0 0.6 0 0.8 01
respectively. B is the same as the first case, while ¥ 4 and ¥ p in Section 4.1 are adopted to be the covariance matrices.
The implementation of Algorithm 1 is the same as in Section 4.1. That is, 14 and U; are randomly generated, and
then fixed in all runs of the entire numerical experiment. The input u; at time 0 < ¢ < £ — 1 in each rollout is
generated from Gaussian distribution N (4, Uy). In addition, ¢ is set to be 4. Since RLS is based on single trajectory
data, we set the length of the trajectory as ¢n,., so that the number of samples that RLS uses is the same as that
of Algorithm 1. We consider RLS with independent standard Gaussian inputs as a baseline. In order to rule out the
effect of different input design, we also consider RLS with periodic inputs (RLSp for short) satisfying that in each
period, the inputs are generated in the same way as those in a rollout of Algorithm 1.

For each system, we run the three algorithms, RLS, RLSp, and Algorithm 1, for 50 times respectively. The mean of
estimation error in each case is presented in Fig. 5. It can be observed that RLS and RLSp perform similarly for all
cases. When multiplicative noise is absent, they converge slightly quicker than Algorithm 1. They are also a little
better than Algorithm 1, in the case p(A) = 0.6 with noise, for the estimation of [A B], indicating OLS could be
applied in Algorithm 1 to replace the averaging step. However, Algorithm 1 surpasses RLS and RLSp in identifying
the noise covariance matrix. Moreover the performance of RLS gets worse as p(A) grows. Interestingly, in the case of
p(A) = 0.8, although the nominal system is stable, the second-moment dynamic of system states is not. This leads
to degraded performance of RLS when estimating [A B] and divergence of RLS estimating the covariance matrix. In
the marginally stable case, namely p(A) = 1, RLS and RLSp explode in finite time. In contrast, Algorithm 1 behaves
almost identically for all cases (the consistency of Algorithm 1 in the marginally stable case is shown in Fig. 1). To
sum up, Algorithm 1 can deal with the estimation of noise covariance matrix better and relies less on the stability
of both the nominal system and the second-moment dynamic of system states.

18



p(A) = 0.6 (without noise) p(A) =0.6 p(A) =08 p(A) =1

= —RLS
= ; {‘ - — ‘RLS
Q 0 0 0

< 10 10 —\“r’\‘\ . 10 MALS
L "~ l\; 10%

L 10" 10t 0, J

Qq 10

= 10 102 102} 1ot=——,

10° 10 10’
10 102 10*  10° 100 10t 10° 10°  10° 10? 10*

~ B r

“ 107 107 e 107 {

B R

T 10t 10t -/Dj,' 10t
g 0 _/\c 0 /) o 100

o 10° £ 100~ 100"
W, 10t 10 10 T 7

=10

10 102 10* 10° 10° 10?2 10* 10° 100 10° 10° 10°  10° 10? 10*
Number of samples Number of samples Number of samples Number of samples

Fig. 5. Performance comparison of RLS, RLSp, and Algorithm 1.
5 Conclusion and Future Work

In this paper we proposed an identification algorithm for linear systems with multiplicative noise based on multiple
trajectory data. By designing appropriate exciting inputs, the proposed algorithm is able to jointly estimate the nom-
inal system and multiplicative noise covariance. The asymptotic and non-asymptotic performance of the algorithm
were analyzed, and illustrated by numerical simulations. Future work include studying more efficient algorithms that
can be used in online setting, optimal and adaptive design of inputs, sparsity-promoting regularization for identifi-
cation of networked systems, and obtaining end-to-end finite-sample performance guarantees for identification-based
optimal control.
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A  Proof of Proposition 3

We begin with a standard result from real analysis [40,41] regarding the zero set of a polynomial.
Lemma 2 A polynomial function R™ to R is either identically 0 or non-zero almost everywhere.

We only need to consider the case with £ = n 4+ m, implying Z is a square matrix. Note that when (4, B) and po
are fixed, |Z| is a polynomial of v := [iJ --- v} |]T € R™". Hence if we can find a vector in R™ such that |Z| # 0,
then we know that |Z| # 0 almost everywhere from Lemma 2.

First we verify the conclusion for pg = 0,,. It follows from the definition of controllability and the assumption that
[A"~1B A"=2B ... B] has full row rank. Without loss of generality, let By, AB1, ..., A" By, Ba, ..., A™Bs, ...

)

By, ..., A" B, be a basis of R", where B; is the i-th column of B, 1 <p <m,0<r <n-1,1<4<p, and

p—+>.7_, ri = n. Moreover, AEB; k> r; and 1 < i < p, can be written as a linear combination of By, ..., A™ By,
-, A" B;.

Let 7 := [0 --- D} _]T be such that 7y = e*, Uy, = €', ..., Uy, = €'y, ..., Ug,_, = € (or any nonzero multiplier

of respective unit vectors), where ¢ = k + Zle ri, 1 <k < p, and v; = 0,, for other 1 < i < n — 1. Then for
[Lt+1 = A[Lt + Bﬁt, 0 S t S n— 1, and ‘LNLO = On, it holds that

fy = A71By, 1<t < q,
fir = A" By + AT By, @ +1<t<q+ g,
fiu=A"wTIB, 4 ARy + AT B, Gp-1+1<t<n.
From the definition of By, ..., A" B), and ¢, we know that fiq, ..., fi, are linearly independent. Hence we show
that there exists a vector [yJ --- v7_,]7 such that [pq --- p,] has full rank. If m = 1, then let v = [#T 0]T and
7 _ fn =<+ i1 Op
0 ---0 1

has full rank. In the case of m > 2, fix v,, to be zero. Set v, 11 = c1€5’, ¢c; € R, and

Hnt1 fin - fgi4+1 flg—1 -+ Op
0 0 v i i 0 1

fin - i1 Op

4 (_1)2n+4—q1 dl
0o ---0 1

)

where d; = 1 if p > 1 and d; = 0 if p = 1. Hence there must exist ¢; € R, such that the above determinant is
nonzero. Inductively, set v, 1 = cref’ ;, 2 <k <m — 1, and we can find &, 2 <k <m — 1, (consequently 7, ...
Up+m—1) such that |Z] # 0.

)

Now suppose that the system starts with jg # 0,,. Since [A" 1B A""2B ... B] has full row rank, so does the matrix

[A"1B A"=2B ... B A" lug --- pgl. Hence without loss of generality we can assume that po, Apuo, ..., A™ uo,
By, ...,A" By, ..., By, ..., A" B, is a basis of R"”, where 0 < p < m (p = 0 means there isno B;), 0 <r; <n—1,
0<i<p,andp+1+ Ef:o r; = n. Moreover, ; <n — 2 for all 1 < i < p. One can verify that there exists a vector
vy -+ v}_4]T such that [uo -+ pn—1] has full rank. Therefore in a similar way the conclusion can be obtained.

Remark 11 From the proof we know that even if (A, B) is not controllable, Z can still have full row rank as long
as [A" 1B A" 2B ... B A" lug -+ pol has full row rank for some uo € R™.
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B Proof of Proposition 4
Write (5) as

Xt-i—l = (A + i;\)Xt + (B + ilB)Ut + [KpaW; + KABWtI]
= AXt + Bﬁt + Mt

Note that after setting vy =0 forall 0 <t </ —1, U, = svec(U;) and the above dynamic becomes
X411 = AX, + BU,.

Similar to the proof of Proposition 3, we first examine if X, AXoy, ..., An(ntD/2-1 X0 are linearly independent.
If not, we can select some columns of [A"("t1)/2=1B  B] to together form a basis of R™"*+1/2 The rest is
essentially the same as the proof of Proposition 3, by considering U; as an input.

C Proof of Theorem 1

Consider each rollout [(xék))T, ey (argk))T]T as an independent sample of the random vector x; := [z, ..., 2]]T, and
from Assumption 1 (i) and (iii) we know that the random vector x, has finite first and second moments. So it

follows from the Kolmogorov’s strong law of large numbers that Y - Y as., and similarly 77 a.s., as n, — 0.
Hence YZT — YZT and ZZT — ZZ7 a.s. From the assumption that ZZ7 is invertible and the continuous mapping

theorem (Theorem 2.3 of [42]), it can be obtained that as n, — oo

(ZZ7)"' = (ZZ7)7', as.

When (ZZT)~* does not exist, in Algorithm 1 we replace it by (ZZT)". Thus (A, B) — (A, B). Combining the above
convergence with the Kolmogorov’s strong law of large numbers, the convergence of C and D follows. Therefore,

applying the continuous mapping theorem again, we obtain the consistency of the estimator (f];‘, f]jg)
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D Proof of Lemma 1
For the first claim, regarding states, taking the norm of both sides of System (1), at time step ¢ we have
k k)y, (K
[ ) = [[(A+ A)2® + (B + BF ). (D.1)
Using the triangle inequality and the fact that the spectral norm is compatible with the Euclidean norm, we have

el < A+ At | + (B + B yui|
SHA+A?WAWﬁH+HB+39WN%“W

Using the triangle inequality and Assumption 2 (iii) we have

4+ AP, < max |4+ A7, < 140+ gmax |47, = a,

B+ BO |, < mas. |18 + B, < 181 + oo B, = s

o<ttt

so from Assumption 2 (ii)
i1 < eallat ] + esev. (D-2)

For the base case when ¢ = 0, we have by Assumption 2 (i) that Ha:gk) H < ¢x. Applying (D.2) inductively with the
base case proves the first claim.

For the second claim, regarding the state-deviations, we have

k
eEJr)l = :Et+1 E{xt

= (A+ AM) 2™ + (B+ BP)ul® —B{(A+ A2 + (B + BHF)ulF}
_ (A—i—A(k)) (k) (B—i—B(k)) k) _ AR { (k)}—BE{u(k)}
:A( (k) ]E{ k)})+B( { (k)})+Ak) k)+B(k) (k)

= Aef®) + Ba® + AP B§k>u§’“>.

Taking the norm of both sides, using submultiplicativity and triangle inequality, we have

k
e = 1 4e® + Bd®) + AW F) 1 Bk, M)
k k k k =(k k
gnmmmHHWBmwnn+wﬁWﬂéMwa>mw9n
< A2 + |B]l2cs + cxem + czeu, (D.3)

where the final inequality follows from the first part of Lemma 1 and Assumptions 2 (ii) and (iii). For the base case

when t = 0, we have by Assumption 2 (i) that ||e0 H < ¢u. Applying (D.3) inductively with the base case proves
the second clalm

By the definition of the spectral norm and the first and second claims we have

| ““WB—HW%

e e, = llefIl; <

proving the third and fourth claims.
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For the fifth and sixth claims, define the quantities

AX; = vec (xﬁ’“) (x(k) T— ]E{a:,g )T}) ( )(xgk))T) - Xy,
AU, := vec (ugk)( (k) E{u(k) (k))T}) Vec( (k)( gk))T) U,

AW, = vee (27 (@)T B ()7} = vee (o (uf)7) - Wi,

We can bound [|AU|| as

|AT = [vee () )T - B{u® @)}
= [[vee (u (o = BN + (0P — Bfu B} - B (P - )T}
:u@@@—E@WDT+@W—Em@HEm@F—E@@@@—E@%wm?

k & (k k k k k k
uf (W~ BN+ @ - B DB (][ @ - BT )

< 3cycy.

IN

For the sixth claim, we can bound ||[AW;|| as

AW = [Jvee (2 )7 B{2 @) |
_ Hvec((xt E{ <k>}) (k) T+E{x(k)}(u§k)_E{ugk)})'r)H
SHffgk)—E{xt }HH% H+HE{ng)}HHugk)—E{UEM}H

<ency + cpcy =: cw .

For the fifth claim, substituting the dynamics and expanding the products we have

AXypq = vec (‘Tz(fi-)l (951(5+)1 E{Igi)l Igﬂ) })
=vee ([(A+ APz + (B + B W] [(4+ 412l + (B + BF)uf]"
—E{[(A+ A2 + (B + B [(4+ A0 + B+ B}
= vee (4 + A )74+ AP 4+ (A4 Al )75 4 B
+(B+ B ) <’“>( WA+ AT + (B + BP)ul® ()T (B + BT

~ B{(A+ APz @)1 (A+ AT+ (A+ AP)a® ()T (B + BT
+ (B + B )u? ()T (A + AT+ (B + B )u E’“’(ui’“’)T<B+BE’“))T}>

= vec ((A+A§’“))w§’“)(m§’“’)T(A+A§ ~B{(A+ AP @1 (A + AT

<A+A“h<“<“UWB+B“>T E{(A+ A2 ()1 (B + BY)T)
(B+ B yul® (@14 + AT —B{(B + B )ul® (@) T(A + AT}
w+BPmewa+B£V—EKB+E%¢W¢%WB+E%W) (D.4)
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Considering the first of the four terms of (D.4), we have

1 [i=vee ((A+ A)af? @)1 (4 + AP)T — B{(4 + A2l ()T (4 4+ AP)T})

= vec (Awi’“ (#)TAT + Az (@ )T(AP)T 4 AP 2P (@) TAT 4 AP ()T (AP
- AB{a{ ()T} AT - 0 - 0~ B{AL o) (A)})
— (4o A)vee (9097 — E{ @7}

+(A® Agk)) vec (wz(ek) (wz(ek))T> + (A(k) ® A)vec (:E(k) (x(k))T)

+(/I§k) ®f_l(k))vec (;v( )( (k) ) E{ A(k) ®A }E{ vec( )( (k)) )}

= (4@ Ay vee (o ()T~ Bl ()T}

+ (4@ AP) vee (2 (@)T) + (A @ 4) vee (2P (2(")T)

+ (A © AP) — B{(AP © A7)} ] vee (3:( >(I<k>)r)

+E{(A" @ AP} vee (ofP (27 — B{z{ (o) T}) .

Taking norms, and substituting notated quantities, we have

H | Hs||A®A||2||AXt||+||A®A ol vee@® @)Y + [ AD @ Alla|) vee(@ P @)

1(k 1(k k
+ 1A @ A7) = £l vee(ay® (@) )| + £ ll2ll AX |
k k k
< (JAIE + I l2) 1A+ (21420 A0 + 1A @ AP = Sy ) 22
< (413 + IS4l IAX]] + (2] Allzez + e, )63y

Applying identical arguments to the fourth term of (D.4)

4 |i=vee (B + Bl @)1 (B + BT~ B{(B + By W) (B + BF)T}),

we obtain the norm bound

H 4 H (IBIZ + IS ) AV + 21 Bllacs + ex )

< 3(IBI3 + 1Z5ll2)cves + (211 Bll2cs + esy, )t

Likewise, for the second term of (D.4), we have

2 |i=vee ((A+ AP @)T(B + BT - B{( A+A(k)) ) ()T (B+Bt(k))T})

= vec (A;v(k)( TR 4 Az (T (BT + AP (W TBT 4+ AP L (uM)T(B)T
~AE{® @)V BT — 0 — 0 — B{AD 20 ()T (Bt(k))T}>

= (B® A)vec ( (k )( (k) E{x (k))T}>
+(B® AE’“)) vec (xE’“’ (ugk)) ) (B(k) ® A)vec ( (k)( gk))T)
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+ (Bt(k) ® /_lgk))vec (x( )( (k) ) E{( B(k) ® A }E{ vec (xgk) (ugk))T> }
= (B® A)vec ( (k) { (k) })
+ (B ® fl )vec ( (k) ) B(k) ® A) vec ( (k) (ugk))T)

+ (B;

A( ))VQC( ( ) )

Taking norms, and substituting notated quantities, we have

H < | All| Bl AW + (| Allzcs + | Bllacs + cacp)ercu.

The third term of (D.4) is simply the transpose of the second term, so an identical norm bound holds.

Putting together the four terms of (D.4), we obtain

[AX el < (JANZ + [Z4ll2) 1AX]] + ()| All2c4 + exr, )eds

+3(IBI5 + =5 ll2)cves + (2||Bllacs + e, )ctr
+ 2[|All2l|Bllzew + (2||All2cg + 2||Bll2c s + 2¢zcp)emcu - (D.5)

For the base case when ¢ = 0, we have by Assumption 2 (v) that ||AXy| < cax. Applying (D.5) inductively with
the base case proves the fifth claim.
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E Basic identities and inequalities
In the proofs of Theorems 2 and 3, the following facts will be used.
Submultiplicativity of spectral norm For A € R™*™ and B € R"*?P,
[AB|l2 < [|All2] B2
Norm of Kronecker product For A € R™*"™ and B € RP*¢,
[A® Bll2 = [|Al|2]| B2

Inverse of spectral norm For any invertible matrix A € R™*™ we have

_ 1
A7 2 = ————=. (E.1)
v/ Amin (AAT)

Difference of matrix inverses Suppose A, F € R™*™ are invertible square matrices. Then

AV El'=EY (E-A+AA Y)Y -E'=EYE-A)A". (E.2)
Matrix inverse perturbation bound (Equation (5.8.1) of [37])
Suppose A, A+ F € R™*™ are invertible square matrices. Then

AT = A+ )7 < AT IE - A+ F) 7). (E.3)

This follows from taking F = A+ F in (E.2) and using submultiplicativity of spectral norm.
Probability bound on the sum of random variables
Consider k random variables, X1, ..., X, and a positive number e. Note that X; < ¢/k for all ¢ € [k], implies

Zle X < ¢, so it follows from the union bound that

k k
P {ZX > 5} <Y P{X; > ¢/k}. (E.4)

Probability bound on the product of nonnegative random variables
Consider two nonnegative random variables, X; and X, and a positive number €. Since X; < /€ and Xs < /€
implies X1 X5 < € we have
We will need the following geometrical result later in the use of covering arguments.
Lemma 3 (Covering numbers of the Euclidean Sphere) Consider a minimal y-net {wy, k € [M,]} of the n-
dimensional sphere surface Sp—1 = {w € R™: ||w|| = 1}. That is, for all w € S,,—1 there exists w; € {wy, k € [M,]}

such that ||w — w;|| < vy, and M, is the smallest number satisfies this condition. Then for any v > 0, the covering
number M., i.e., the cardinality of the y-net satisfies

) me )

PROOF. A standard volume comparison involving Euclidean balls, e.g. Corollary 4.2.13 of [43], yields the result.
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We also need the following matrix concentration inequality.

Lemma 4 (Matrix Bernstein inequality [44]) Consider a finite sequence of independent random matrices { X,

k € [N} with common dimension m xn. Assume that E{Xy} = 0 and || Xi||2 < L, k € [N]. Introduce S := Zszl Xk
and let v > max{||E{SST}||2, |E{STS}||2}. Then, for alle >0,

P{[|S]2 > &} < (n+m) eXp{ 3 3U5+LE} (E.7)

We obtain the following corollary from Lemma 4.

Corollary 2 Consider a finite sequence of independent random matrices {Yy,k € [N]} with common dimension
m x n. Assume that E{Y;} =0 and ||Yi||2 < M, k € [N]. Then, for alle > 0,

N
1
P!l=
(=
k=1

S
2

> 5} < 4(e),

where

3 Neg?
6(5) = (n+m)exp{—§ . m} .

PROOF. Towards application of Lemma 4, assign X}, = Y;/N and thus L = M/N. Now we get a crude bound on
v as

IE{SST}2 = ||E (ZXQ > X7
k=1 =1

2

= Z Z E {X;CXT} (linearity of E{-})

k=1 j=1
= Z E{X. X[} (mutual independence of X})
k=1 2
Z B A{ XX}, (triangle inequality)
N
Z {I1XkXT |2} (Jensen’s inequality)
v
= Z {I1Xxl3} (property of the spectral norm)

(M/N)? = M?/N.

MZH

~
Il
—

An identical argument shows ||E{SST}|2 < M?/N so we can take v = M?/N. Applying Lemma 4 with X} = Y, /N,
L= M/N, and v = M?/N yields the claim.
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F Proof of Theorem 2

In this section we obtain bounds for system parameter error matrix [A B] — [A B] by decomposing the difference
using their representation in the least-squares estimators as

[AB] - [AB)=YZ7(2Z")! - YZ"(2Z")"

=[YZT - YZT|(2Z7)" ' + YZT[(2Z7)" —(Z2Z")7'] + [YZT - YZT|[(2Z")" - (Z2Z7) 7).

In this form it is obvious that there are four unique terms, which fall into two groups. The first group is YZT-YZT and
(ZZ7)' — (ZZ7)~', which represent error terms amenable to analysis. The second group is (ZZT)~! and YZT, which
are inherent to the system and do not depend on the estimator quality. The terms YZT —YZT and (ZZT)T —(zz7) !
are treated first, then the bound on [A B] — [A B] is obtained.

Throughout this section, small probability bounds are denoted by 4.y, where [-] are various subscripts, and each of
these bounds decreases monotonically towards 0 with increasing number of rollouts n,.

The following bounds for Y — Y and Z — Z follow from Corollary 2.

Lemma 5 Suppose that Assumptions 1 and 2 hold. Then for all € > 0,

P{|IY = Y[, >} = P{

z - Z||2 >ef= ]P{[HYAv _YHz > e] U [HZ - ZHz = 5}} <y (o),

where

2

3 ny.€
Sy(e) :=(n+0)e _
v(e)i=(n+0 xp{ 2 3[0?\,—1-8\/[0?\,}

PROOF. Using the bound ||e§k)|\ = ngk) - E{xgk)}H < ¢y from Lemma 1, and denoting Y, := [xf) xgk)] o
Y = (X7, Yi)/n, and E{Y,} =Y, we obtain

?k - Y||2 <

¢
Vi Y= | D[l ~B{aV 3 < ek
t=1

Applying Corollary 2 with Y = Y, — Y, N =n,, and M = \/{c3;, we conclude
P{IY = Y]z > ¢} < oy (e).

k) k)
x§_1 e xé

Denote Zj, = l ] s0Z = ey Zk)/nr and ]E{Zk} = Z. Noticing that the last m rows of Zi — Z all

Vé—l PR VO
have zero entries, we have that

|

A ZH2 > 5} are precisely the same, concluding the proof.

Y_YH2 =

Z_Z||2'

Hence the events {HY — Y||2 > a} and {

Remark 12 The reason that the last m rows of Zi. — 7Z all have zero entries is that the first moments of the inputs

are known in Algorithm 1, and appear identically in both Zy, and Z. Hence the probability bounds are independent of
the input dimension m.
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Lemma 6 Suppose that Assumptions 1 and 2 hold. Then for all € > 0,
P{||[YZT - YZT||, > ¢} < dyz(e)

where

Yo+ [1Zl2\* Y2 + |2
dyz(e) == by \/s+<” ”22 | |2> l H22 1Z]]2

PROOF. We begin with the decomposition

YZT-YZT = (Y-Y)Z-Z)"+(Y-Y)ZT+Y(Z - Z)".

By the triangle inequality and submultiplicativity we have

|YZT - YZ7|,= |[(Y-Y)Z-2)"+ (Y -Y)ZT+ Y (Z - Z)7|,
< | (Y =Y)Z - 2)7[|, + (Y =Y)ZT||, + [ Y(Z - 2)7]],
<Y =Yl,|z - z][, + Y - Y|[,1Z]2 + Y| Z - Z|,

Y-Y|2+

Y =Y, (1Yl + 11Z],)

Considering a probability bound, solving the quadratic inequality in ||Y — Y||2, and applying Lemma 5 we have

P{|[YZT - YZT

> o) <P Y =Y, (Y12 + 1Z]2) > }

S 1 4e
= ]P{ Y~ YHQ > Q(HYHQ +1Z]l2) (\/1 + W - 1)}

1Y 2 + [|Z]2 4e
<dy | ———= 1+ 55 —1 ,
v ( 2 (YT + 11Z]2)2

Lemma 7 Suppose Assumptions 1 and 2 hold. Given a positive constant eyax, then for all 0 < € < €pax,

Y-Y|l+

I

which was the claimed inequality.

P{|[(ZZ7)" — (ZZ7)"||, > €} < 622(c, Emax),

where

._ 1o T € EAmin(ZZT)
022(&: Emax) = 0o (2/\mi“(zz ) (1 smax) E) +Om (amax(2 + Main(ZZ7) /Amax(ZZT)) )’

So(e) = by (\/Amax(zzw Yoo \/)\max(ZZT)) ,

T n+m
5m(6) = <9n+m + (%Z(ZZ?)) + 1> ) 50(6).

Remark 13 The additional parameter emax arises when bounding /\fmn(ZZT), and s in fact independent of the
estimation bound.

RROOF. Later we will Asl}ovv that ZZT is invertible with high probability, so we now assume the existence of
(ZZ7)~ Y, ie., (ZZ7)t = (ZZ7)~!. Hence we may apply (E.3) to obtain the decomposition

(227 —(zZ") 7|, = ||(z27) "1 (227) " (227 — 2Z7)),
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< |[(zz7)~

Z0) 7,

Considering a probability bound, rearranging, and using (E.1) we obtain

777 - 777,

P{[[227) " - (227) |, > <} < P{|[@27) |, | 22|, )|22") - (227, > <)
=P! 227 - 2Z7|, > ° =
iz - zar), > e 4%}
=P{||ZZ7 - ZZ7||, > cAnin(ZZT)A mm( Z7)}. (F.1)

We are now faced with providing bounds on both HZZT — ZZTH2 on the left side and /\min(ZZT) on the right side
of the inequality inside the probability.

First, we consider the bound of HZZT — Z77||, by beginning with the decomposition

I

277 — 777 = (Z - Z)(Z - Z)" + (Z — Z)Z" + Z(Z — Z)7.
Using the triangle inequality, submultiplicativity, and solving the quadratic inequality in ||Z — Z||2, we obtain

P{||zZT - 2Z7

NZ—-2Z)T + (Z - Z)ZT +Z(Z-2)|, > ¢}
(- 2) +lzE -2y, > <)
stz—mu zq

- 2
N 1
=P Z—-7||,>||Z 1+ ——=—1 .
{122, = ”2(v e )

Applying Lemma 5 with the appropriate settings of ¢ yields

P{||Z2ZT - ZZ7|, > e} < by (||Z||2 ( 1+ ﬁ - 1)) = §o(e). (F.2)

Now we seek a lower bound of )\mm(ZZT) First an upper bound of HZZT

I, =

)7l (8

H2 is needed. To obtain this, we put forward

a covering argument. Begin by constructing a quadratic form of ZZ77 with w € R, |lw]| =1 and use the earlier
result in (F.2) to obtain

IP{wTZZTw > ||ZZ7|2 + ¢} < IP{wTZZTw > wTZZTw + ¢} (definition of spectral norm)
= IP{wTZZTw —wlZZTw > 5}
=P{w"(ZZ" - ZZ")w > ¢}
< IP{HZZT - ZZTH2 > e} (definition of spectral norm, ||w|| = 1)
< dp(e). (F.3)

Consider a minimal y-net {wy, k € [M,]} of the (n + m)-sphere surface Sp4m—1 := {w € R"*™ : |jw|| = 1}. Hence
for all w € Sy, 4m—1 there exists k € [M,] such that

W ZZTw = (w — wy)TZZTw + w] ZZT (w — wy) + w] ZZLTw

< 29|ZZ7 |2 + max w]ZZTwy,
KE[M, ]

where the inequality follows by [|A[2 = max) |1, jy=1 ¥yTAz for A € R" and ||w — wg|| < ~. Taking supremum of
the left side of the inequality over w, using the definition of the spectral norm, and rearranging implies that

HZZTH max_w] ZZTwy. (F.4)

27 1 — 27y ke[M,]
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By construction |Jwg| = 1, so we may apply (F.3) to wy in place of w from earlier in the proof:

P {wZZZka > || ZZ7 |2 + E} < Jo(e).

Now apply the union bound over the M., terms to obtain

M’Y
T _ Tz
P { [kren[%]wkZZka] > ||ZZT||2 +a} =P L:J [wkZZka > HZZT||2 +5}

wlZZTwy, > | 2272 + €]}

M'VCSO (E)

S
S

Note that tighter bounds can be obtained via more complicated arguments e.g. as in [45,46]. For definiteness, choose
v =1/4. By (E.6) we know M, < 9™ Thus (F.4) becomes

||ZZTH2 < 2%1[%%%%22 w

Considering a probability bound we have

IP{||ZZT||2 >2(|2ZZ7 |2+ ¢ } <P {2k I[I;af ]wkZZka > 2(||ZZ7|2 +a)}
clgntm

:]P{ max wZZZka > |ZZT|2+€}
ke[9ntm]

S 9n+m50(€) =: 51 (E) (F5)

We are now in a position to derive a lower bound for )\min(ZZT). Again we construct a quadratic form of 77T with
w € R"™™_ ||lw|| = 1 and use the earlier result in (F.2) to obtain

P{wTZZ™w < Apin(ZZT) — e} = P{\uin(ZZ7) > wTZZTw + ¢}
< P{w'ZZTw > wTZZTw + e} (property of minimum eigenvalue)
= IP{wTZZTw —wTZZTw > 5}
=P{w" (22 - ZZ")w > ¢}

< P{|zzT - ZZTH2 > e} (definition of spectral norm, ||w|| = 1)
Consider again a minimal y-net {wg, k € [M4]} of Sp4m—1, and for all w € S,4m—1, there exists k € [M,,] such that

wTZZTw = (w — wi)TZZTw + w;ZZT (w —wg) + w,IZZTw
> —29||227 in w]ZZ7 F.7
2 —2|227]|> + min wiZZTuwy, (F.7)

where the inequality follows by [|All2 = max)g|=1,y=1¥TAz for A € R™ and [Jwy — w|| < . By construction
[lwg|l = 1, so we may apply (F.6) to wy, in place of w from earlier in the proof:

]P{w,ZZZka < Amin(ZZ7) — 5} < do(e)
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As before, apply the union bound over the M., terms to obtain

M,
P { Ln[l]lél | w,IZZka < Amin(ZZ7) — a} =P [wZZZka < Amin(ZZ7) — E]
€My k=1
M’Y
< Z IP{ [wZZZka < Amin(ZZ7) — E] }
k=1
M’Y
< 50(5) = M»Ydo(a)
k=1

For definiteness choose v = Amin(ZZ7) /(8 Amax(ZZT)) = Anin(ZZ7)/(8||ZZ7||2). By (E.6) we know

16| ZZ7 |2 ntm
M, < 222 g .
v s (Amm(zzm +
Hence,

P! | min wlZZTwy| < Anin(ZZT) — e p < 161227l +1 n+m(5 (e) =: 02(¢) (F.8)
kE[M.,] k k min > /\min(ZZT) 0 - 02 . .

Also, using our choice of v = Apin (ZZ7)/(8||ZZT||2), we have

Amin(ZZT)

A — gy LminBBT)

(1Z2Z7]]2 +¢)

1

E
— I Aan(ZZT) (14 7) .
g Mmin >< 12z,

Considering a probability bound and using the result on HZZTHQ in (F.5), we have

p {—2v||ZZTHg <~ Awin(22T) (1 + TZET'Q)}

=P{ - 29|227||, < —4y(|2Z7||2 +¢)}

=P{||2Z7||, > 2(|Z2Z7 |2 + &)}

< d1(e). (F.9)

Combining (F.8) and (F.9) and using the union bound we obtain that

. A a 1 €
—2v||Z2Z7 i T2Z 7wy > —=Ain(ZZ7) (1 + —o—— Amin(ZZ7) —
B+ iy L2270 2 =) (1 e ) ) =
1 Amin(ZZT)
= Amin(ZZT) — (14 22227
(220 - (14 52250 )

takes place with high probability at least 1 — [d1(¢) + d2(¢)]. Recalling (F.7) we have

im(ZZ7) = i TZZTw > —2v| 2|3 in wlZZT
)\mln( ) wegslj}nf1w w =z FYH H2+k161[1]1\141w]wk Wk,

and thus the probability bound

7.7 ; T
F {Amin(ZZT) < %Amin(ZZT) - <1 4 Amin(ZZ )>

i) <)) = ome) (¥.10)
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In fact, this means that 777 is invertible with probability at least 1 — d,,(g), if we take £ small enough, since
Amin(ZZT) > 0 from Assumption 1 (iv). We conclude the proof by returning to the overall bound in (F.1) and using

both the bound of ZZT — ZZT in (F.2) and the bound of Apin(ZZT) in (F.10) to obtain

P{||(zz")" - (zZ")7"|, > <}
<P {[| (ZZ )= (zz") ), > ] N [)\min(ZZT) > I_TAmin(ZZT)]}+1P{/\min(ZZT) < 1_TAmm(zzU}
= {[H (2z27)"' = (22") M, =] {Amin(ZZT) > 1 T)\min(ZZT)} } +P {/\min(ZZT) < 1_—Hmm(zzr)}
<P {[ 227 — ZZ7||, > eAmin(ZZ7) Anin (ZZ7)] ) {)\min(ZZT) > 1_—TAM(ZZT)”

P {/\min(ZZT) <L T)\min(ZZT)}
< ]P{ 777 - 777, > 1= aAfnm(ZZT)} +P {Aml,](z ) < — Anin (ZZ7 )}

VAl
1 TAmin(ZZT)
< 6o [ ——LA2. (zZT O min

=~ 0o ( mln( )5> + (2 n )\mm(ZZT /|ZZT||2>

where 0 < 7 < 1. Note that 7 may be chosen arbitrarily small. In order to preserve useful dependence of the bound
on g, fix a maximum &, > € and set T = £/max, S0 the bound becomes

p{||227)! - (z27) |, > )

o () (1 2)7) o e ) e

Theorem 4 (Theorem 2 restated) Suppose Assumptions 1 and 2 hold. Given a positive value emax, then for all
0 <e< 3€max mln{ \//\max(YYT)/\maX(ZZT)7 Emax};

P{|[[A B] - [A B]||, > ¢} < dan(e),

where

(SAB(E) = 5AB(57 Emax)
1 € € €
=6 = Amin /A +4 \/j) +9 y€max | o (\/iu max) .
YZ <3 ( )6) YZ ( 3 zZZ <3\//\max(YYT)/\max(ZZT) € ) ZZ 3 €

PROOF. Decompose the system parameter error matrix using the least-squares estimators, as discussed earlier, as

[AB] - [A B =YZ"(22")' - YZ"(2Z7)"*

=[YZ" - YZ"(Z2Z") '+ YZT[(2Z7)" — (227) | + [YZT - YZT][(227)" — (Z2Z7)'] .

=:ITy =:1I> =:11I3

Considering a probability bound and using (E.4) we obtain

]P{[AB} —[AB]ZE}:IP{Hl—i—Hg—i—HgZa}
<P{Il; >¢/3} + P{ll; > ¢/3} + P {ll3 > ¢/3}.

For the first term, use the submultiplicative property, rearrange, and use (E.1) to obtain

e{m > 3} - r {vz - vary e, 2 )
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_ g
vz, > 5}

- €
YZT — YZTH2 > 73||(ZZT)—1|2}
vz, > %)\min(ZZT)s}

1

<dyz <§

/\min(ZZT)s) ,
where the last step follows by applying Lemma 6 with the appropriate setting of €.
For the second term, use submultiplicativity and rearrange to obtain

P{IL > o} =P {|yzr|z27) - (zzT =2
@2y - (220, > )

< P{IIY 2/l

77T )1 <
= e {1@2) - @2, = i )

<s <; : )
>~ 077 3HYH2HZH27 max | »

where the last step follows by applying Lemma 7 with the appropriate setting of €.

For the third term, use submultiplicativity and (E.5) to obtain

P{m > 5} =P {|[¥2" - Y2722 - (2z") "), > 5}

P PP _ €
<®{|¥zr - vzr|| |2z - 2z, > 5}

<e{vzr vz, > 2 e {2z - @z, 2 2

oolm

where the last step follows by applying Lemmas 6 and 7 with the appropriate settings of €. The conclusion follows
by combining the probability bounds for each term.

PROOF OF THEOREM 2.
The qualitative claim in Theorem 2 is found by inverting the bound of Theorem 4 and examining the behavior of
the bound as n, — oo. To be specific, from Lemma 5, given fixed 6 € (0,1), we can find £y () such that

PYY - Y], > ev (@)} <

where ey (0) satisfies

Sy (ev () = (n+¢) exp{ 2 30ck ZTE:((;S)) & } -
N e CN

Solving for ey () in terms of ¢ using the quadratic formula, we obtain

gy(a):2i< 02,10 ";Lé \/%£c§‘v1 QnT—M—I—E%nT@?Vlogn;—é).
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Since ey (&) > 0, we have that

ey (0) = 1 (g gc%vlogn_—M_F\/égc?vlogZH_H—i—Snrﬂc%\,logn—i_E)

2n, 0 1 ]
1 5 n—i—f o on+tl 2, n+/¢
= 3 lcyy log \/ 5 ey log 3 —I—HTZCNlog 5

_o (\/ﬁcfvlog[(n—i—é /5)

An identical argument holds for HZ — ZHQ. Therefore, for fixed ¢ € (0,1), with probability at least 1 — 9,

IV =Y, <ey(d) =0 (\/&?V 1°g[("+£)/5]> ,

Ny

HZ_ZH2 ey (0)=0 (\/fc?vlog[(n—i—@)/é]) '

Ny

We proceed with this argument. Now from Lemma 6 it follows that for fixed § € (0, 1) there is ey z(d) such that

P{||YZT - YZ7|, > ev2(8)} <dvz(evz(9) =

This implies

2
by 2(ev2(8)) = by (\/61/2(5)"' (B2l |Y|2;|Z'2) =5

and solving for ey z(d) we obtain

evz(6) = &5(8) + (Y2 + 1Z][2)ev (5).

Thus when n, is large enough it holds that

Ny

ey 2(0) = O(IY 12 + |Z]2)e (3)) = O ((WWWYT) i wmax<zzw)\/ ey logln +0)/ ‘”) ,

which is the bound of | YZT — YZT||, with probability at least 1 — §.

Similarly, under the condition of Lemma 7, we have that for fixed § € (0,1) and large enough n,, there are
€0(0),em(0) > 0 with dg(e0(d)) = and ,,(€,,,()) = d such that

20(0) = £.(6) + 22y (8) v Amax (Z2T) = O (\/Amax<z—ZT)\/ fen osln +0)/ 5]) ,

em(d) = O (m \/ (e} log{(n + 0)[9"+™ + (16 Amax(ZZT) /Amin (ZZT) + 1)"*’”]/6})

Ny
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For fixed 0, emax € (0,1) and €z1(8) € (0, emax), Suppose that

oo (3mzzn) (1- 29 006)) =,

and we know that

E71 (5)

Emax

30220 (1- 29 1) - <),

which implies

521(5)=%amw(1i . 1C) )

A2 (ZZT)

min

Because for any nonnegative random variable X and constants a > b > 0, P{X > a} < P{X > b}, we choose the
smaller root. Thus,

€o(d
EZl((S) = %Emax (1 — 1-— A28(()7(Z%T)>

min

ool

-0 \/ max ZZT EC?V log 7’L+€ /6]
mln ZZT

For 0, emax € (0,1) and €22(8) € (0, emax), if

EZQ(5))\min(ZZT) -
Om <gmax(2 + )\min(ZZT)//\maX(ZZT))) =9
then
€72 (5) = Emax(2 + /\H/I\i;i(nz(é.rz){))\max(zzlr)) 5m(5)
-0 2+ min ZZ \/ max ZZT KC?V 10g{ n+ é)[gner + (16/\max(ZZT)//\mm(ZZT) + 1)n+m]/5}
- ( Amax(zzr)> Amin (ZZT) n

Note that ¢;e2 /(ca2 + c3¢) is monotonically increasing on (0, +00) for any positive constants ¢, ¢z, and c3, so from
the monotonicity of composite functions, we know that dy (¢) is monotonically decreasing. So are dy z(g), do(g), and
dm(€). In addition, (1 —€/emax ) is monotonically increasing on (0, €max/2) for fixed emax > 0, implying §zz (&, Emax)
is monotonically decreasing on (0, emax/2). Let £22(8) := max{ez1(0/2),e22(0/2)}. Since for fixed §, emax € (0,1),
when n, is large enough, €z1(6/2),e22(6/2) < €max/2, it holds that

P{|[(zZ")" — (2Z7)7Y||, > e22(8)}
< 5ZZ(€ZZ(5),Emax)

= by (;Amm@zw ( . ) EZZ@) om (emaxu +Am(5i;§§ffm)<ZZ>>>
< (;A?nm@zw ( %5/2)> =210/ 2>> - om (am@Tifﬁ?é“i‘ﬁﬁﬂzzm) -
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Therefore, we know that with probability at least 1 — 9,

(zz7)" — (zz7) 7"
< 622(5)

:0<max{‘/ o (ZZT) \/echog (n+0/5)
mln ZZT

- Amin ( \/ Amax(ZZT)  [£c310g{2(n + )[9"F™ + (16 Amax(ZZT) /Amin(ZZT) +1)" ™) /6}
/\max(ZZT) Amin (ZZT) Ny ’

Similarly, let

£aB(6) := max {% 362 ,(6/4), 3V Xmax (YY) Amax (ZZT)e 22(5/4), 365 4 (5/4) } (F.12)

and from Theorem 4 it holds for large enough n, that

P{||[A B] — [A B||, 2 can(6)}
< 5AB(€AB(5))

B 1 . ean(d) eaB(9)
=0z <§A"““(ZZ )EAB((S)) Tovz ( 3 ) +9zz (3\/Amax YY) Ao (ZZT) ma")

+ 6ZZ < aAz(a) ) Emax)

< Oyz(eyz(6/4)) + 0y z(eyz(6/4)) + 022(e22(8/4), emax) + 022(€22(0/4), Emax) = 0.

Therefore, we have that with probability 1 — §, for large enough n,.,

[A B] —[A B||, < ean(9),

where

EAB(é)
_ o<max{ VoY) + \ R (Z2T) \/fc%v logld(n + /9]

3

Amin(ZZT) Ny

)

2 10g[4(n + /6] v Ao (YY) A (ZZ7) €63, Log[8(n + £) /3]
’ N2 (ZZT) n,

min

Amax (YYT) 4+ v/ Amax ( ZZT>)\/

Amin (ZZ7)\ vV Amax (YY) Amax(ZZT)  [£c%10g{8(n + )[97F™ + (16 Amax(ZZT) /Amin(ZZT) +1)" ™) /6}
max ZZT )\mln(ZZT) Ny ’

<N/Amax (YY) Ao (Z27) \/&3v 1og[8(n+e)/5]>2

28

2+

mln ZZT) Ny

( mm ZZT ) \/ max YYT /\max ZZT

Amin(ZZT)

max ZZT)

\/ecgv log{8(n + £)[9"+™ + (16 \max (ZZT)/Amin(ZZT) + 1)”*’”]/6}>2}>

Ny

N min

B Vo (YY) 4 /A (ZZT) | 0% 10g[A(n + )/0] /Amax (Y Y T) Amax (ZZT) | £c3, log[8(n + £) /0]
I U Amin (ZZT) ’ N2 (ZZT) Ty :
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<2 + Amm<zzT>) Vi (YY) A (Z27) \/ (63, log {8(n + £)[97 ™ + (16 Amax (ZZ7)/Awin (22Z7) + 1)"]/5) })

Moo (ZZT) Ao (ZZT) n
o ( . { Ve (YY) + /Ao (ZZT) \/ 03, 10g[4(n + 0)/8] \/ Amax(Y Y T) Amax (ZZT) \/ 0c%, log[8(n + £)/4]
Aot (ZZ7) n ’ N2 (ZZ7) 7 :

2\ (ZZT) > \/ 062, 10g{8(n + )97 + (16Amax(ZZT)/Amin(ZZT) + 1) 7] /5} }) |

max T
VAmax(YYT) [ 1+ Noin (ZZ7) -

The qualitative claim in Theorem 2 follows by dropping dependence on quantities other than §, n,., and £.

Remark 14 [t can be seen from the above bound that smaller Amax(YYT), Amax(ZZT), cn, and larger Amin(ZZT),
all of which depend on both system parameters and input design, yield faster convergence speed of Algorithm 1. The
exponential term of n + m is technical and could be tightened [45, 46]. In addition, the estimation error has higher
order terms, e.g., O(1/n,), which may be relatively large when n, is small. This could explain the performance of
Algorithm 1 with small number of rollouts in simulation.
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G Proof of Theorem 3

Now we derive bounds for [22114 223%] — [y ¥%]. The proofs follow a similar structure to that of the proofs for bounds

on [A B] — [A B, but with more complicated expressions due to the greater complexity of the second-moment
dynamic.

Throughout this section, small probability bounds are denoted by 7;.), where [-] are various subscripts, and each of
these bounds decreases monotonically towards 0 with increasing number of rollouts n,..

Recalling notations in Section 3, we have

2 1 s ~
X; = — P vec (Z xik) (xik))T> , Xt = Pyvec(E{z¢x]}),
T k=1

U, = Pyvec(Uy + v,

ool S )
Wy = — 7 Wi = E 7
b= vec <; x; Vt> , Wi = vec(E{zsu] }),

. 1 o K
W, = ——vec (Z Vt(:zrg ))T> , W, = vec(B{u]z;}),

A=P(A® A)Q,, A=Pi(A® A)Q,
B=Pi(B®B)Q:, B=P(B®B)Qs,
Kpa=Pi(B®A), Kpa=P(B®A),
Kuap=P(A®B), Kap=Pi(A® B).

Further denote

Ml = [Xzfl"'Xo], Ll = [ngl"'Wo], U:= [ﬁgfl"'Uo}.

Lemma 8 Suppose Assumptions 1 and 2 hold. Then for all € > 0,

P{||D - Dl|, = ¢} < np(e),

where
n(n+1) ) 3 npe?
= —=+/ —_—— 3
77D(<€) ( 5 + exp{ B 3&%_’_8 /_Kc%}
and
P{[|C -, 2} <ncle),
where

(€)= 10(e/5) + nane(e/9) + 2 e/5) + e (5 ).
mnn@) = (g7 ) + 0 (577 )+ OVET) + mnl(VETB)

nkL(€) :="naB <ﬁ) + 1L (W) +NaB (\/5/_3) + L ( 5/3) ,
14(e) = 0an (VE/2) +das (</(8VTATR))
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n5(€) = a5 (VE/2) + dar (/8VIBI2) )
nan(e) = 2045 (VE73) +dan (/3VIBI2) +das (¢/(3V/TATR)

2

(€) := (nm +£) ex . A
e P12 30c3, +e/lcy, |

Here, dap(e) = da(&,emax); € € (0,max) and emax € (0,1), is defined in Theorem 4, and we omit emax for
simplicity.

PROOF. Denote

M, := [lel i 'Xo}, M, = [):(571 i 'XOL
M= [X;--Xi], Moo= [X,---Xi],
Ly o= [Wey1---Wol, Ly = [Wey--- Wy,
L= W)y W) o= [
U = [Up_1 - Uo],

which will be used both for the development of the bound on HC — CH2 and on H]j — DHQ.

We begin by justifying the claim regarding a bound on Hf) — DH2. We make the new definitions

Xy = {Vec (xyi)l (argk_)l)T - E{xgi)l (a:gi)l)T}) ... vec (xék) (xék))T - E{xgk) (xék))T})} ,
Xk = P1Xk,

1 1 nklk'

Considering a single column of X}, we use the bound from Lemma 1 to obtain

||)~(;CH2 < |IPo||21 Xkl 2 (by submultiplicativity)
= | Xk/|2 (since | P1]|2 = 1 by definition of P;)
< [1Xkll g (by ordering of || - ||z and || - [[r)
-1
2
- $ 3 Hvec (ng> (@)1 — B{a(? (ngm}) H (by definition of Xy, vec, | - || r)
t=0
</l
Notice that
A )2(571 o ):(0 Xoq -+ Xo
[, - |[[X o) e
Uiy --- Up Up—r - Uo |,
= [ ] = [ 5]
1 g
o k=1 2
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Thus we have the small probability bound
P{|[D -Dl|, > e} <np(e),

where

np(e) = (%n(n—i— 1) —l—f) exp {—g : 2nr—52} ,
3lcy + 5\/&_%
which follows by applying Corollary 2 with Y3 = Xk, N =n,,and M = \/E
We now justify the claim regarding a bound on ||C - C||2. The prior statement implies
P{[[M; — M|, > e} <np(e). (G.2)

An identical argument, but shifting the time indices of all terms by 1, leads to the bound

E{]

We will also need probabilistic bounds on the cross-terms I:;l —L; and i;g — Ls. To this end, make the new definition

MQ—M2H2 ZE} §77D(5)- (G3)

W, = [Vec (:cyi)l (ugk_)l)T - ]E{:cyi)l (ugli)l)T}) ... vec (argk) (uék))T - E{xgk) (uék))T})} ,

. ze

Considering a single column of Wy, we use the bound from Lemma 1 to obtain

[Will2 < Wkl # (by ordering of || - [|2 and || - [[)
-1 2
- Hvec (xff) ()T — B (ugkm}) H (by definition of Wy, vec, | - || )
t=0

</l
Thus we have the probability bound
P{|[L1 - Li[, > e} < nz(e), (G.4)

where

2

(€) := (nm + ) ex 3. me
e P12 302, +e\/lcy, |

which follows by applying Corollary 2 with Y, = Wy, N = n,, and M = y/{c3,. An identical argument yields the
same bound for Ly — Lo, i.e.

]P{Hf:g—LQHQ 28} S?’]L(E). (G5)
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Denote the optimal estimation error bounds on A and B as

ax(e) =P{|A— All» > e}, p.(e) =P{|B— Bl >e}.

By Theorem 2 we know 04 .(¢) < dap(¢) and 05 .(e) < dap(e), so we can use the computable bound d45(e) in

Theorem 2 as a conservative approximation of d4 .(¢) and dp «(€).

From the assumption of Theorem 3, it holds that

P{||A—Al, =<}

=PllAde Har - Pds Hai, >} (@eiition of 4, 4)
< P{||P1||2HA QA-A® Al Q12 > €} (submultiplicativity)
<Plled-aodl,>:) (by definition, |4} =1, [|Qi]l> < 2)

=P{[(A-A)@A-A)+(A-A)A+Ax(A-A)|,>e/2}

<P{[(A-A) e A-4)|,> =/4} +P{|(A-A) @A+ A® (A-A)|, >e/4} (by E.4)
> /(8[| A]12)} (lA@ B2 = [|All2[|B]l2)
= 64,0 (VE/2) + 0.0 (/8 ||A||>)
< 6ap (VE/2) +8ap (=/3V/4]) (G-6)
=:1na(e), (G.7)
and by an identical argument
P{5 -5, <}
< G50 (VE/2) + 0.0 (/(3V/TAD)
< 645 (VE/2) + b5 (=/BVIBI) ) = ns(e). (G.8)

Similarly,

P{[|[Kap — Kas|, > }

= P{||Kpa - Kpal, > ¢}

=P{|P(A® B) - P((A® B)||, > ¢}

= P{||Pi|o]|(A® B) - (A2 B)|, > ¢}
<P{(A-A)@(B-B)+(A-A)®B+A®(B-B)|,>¢}

<P{|(A-A) @ (B-B)|,>e/3}+P{|(A-A) @ B||,>e/3} + P{||A (B - B)|, >¢/3}
< B{||A~ All, > a3} + B{[1B - B, > VE7B) + B{|[ A~ All, > £/BI1B)
= 0a (VE73) + 0. (VE/3) + 64 (2/BVIBI) + 8. (/(3y/TAD)

< 205 (V/3) +8an (5/3VIB) + b4z (</3V/TAI))

=:nap(e).

Consider the decomposition of C—Cas
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> ¢/ (3l All2)}

(G.9)
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- (KBA [We—l . 'Wo] — Kpa[Wi—1---Wo]) — (KAB [Wéfl : "Wé] — Kap[Wi_y - W{])
_ (B[Ug_l---ﬁo] —B[Ug_l---ﬁo])
= (My — My) — (ANI, — AM,) — (Kpaln — KpaLy) — (Kapla — KapLy) — (B — B)U. (G.11)

We treat each of these five terms separately.
For the first term, My — Ms, we have the bound in (G.3).
For the second term, ;11\7[1 — AM;, we have the decomposition
AN — AM, = (A — A)M, + A(M; — M) + (A — A) (M, — M),

Considering a probability bound for each of these three subterms, we have

P{[|(A- M|, = }
< P{ HA - AH M|z > e} (by submultiplicativity)
=e - Dl > i
<na (ﬁ) , (by (G.7))
2
P{|l AV, - Hz =
H2 > e} (by submultiplicativity)
S]P{QHAH%HMl H2 >5} (since HAH2 |1PL(A® A)Q1]2 <2)|A® Al = 2||A||3)
=r{ It x> o
<u (5772)- (by (G2))
and
P{[|(A =AM — My, > £}
<P{||A- AH2||M1 M, |, > ¢} (by submultiplicativity)
< P{|lA - Af, > ve} + P{[M: - M, > v} (by (E.5))
<na(ve) +np(Ve). (by (G.7) and (G.2))

Putting together the bounds for the three subterms,

P{||ANE, — A |, > <)
<P{||(A - AM||, > e/3} + P{||AM; — My)||, > ¢/3} + P{||(A — A)(M1 —My)||, > /3}  (by (E4))

€ €
< 1A (m) + 1D <m> +na(Ve/3) +np(V/2/3)

=:nam(e).

For the third term, KBAil — KpaLj, we have the decomposition

KpaLly — KpaLy = (Kpa — Kpa)Li + Kpa(Ly — Ly) + (Kpa — Kpa) (L1 — Ly).
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Considering a probability bound for each of these three subterms, we have

P{[|(Kpa = Kpa)Lu, = <}

< IP{HKBA — Kpal|,llL1ll2 > ¢} (by submultiplicativity)
. 5
-F {HKBA ~Kpall = ||L1||2}
€
< L by (G.10
<nn (110 (by (G.10)

P{||Kpa(Ls = Ln)||, = e}

< IP{||KBAH2H]C-11 Ly H2 >e} (by submultiplicativity)
< P{IAJIB[|Tr = La|, > £} (since |[Kpalla = [ PL(B ® A)l|> < | Pi]|2]| B® Alls = [|A]l2]| Bl)
r g
=P { L —Lq||, > 7}
| - [ All21Bl|2
g

= by (G.4
= (|A|2|B||2) ’ (by (G.4)

and

P{[|(Kpa — Kpa)(Ly — Ly)|, > €}
< P{||[Kpa — Kpall, 2 Ve} + P{||Ls — Lu|, > v} (by (E.5))
<nas (V) +n. (Ve). (by (G.10) and (G.4))

Putting together the bounds for the three subterms,

P{| Kol ~ KpaLall, > <)

< P{[|(Kpa = Kpa)Lall, = ¢/3} + P{||Kpa(ln = Lo)l, 2 &/3} + P{||(Kpa = Kpa) (L1 ~ L), = £/3}
(by (E.4))

<naB (ﬁ) + 1L (m) +naB ( 8/3) + 1L ( 8/3)

= 77KL(5)'

For the fourth term, KABﬂg — KapLo, an identical argument to that for the third term using (G.10) and (G.5)
yields

P{||KABﬁ2 - KABL2||2 > e} <nirle).

For the fifth term, (l% — B)U, we have

P{||(B - B)U|, > ¢}

< P{ Hé - BH2||UH2 > 5} (by submultiplicativity)
5 = €
-v {155, > ;|
g
< = | - by (G.8
= (||U|2) (by (G-8))
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Putting together the bounds for the five terms, we have

p{le-cl,><} A
<P{|M, - Mol||, > e/5} + P{||AM; — AM, ||, > ¢/5} + P{||KpaL: — Kpaly|, >¢/5}

4 P{|apka - KasLal, = £/5) + P{|[(B - B)U], > o/5)
< 15(e/5) + nant (¢/5) + 21 (=/5) + i (m>
=:nc(e).
Lemma 9 Suppose Assumptions 1 and 2 hold. Then for all € > 0,

P{|EDT - 0D, > <} < neple).

nen(e) = e ( %) + 0 <\/§) +1c (ﬁ) +1p (ﬁ) .

PROOF. The proof follows from using the decomposition

where

CD"-CDT=(C-C)(D-D)"+(C-C)D"+C(D-D)’
to provide conservative decompositions into terms of the form
P{|C-Cl,ze} <n P{|ID-DI|, =<} <n,
which are suitable for the bounds of Lemma 8.
Lemma 10 Suppose Assumptions 1 and 2 hold. Given a positive value emax, then for all 0 < € < eax,
P{||(DDT)" — (DDT) |, > ¢} < npp (e, fmax),

where

00 ) = (@07 (1= 252 ) ) i (s B )
10() = 15 (VAax(DDT) F € ~ v/ Xx (DDT) )

n(n m(m 16X max (DDT) [n(n+1)+m(m+1)]/2
Wm(a) = (9[ (n+1)4+m(m+1)]/2 —+ (T:D:DT) + 1> 770(5).

PROOF. The proof follows an identical argument to Lemma 7:

(1) Replace Z by D, n by n(n+1)/2, and m by m(m +1)/2.
(2) we apply (E.2) to obtain the decomposition

(DDT)i — (DDT) ! = (DDT){(DDT)! [(DDT) - (DDT)].

(3) Apply Lemma 8 with the appropriate settings of € to get the bound

P{||DDT - DDT|, > £} <p (\/)\max(DDT) Teo \/)\max(DDT)) = 10(e).
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(4) Apply a similar y-net argument to obtain an upper bound of Amax(DDT), then a lower bound of A, (DDT),
and finally the claimed bound.

Theorem 5 (Theorem 3 restated) Suppose Assumptions 1 and 2 hold. Given a positive value max, then for all
0 <€ < 3emax - min{\//\maX(CCT))\max(DDT), Emax }»

p{I[Eh 2] - (24 23], 2 <} < e

where
1 € € €
g) = _)\min CCT e+ \/j) + » Emax + (\/ju Emax) .
e = e (3 e ) ”CD< 3) " <3\/Amax<CCT>AmaX(DDT> ) EEANE

PROOF. The proof follows an identical argument to Theorem 4:

(1) Replace A and B by %, and ¥/, and replace Y and Z by C and D.
(2) Decompose the error matrix using the least-squares estimators as

(54 S5 - [£4 23]

=CD"(DD")"' — CD"(DD")"!
= [CDT - CcDT|(DDT)"! + CDT[(DDT)"! — (DDT)"!] + [CDT - CD'|[(DD")"' — (DD")'].
(3) Consider a probability bound and use (E.4).

(4) Apply Lemmas 9 and 10 with the appropriate settings of € in each term.
(5) The conclusion follows by combining the probability bounds for each term.

PROOF OF THEOREM 3.
The qualitative claim in Theorem 3 is found by inverting the bound of Theorem 5 and examining the behavior of
the bound as n,, — co. The argument is similar to the proof of Theorem 2, so we just state the major steps.

From Lemma 8, it follows that for fixed 6 € (0,1) and ep(8) > 0 such that P{||D —D|l2 > ep(8)} < np(ep(d)) = 4,

ep(d) =0 \/ fep log{{nn + /2 +1)/0)

Ny

Write 1o () in Lemma 8 explicitly,

ne(e) = no(e/5) +no <m) +p(VE/15) + 2 (15||A||2||B|2> + 20 (VE/15) + 6an (1\/ 15||1\641|2>
o <120|M1I JW) ( (%) >+ W) <o ()
<40|U|| \/||B—2> T 40an <\/M) 2 <45||L1| \/|A—2> <m>
T <% (%)) +25AB< |1A|2\/%> <3\/”B—2\/>>
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Hence for fixed § € (0,1) we can find e (6) > 0 such that P{||C — C|l2 > e¢(8)} < ne(ec(d)) < 6 holds for large
enough n,., £1(8) such that n.(eL(d)) = 8, and e45(0), given in (F.12)+. That is,
ec(9)
= O max {5ep(6/17). 30| A3 p(6/17). 15ch(3/17). 15| Al Bl|2¢1.(5/34). 1563 (5/34). 60| M o, (5/17).
120|| M|z /[ All22 45 (8/17), 2406 (8/17), 960(| Al 2% 5(6/17), 20(| U127 5(6/17), 40| U |2/ [ Bll2 45 (6/17),
45/|Tn 225 5(0/68), 45| Lull2v/TAT22 45(5/34), 45 Lall2v/TBll22 a1 (5/34), 18525 5(5/68), 135]| Al 5 (9/34),
135|423 5 (6/34) })
= O(max {5ep(§/17), 30| All3e 0 (§/17), 15]| All2]| Bll2e £ (6/34), 120||Ma |2/ All22 45 (6/17),
40||U||2\/Bllze 45(8/17), 45| Lu|2 /Al 22 45 (6/34), 45|| L [l2/[ Bl 22 45 (6/34) })

c2 log{[n(n cZ, log[(nm

Ny Ny

3

max{|[Mu[l2v/[[All2, [Ull2v/ | Bll2; [Lall2v/ | All2, [T fl2 v ||B|2}5A3(5/34)}>,

where in the last equation we drop the constants and only show the dependence of the bound on system parameters,
and €4p(d) is given in (F.12).

Next, for § € (0,1), let

ecp(8) = max{3¢5(6/4), 3¢5 (9/4), 3| Dll2ec(6/4), 3[|Cll2e p (6/4)}
= O (max{[|Dll2ec(6/4), [ Cll2ep(6/4)}) ,

and then from Lemma 9 we know that

P{[|CDT — CDT||, > ecn(®)} < nenleen(®) <4

Under the condition of Lemma 10, for fixed § € (0,1), define &,,0(6), €ym (6) > 0 as follows such that dg(e,0(d)) =9
and 0., (egm (0)) = 0

£,0(0) = £2(8) + 26p(6) v/ Amax(DDT) = O ( /\max(DDT)aD(5)) ,
eum(8) = €2,(8/d(n,m)) + 2ep(6/d(n,m)) v/ Amax(DDT) = O (\//\max(DDT)aD(zS/d(n,m))) :

where

16Amax (DDT)

1
Ao (DDT)

(G.13)

[n(n+1)+m(m+1)]/2
d(n, m) = Q) +m(mDl/2 ( ) .

For fixed 0, emax € (0,1), let ep1(8) € (0, emax) such that

ep1(6) = 1Emax (1 — /1= 7)\2867(703(]2”) =0 <—/\)2\ma2(]()]])3]?;)€1)(5)> )

and set epa(d) € (0, emax) such that

Emax(2 + /\min (DDT)/)\max (DDT))
/\min(DDT)

ep2(0) = Enm(é)
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= )\min(DDT) )\max(DDT)
=0 ((2 + )\max(DDT)> Aot (DDT) 5D(6/d(7’b,m))> .

Now define epp(9) := max{ep1(6/2),ep2(d/2)}. Since for fixed J, emax € (0,1), when n, is large enough, ep1(5/2),
ep2(0/2) < €max/2, it holds that

P{]|( (DDT)f (DDT) Y, =epn(d)}

<npp(epp(d), Emax)
_ T epp(d £pp(0)Amin(DDT)
o (2 win(DDT) <1 R )> . <€max(2 + Amin(DDT) /Apmax (DDT))
(DDT) <

€D1 5/2 5D2(6/2)Amin(DDT)
< = 0.
> To (2 mln 1-—- ) €D1 5/2 > +77m (Emax(2 T )\min(DDT)/AmaX(DDT)) 1)
Finally, let

Emax

ex(0) := max {%, 3625 (6/4), 3v/ Amax(CCT) Anax (DDT)e pp (6/4), 35%,D(5/4)},

and it can be observed that for fixed J € (0,1) and large enough n,,

P[54 5] - (51 5%

< nes(9))

— 1, T\e es(9) ex(9) .
—ep (3/\‘“‘“(DD ) 2(5)> Frep ( 3 ) *+npp (3\/AmaX(CCT),\max(DDT)’ max)

ex(0
+77DD ( E; )agmax>

<ncp(ecp(0/4)) +neplecp(6/4)) + nop(epp(9/4), €max) + 1D (epD(0/4), Emax) = 9.

220}

Moreover,
ex(6)
- <max{% Vo ccr)Amax(DDr)aDD(5/4)}>
R
R OCT) (14 2228 ) s, m>>}>
:O<max{\/)\r;T](DI]))[T))T|)A|§\/17ZC%10g{4[ n(n+1) /2+f/5}’w\/€c%10g{4 (nn—i— D/2+4/5}

Ao (CCT) Amax (DDT)  [¢c2 log{8[n(n + 1)/2 + £]/6}
X2 (DDT) nr ’

min

= 22 max(DDT)\ [ lc% log{8[n(n + 1)/2+ {]d(n,m)/d}
Amax (CC )<1+ i )\/ a )

VPanax(DDT)|[ A2 B2 \/34ecavlog[4<nm+e>/61

Amin (DDT) Ny
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\/ max DD
max{|[[Mu[2v/[[All2; [Ull2V/[[ Bll2: [LallaV/[[Allz, L1l Blle} S— 577 (DDT) 6AB(5/136) :

where e 45() is given in (F.12), and d(n,m) is given in (G.13). This completes the proof by noticing the bound of
€4p(0) in the proof of Theorem 2.

50



	1 Introduction
	1.1 Related Work
	1.2 Contributions
	1.3 Outline
	1.4 Notation

	2 Problem Formulation
	3 Least-Squares Algorithm Based on Multiple Trajectory Data
	3.1 Moment Dynamics and Algorithm Design
	3.2 Consistency of Algorithm 1
	3.3 Finite-Sample Analysis

	4 Numerical Simulations
	4.1 Consistency and Finite-Sample Result
	4.2 Performance Comparison

	5 Conclusion and Future Work
	Acknowledgements
	References
	A Proof of Proposition 3
	B Proof of Proposition 4
	C Proof of Theorem 1
	D Proof of Lemma 1
	E Basic identities and inequalities
	F Proof of Theorem 2
	G Proof of Theorem 3

