Module II  Lecture 3

Business Uses of Random Variables


Although the previous lecture may have seemed somewhat on the theoretical side, it turns out that some of the most applicable aspects of probability theory to business problems are through the concept of random variables.

Application 1,  Expectation

`
In the second lecture, I introduced the concept of the expected value of x, which is equivalent to the mean of the probability distribution of a random variable.  This concept can be generalized.


Let h(x) be any function of x, then one can define the expected value of h(x), written as E(h(x)) by the equation:
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where P(x) is the Probability of the value of x.  


As an example, consider the original Texas "Pick Six" Lottery (See the end of this section for an analysis of the current Texas Lottery). 

In this Lottery, a person picks six numbers from the numbers 1 through 50 with no repetitions and pays $1.00 for a ticket with those numbers.  

On Wednesday and Saturday evenings, the Texas State Lottery Commission televised one of their employees picking six balls, each with a number from 1 to 50 on it, from a large hopper.


The player was paid if his/her number agreed with the selected balls for three or more numbers.


By assuming that the balls are picked without replacement and randomly from the hopper, one can show that the number of ways of matching x balls is:





[image: image2.emf]Number of

Matches

x Number of Ways

0 7,059,052

1 6,516,048

2 2,036,265

3 264,880

4 14,190

5 264

6 1

15,890,700



By division, I can now compute the probabilities of the various values of x as shown below:




[image: image3.emf]Number of

Matches

x Number of Ways Probability

0 7,059,052 0.44422536452

1 6,516,048 0.41005418264

2 2,036,265 0.12814193207

3 264,880 0.01666886921

4 14,190 0.00089297514

5 264 0.00001661349

6 1 0.00000006293

15,890,700 1.00000000000



One could compute the expected value of x but of more interest is a function of x, namely how much does he person win if they match x number of balls.


On September 4, 1999 the Lottery paid off only if your number matched three or more balls.  For matching three balls one received $3, for matching four balls one received $89, for matching five balls one received $1,268 and for matching all six balls one received $4,000,000.  Let this be the function h(x).  By the computation below you can compute your expected winnings for the purchase of a $1 lottery ticket as:

   
   [image: image4.emf]Number of

Matches

x Probability h(x) Expectation

0 0.44422536452 $0 $0.0000

1 0.41005418264 $0 $0.0000

2 0.12814193207 $0 $0.0000

3 0.01666886921 $3 $0.0500

4 0.00089297514 $89 $0.0795

5 0.00001661349 $1,268 $0.0211

6 0.00000006293 $4,000,000 $0.2517

1.00000000000 $0.4023 =E(h(x))



Thus for every $1 bet you can expect to get a return of only 40 cents for an expected loss of 60 cents per dollar wagered.


If the grand prize of matching all six balls is not won in a particular drawing, then the grand prize is increased.  At times it has been as high as $20,000,000.  Let us replace the payoff for getting all six balls correct and recompute the expected value of a $1 wager as:


[image: image5.emf]Number of

Matches

x Probability h(x) Expectation

0 0.44422536452 $0 $0.0000

1 0.41005418264 $0 $0.0000

2 0.12814193207 $0 $0.0000

3 0.01666886921 $3 $0.0500

4 0.00089297514 $89 $0.0795

5 0.00001661349 $1,268 $0.0211

6 0.00000006293 $20,000,000 $1.2586

1.00000000000 $1.4091 =E(h(x))



The expected return in this case is $1.41 for every $1 wagered.


With an expected 41% return on your money, would you take all of you money out of the bank to buy lottery tickets?


Clearly that would be foolish since only very rarely to we get back anything more than the dollar we invested.


We can quantify how variable the return on the lottery ticket is by computing the standard deviation of the function h(x) using the formula:
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The expected value of h2(x) is computed using the formula:
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This can be computed in EXCEL as shown in the table below:


[image: image6.emf]Number of

Matches Payback

x Probability h(x) h(x)*P(x) h(x)*h(x)*P(x)

0 0.44422536452 $0 $0.00 0

1 0.41005418264 $0 $0.00 0

2 0.12814193207 $0 $0.00 0

3 0.01666886921 $3 $0.05 0.150019823

4 0.00089297514 $89 $0.08 7.073256055

5 0.00001661349 $1,268 $0.02 26.71156941

6 0.00000006293 $20,000,000 $1.26 25,171,955.92

1.00000000000 $1.41 25,171,989.86



We can now compute the standard deviation of the return on a $1 wager by substituting the values from the table into the formula as shown below:
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This standard deviation is very large compared to the expected return of $1.41, which indicates that the $1 wager has an extremely variable return.  In business terms, this is a risky investment.


On any investment the standard deviation can be used as an assessment of the risk associated with that investment.

Simulating the Lottery


It is very easy to simulate picking the six balls from the hopper using the computer.


It is equivalent to taking a random sample of size six from a population of size 50 without replacement.


From Module 1 of this course, we begin by entering the numbers from 1 to 50 in a column of an EXCEL worksheet and then next to each value generate a random number using the =rand() function.  Your worksheet would then look like the following:





[image: image7.emf]Ball Random

Number

1 0.358475

2 0.094928

3 0.500918

4 0.728679

5 0.570724

6 0.287851

7 0.192366

8 0.440372

9 0.106650

10 0.617370

11 0.399627

12 0.947500

13 0.608218

14 0.522442

15 0.118937

16 0.293912

17 0.724520

18 0.723635



Now highlight the two columns, click on Data, Sort, and then sort on the column with the random numbers.  Then pick the first six numbers as the balls drawn.  When you are done the results should look like this:





[image: image8.emf]Random

Ball Number

22 0.013403

36 0.014982

47 0.018779

19 0.027802

24 0.033282

21 0.034192

30 0.052107

25 0.069315

2 0.094928

43 0.099833

9 0.106650

15 0.118937

7 0.192366

34 0.224652



In my case the simulation corresponded to picking the balls numbered

19, 21, 22, 24, 36, 47


Try picking a set of six numbers (this corresponds to buying a lottery ticket) and then repeat the above procedure 10 or 20 times (which corresponds to picking the balls from the hopper).  Keep track of your gains and losses.  How well did you do?

Addendum:  (Not Required)

As of May 7, 2003 The Texas Lottery has changed.  Now one picks 5 balls without replacement from 44 balls, and a sixth ball from a different set of 44 balls (this makes it a lot like the bigger “Powerball” game, played in other states).  Below is the computation of the various outcomes along with the computation of the expected value and standard deviation of h(x) based on the May 7, 2003 payoffs.
[image: image9.emf]New Texas Lottery

Payoffs for May 7, 2003

Procedure:

Pick 5 ball from 44 without replacement

Pick 1 ball from 44 without replacement

NumberNumber of

of White Red Payout White Red Total P(x)

Matches Matches h(x) CombinationsCombinationsCombinations Probability

5 1 $9,000,000 1 1 1 0.0000000209273530

5 0 $35,561 1 43 43 0.0000008998761770

4 1 $2,234 195 1 195 0.0000040808338261

4 0 $92 195 43 8,385 0.0001754758545224

3 1 $103 7,410 1 7,410 0.0001550716853919

3 0 $5 7,410 43 318,630 0.0066680824718519

2 1 $5 91,390 1 91,390 0.0019125507865002

2 0 $0 91,390 43 3,929,770 0.0822396838195064

1 1 $3 411,255 1 411,255 0.0086064785392507

1 0 $0 411,255 43 17,683,965 0.3700785771877790

0 1 $0 575,757 1 575,757 0.0120490699549509

0 0 $0 575,757 43 24,757,551 0.5181100080628910

47,784,352 1.0000000000000000

E(h(x)) = $0.330 SD(h(x)) = $1,302.412

E(gain) = -$0.670


Application 2, Risk Reduction


We saw in the previous application that in assessing an investment it is necessary not only to look at the expected return but also to look at the risk of an investment.


Consider two investments:



[image: image10.emf]Investment Investment

1 2

Mean Rate of Return 0.06 0.08

Risk (Standard Deviation) 0.02 0.03



Which would you choose?


There is no simple answer to this question since it depends on your attitude toward risk.


Some people are risk averse, that is they try to minimize their losses, but at the same time they may limit their gains.  Such a person would probably pick Investment 1 above since by Chebyshev’s Inequality, they would have at least a 90% chance of getting a positive return on the investment (i.e. .06 +/- 3 * .02).


Another person, who is not risk averse, might pick Investment 2 for although they might lose as much as 1% (.08 – 3 * .03), they might gain as much as 17% (.08 + 3 * .03).


On the other hand, almost every one would pick Investment 2 in the following choice:



[image: image11.emf]Investment Investment

1 2

Mean Rate of Return 0.06 0.08

Risk (Standard Deviation) 0.02 0.02



Here the risk is the same for both investments, so that the obvious choice is to pick the investment with the greatest expected return.  


In the following case, the risk averse person would choose investment one.



[image: image12.emf]Investment Investment

1 2

Mean Rate of Return 0.08 0.08

Risk (Standard Deviation) 0.01 0.02



Given the same return, the risk averse person would choose the investment with the lowest risk.


Many people do not just invest in one vehicle.  Rather they buy a broad spectrum of Stocks, Bonds, Real Estate, Money Markets, etc.  Such a strategy is called investing in a portfolio.


The basic idea here is that if you invest in, say, Stocks and Bonds simultaneously, it is unlikely for them both to go down at the same time.  Usually when stocks are increasing, Bonds are decreasing and vice versa.  In statistical terms this means that they are negatively correlated.


It is possible to find the expectation and standard deviation (risk) of linear transformations of random variables, directly.  A linear transformation is nothing more than multiplying a random variable by a constant and/or adding another constant to the random variable.  In other words if x is random variable,






y = a + bx

is a linear transformation of that variable.


It is possible to show that:

E(y) = E(a + bx) = a + b E(x),

and that,

SD(y) = SD (a + bx) = b SD(x).


Now consider investing $3,000 in Investment 1, $5,000 in Investment 2, and $2,000 in Investment 3 where these investments have the following statistical characteristics:



[image: image13.emf]Investment Investment Investment

1 2 3

Mean 0.08 0.12 0.10

SD 0.02 0.05 0.03

Corr(1,2)= -0.4 Corr(2,3)= 0.6

Corr(1,3)= -0.2



One can generalize the concept of expectation to show that:
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If we let xi correspond to the random variable which is the return on investment i, then in our case we would obtain:

E( 3000 * x1 + 5000 * x2 + 2000 * x3 ) =

3000 * (.08) + 5000 * (.12) + 2000 * .10 =

$1,040.


By dividing by our investment of $10,000, we get an expected return of 10.4%.


Finding the risk of this investment requires a rather complicated formula.  It is:
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where (i = SD (xi) and (ij = Correlation between xi and xj.  


The above formula states the risk in dollars and must be divided by the amount of the total investment to convert it to the rate of return risk.


In our particular case the computation would be:

  

 SD2 = (3000)2 * (.02)2 + (5000)2 * (.05)2 + (2000)2 * (.03)2
               

+ 2 * (-.40) * 3000 * 5000 * .02 * .05

               

+ 2 * (-.20) * 3000 * 2000 * .02 * .03

               

+ 2 * ( .60) * 5000  * 2000 * .05 * .03

          

         =   74,260 ($)2,

which means that, 
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Since we invested $10,000, the standard deviation of the rate of return, would be,

$272.51/ $10,000 = .02751.


Now compare this expected return of .104 with a risk of .0273 to simply investing in Investment 3 with an expected return of .10 and a risk of .03.  Clearly, this portfolio is superior (if you are risk averse).


The above computation is tedious and is easily adapted to EXCEL.  The EXCEL worksheet "invest.xls" will compute the rate of return and risk for a portfolio of up to 5 investments.  You need only input the rates of return, the risks, the correlations and the amount to be invested in each investment instrument and the formula is automatically computed.


The picture below shows the output for the case we just considered of $3,000 in Investment 1, $5,000 in Investment 2, and $2,000 in Investment 3.

[image: image16.emf]Investment Investment Investment Investment

1 2 3 4

Mean Rate of Return 0.08 0.12 0.10 0

Risk (Standard Deviation) 0.02 0.05 0.03 0

Correlations

1 Column Apart -0.4 0.6 0

3 Columns Apart -0.2 0

5 Columns Apart 0 0

7 Columns Apart 0

Investment Investment Investment Investment

1 2 3 4

Portfolio 3,000 $        5,000 $        2,000 $        - $          

Expected Dollar Return = 1,040.00 $   Dollar Risk = 272.51 $     

Expected Return Rate = 0.104 Return Risk= 0.0273



I could find the rate of return on any other portfolio by simply changing the amount invested in each investment.  For example if I invested in all three investments equally, the result would be:

[image: image17.emf]Investment Investment Investment Investment

1 2 3 4

Mean Rate of Return 0.08 0.12 0.10 0

Risk (Standard Deviation) 0.02 0.05 0.03 0

Correlations

1 Column Apart -0.4 0.6 0

3 Columns Apart -0.2 0

5 Columns Apart 0 0

7 Columns Apart 0

Investment Investment Investment Investment

1 2 3 4

Portfolio 3,333 $        3,333 $        3,333 $        - $          

Expected Dollar Return = 1,000.00 $   Dollar Risk = 225.09 $     

Expected Return Rate =0.10000002 Return Risk= 0.0225



The instructor in your Finance class will give you further information about how to find "optimal" investment portfolios.


Later in this module I will show you how to simulate investment returns.  In addition to the information already required about the mean returns, standard deviations, and correlations it is necessary to make an assumption about the form of the probability distribution of the random variables.

Example 3, Odds and Subjective Probability


In our example of the Texas Lottery, we found that for every dollar invested, we expected a return of only 40cents.  In other words we lost 60 cents for every dollar invested.  Since one usually does not think of the lottery as a serious investment but more as a means of entertainment, this is fine.  However for actual investments we expect to get a net positive return.


In order to establish a baseline for any wager, investment, or even an insurance premium (which is a form of wager), we need to introduce the concept of a fair bet.  


Consider the situation where one flips a fair coin (i.e. one with an equal chance of coming up heads or tails).  Would you make the following bet:  If it comes up tails I pay you $1 but if it comes up heads you pay me $2?


Your intuition should tell you that this is unfair to you.  This can be formalized by setting up the following table from your point of view :
[image: image18.emf]OutcomeProbability Gain

Heads 0.5 -$2.00

Tails 0.5 $1.00



Your mathematical expectation would be:

E(Gain) = .5 * (-$2.00) + .5 * ($1.00) = -$.50


In other words you, on average, would lose 50 cents for every dollar wagered.


Now reverse the situation and suppose if it comes up tails I pay you $2.00, and if it comes up heads you pay me $1.00.  Now the table (from your point of  view)  would look like:

[image: image19.emf]OutcomeProbability Gain

Heads 0.5 -$1.00

Tails 0.5 $2.00


and the expected gain to you would be:

E(Gain) = .5 * (-$1.00) + .5 * ($2.00) = $.50,

and you would be eager to play this game.


From my point of view the situation is reversed.  I would want to place the first bet since I would have a positive expectation of $.50 and I would try to avoid the second bet since I would have an expected gain (loss) of -$.50.


The only way the bet would be "fair" to both sides is if we both had the same expected gain or loss.  But since your gain is my loss, and vice versa, this implies that a bet can only be "fair" if:

E(Gain) =  0 .


Now again keep in mind that in the real world, people only make bets (think of this as an investment) if they think they have a positive expected gain.  How then can any investments be made?


The answer gets back to the concept of "Subjective Probability" discussed earlier.


What does it mean if you say "I'll give you 4 to 1 odds that the Dallas Cowboys will win the Super Bowl"?  The most common interpretation is that you are willing to risk $4 against someone else's $1 on the outcome of the Super Bowl.  Specifically, if the Cowboys win you get $1 and if the Cowboys lose you lose $4.


When you give odds on something happening, we will call this "odds for" and denote it as O(f).  If we let P be your subjective probability estimate that the event will happen (i.e. in this case that the Cowboys will win the Super Bowl) and you offer "odds for" of O(f), then we have a situation as diagrammed below:

[image: image20.emf]Event Probability Gain(Loss)

Happens P 1

Doesn't Happen (1 - P) -O(f)



Since you consider this a fair bet, we have:

E(Gain) = 0 = P * 1 + (1 – P) * (-O(f)).


This implies that the following relationships must hold between P and O(f) for a fair bet:

P = O(f) / ( O(f) +1 ),

O(f) = P / (1 – P).

If you think that odds of 4 to 1 for Dallas winning the super bowl, then you think the probability of their winning is at least:

P = 4 / ( 4 + 1) = .80.


The following graph illustrates the relationship between P and O(f) (where the odds are always O(f) to 1.  For example 3 to 2 odds are equivalent to 1.5 to 1 so O(f) would be 1.5).
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If you think that the probability of something happening is less than .5, then you would have to offer odds like 50 cents to 1 dollar in order to keep the bet fair or in your favor.  This is not usual since Odds are usually quoted in even dollar amounts.  A bet of 50 cents to 1 dollar would be converted to a bet of 1:2.  From the other person's point of view, he/she is now betting against the event happening.  In other words, if the event happens, he/she will now lose 2 dollars, and if it doesn't happen the person will gain a dollar.  In other words, he/she is giving you odds against the event happening.  Let O(a) equal the amount the person will lose if the event happens, then the table becomes:



[image: image22.emf]Event Probability Gain(Loss)

Happens P -O(a)

Doesn't Happen (1 - P) 1


Therefore, for the situation to be “fair”, one must have




P*(-O(a) ) + 1*(1 – P) =0


This implies that the relationships between P and O(a) are:





P = 1 / ( O(a) + 1)





O(a) = ( 1 – P) / P

If a person is willing to give you 2:1 odds against something occurring, then based on the formula they think that the probability of the event occurring is less than

P = 1 / ( 2 + 1) = 1 / 3 = .3333333333.


A graph showing the relationship between odds against ( O(a) ) and the implied probability of occurrence is shown below:
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The above relationships between Odds and probability are not well understood.  For example consider the following data taken from the Entertainment Section of the Dallas Morning News of February 21, 1998:



[image: image24.emf]Published

Best Supporting Actress Odds

Gloria Stuart Titanic 6

Kim Bassinger L.A. Confidential 7

Julianne Moore Boogie Nights 9

Joan Cusack In and Out 25

Minnie Driver Good Will Hunting 63



This table represents the odds against a person winning.  So for example if I was to wager $1.00 on Gloria Stuart and she won, I would get back $6 (and my original $1).


It is clear that these odds cannot be correct for if I were to bet $1 on each person (for a total cost of $5) I would get back a minimum of $6 (and my original $1).  This amounts to a guaranteed minimum return of 20%  ($6 / $5) on my investment!!


 I can use the formula for Odds against to determine the implied probabilities corresponding to the given odds to obtain:



[image: image25.emf]PublishedImplied

Best Supporting Actress Odds Prob

Gloria Stuart Titanic 6 0.1429

Kim Bassinger L.A. Confidential 7 0.1250

Julianne Moore Boogie Nights 9 0.1000

Joan Cusack In and Out 25 0.0385

Minnie Driver Good Will Hunting 63 0.0156

0.421944



Again the fact that these odds must be incorrect is clear since one of the five actresses will win so that the probabilities must add to one.


If I simply rescale the implied probabilities to make them add to one (i.e. for Gloria Stuart recompute the probability as .1429 / .421944 = .3387) I would get the following table:

 
[image: image26.emf]PublishedImplied Scaled

Best Supporting Actress Odds Prob Prob

Gloria Stuart Titanic 6 0.1429 0.3386

Kim Bassinger L.A. Confidential 7 0.1250 0.2962

Julianne Moore Boogie Nights 9 0.1000 0.2370

Joan Cusack In and Out 25 0.0385 0.0912

Minnie Driver Good Will Hunting 63 0.0156 0.0370

0.421944 1



Finally, I can take the new probabilities and use the formulas given earlier to compute the "correct" odds against as:


[image: image27.emf]PublishedImplied Scaled Actual

Best Supporting Actress Odds Prob Prob Odds

Gloria Stuart Titanic 6 0.1429 0.3386 1.95

Kim Bassinger L.A. Confidential 7 0.1250 0.2962 2.38

Julianne Moore Boogie Nights 9 0.1000 0.2370 3.22

Joan Cusack In and Out 25 0.0385 0.0912 9.97

Minnie Driver Good Will Hunting 63 0.0156 0.0370 26.00

0.421944 1



You might wonder why I have talked so much about wagers.  Much of business activity has the same structure as a wager.  For example consider a person who wishes to buy an insurance policy.  Suppose the person is 35 years old and wishes to buy a one year term insurance policy which would pay his business $100,000 if he should die during the coming year.


Basically, this is a wager with the insurance company where the person bets the premium amount that he will live throughout the coming year against a potential gain to his business of the policy amount should he die.


Let us examine this from the Insurance Company's point of view.  Suppose, based on available data, that a male age 35 in apparent good health has a 1/1000 chance of dying during the next year.  Then from the insurance company's point of view, the situation looks like the following:



[image: image28.emf]Insurance

Company

Outcome Probability Gain

Live 0.999 x

Die 0.001 x - $100,000



Here x is the raw premium.  (Note if the insurance pays out $100,000 they still keep the premium of x so that their loss is actually x – 100000).


Step 1 in finding a premium is to compute "fair bet" amount by solving the equation:

E (Gain) = .999 * x + .001 * (x – 100,000) = 0

which implies that, 

x = $100.


However, the insurance company could not just charge this amount, since it would not be able to recoup the cost of its employees, computers, and the general cost of doing business.  Accordingly, the insurance company will add on a general "overhead" cost usually based on its revenue.  Suppose that this insurance company thinks that it costs approximately $75 for every $100 of base premium revenue (x).


By adding in this cost, the premium would now be $175.  However, the insurance company is not a charity and expects to make a profit on its activities.  Assume their target is 10% of gross premiums.   Since the profit is included in the gross premium, we must solve the equation:

Profit = .10 (175 + Profit)

( .9 Profit = 17.50

( Profit = 19.44

The premium they would charge would then be:




Base Premium (x)   =   $100.00




Overhead Cost        =   $  75.00




Profit Target           =   $  19.44






      ------------




Final Premium             $194.44

To check this computation, I can construct the following table:



[image: image29.emf]Insurance Company's Perspective

Subjective Company

Outcome Probability Gain P * Gain

Live 0.999 $194.44 $194.25

Die 0.001 -$99,805.56 -$99.81

Expected

Gain $94.44

Overhead ($75.00)

Expected Profit = $19.44



Now let us examine the situation from the point of view of the person who wishes to buy the insurance.  The insurance company has said to him that a one year $100,000 will cost $194.44.  He then sees the situation from his perspective as:




[image: image30.emf]Person's

Outcome Probability Gain

Live (1 - P) -$194.44

Die P $99,805.56

(1-P)*(-194.44) + P * (99805.56) = 0

P =  0.001944



Now suppose he thinks that his chance of dying in the next year is .01.  Then from his perspective the table would look like:




[image: image31.emf]Person's Perspective

Subjective Person's

Outcome Probability Gain P * Gain

Live 0.99 -$194.44 -$192.50

Die 0.01 $99,805.56 $998.06

Expected

Gain = $805.56



Since the two parties in this transaction have different subjective probabilities of the probability of dying, they can do business with each other, since from their individual perspective, both view the situation as to their advantage.

Simulating "Fair Bets"


Assume you are in a situation where you are willing to give 3:1 odds that something will happen.


Then, in the fair bet situations you are in the following situation:





[image: image32.emf]Event Probability PayOff

Happens 0.75 1

Doesn't

Happen 0.25 -3



To simulate this situation, I will play this game 100 times.


First I simulate a random number and compare it to .75.  If it is less than .75,

I will win and post a $1 gain.  If it is greater than .75, I will lose and post a loss of    $3.


This can all be done with the command





=if(rand()<=.75,1, -3)


As an example, I have done the simulation 100 times with the following results:

[image: image33.emf]Results

-3 1 -3 -3 1 1 1 1 -3 1

1 -3 -3 1 1 1 -3 -3 1 1

-3 1 1 1 1 1 1 -3 1 1

1 1 -3 1 1 1 1 1 -3 1

1 -3 -3 1 -3 1 1 -3 1 1

1 -3 1 1 1 1 -3 -3 1 -3

1 1 1 -3 -3 1 -3 1 1 1

1 1 -3 1 1 1 -3 -3 -3 1

1 1 1 1 -3 1 1 1 1 1

1 1 -3 -3 1 -3 -3 1 -3 1

Net gain 100 tries= -32 or  -0.32  on average per play



Notice that the result it not exactly zero.  If I had done this 1,000 times, the average per play would be closer to zero.  It would be even closer if I performed the simulation 10,000 times or even 100,000 times.

Example 4 --  Decision Analysis


Sometimes the concepts we have introduced can be used effectively in analyzing the process in making a decision.


For example, consider a company that is deciding between two investments.  The first investment has been used before and has a 50-50 chance of yielding a net profit of either $4 million or $7 million over a ten year period.


The second investment depends on whether the economy is Low (measured by various indices), Medium, or High.  Specifically, if the Economy is Low the anticipated profit is $3 million, if it is Medium the anticipated profit is $6 million and if it is high the anticipated profit is $12 million.


Using the formulae for finding the expected value and standard deviation (risk), we have:

[image: image34.emf]Investment 1

State Profit Probability

A $4,000,000 0.5000 Expected (Profit) = $5,500,000

B $7,000,000 0.5000 Risk =                   $1,500,000

  ------------

1.0000

Investment 2

State Profit Probability

Economy Low $3,000,000 0.2000

Expected (Profit) = $7,200,000

Economy Medium $6,000,000 0.5000

Risk =                   $3,340,700

Economy High $12,000,000 0.3000

 -------------

1.0000



In an attempt to reduce the uncertainty about the state of the economy, for a cost of $1,000,000 (ten years from now), we could hire an economic consulting firm to give us their assessment of the chances of the Economy being in various states.  In their presentation to the investors, they included the following table to indicate their forecasting reliability:

[image: image35.emf]Reliability of the Consulting Firm

Conditional Probability of

Consultants Conclusion

True State of Economy -----------------------------------------------------------------------

Low Medium High

Low 0.9000 0.0500 0.0500 1.0000

Medium 0.0500 0.8000 0.1500 1.0000

High 0.0500 0.1000 0.8500 1.0000



Now consider the various options.  First of all we must decide whether or not to hire the consultants which would decrease our profits by $1,000,000.


If we don't hire them, then we must decide between the two investments.


If we do hire them, they will give us their prediction of whether or not the economy will be Low, Medium, or High.  With this information in hand we will then have to decide between the two investments.


A decision tree attempts to portray our various decision options in a graphic form.


For this problem, the decision tree would look like:

[image: image36.emf]Your Consultants Your Actual Profit in

Decision Say Decision State Millions

Low 2

Invest 2 Medium 5

High 11

Low

A 3

Invest 1

B 6

Low 2

Invest 2 Med 5

High 11

Hire Consultants Med

A 3

Invest 1

B 6

Low 2

Invest 2 Med 5

Start High 11

High

A 3

Invest 1

B 6

Low 3

Invest 2 Med 6

Don't Hire Consultants High 12

A 4

Invest 1

B 7



In this diagram there are several points of uncertainty.  At the time you make your decision, you do not know whether the consultants will predict that the economy will be Low, Medium or High.  If you decide to use them, we will need to know the probability of the economy being Low, Medium, or High given that they predict it will be Low, Medium, or High (a total of nine combinations).  


We do know however, that Investment 1 has a 50 –50 chance between the two options, and that if we don't use the consultants we know the probabilities of the economy coming out Low, Medium, or High.


I have added these probabilities to the decision tree on the next page.

[image: image37.emf]Your Consultants Your Actual Profit in

Decision Say Decision State Millions

Low 2

Invest 2 Medium 5

High 11

Low

0.5 A 3

Invest 1

0.5 B 6

Low 2

Invest 2 Med 5

High 11

Hire Consultants Med

0.5 A 3
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0.5 B 6

Low 2

Invest 2 Med 5

Start High 11

High

0.5 A 3

Invest 1

0.5 B 6

0.2 Low 3

Invest 2 0.5 Med 6

Don't Hire Consultants 0.3 High 12

0.5 A 4

Invest 1

0.5 B 7



What probabilities are still missing?  I need the probabilities that the consultants will say the economy will be Low, Medium, or High.  Also I need conditional probabilities such as:

Probability (Economy is High (Consultants say Economy will be Medium).


Now from the information given, I have the estimates of the Economy actually being Low (.2), of actually being Medium (.5), and actually being High (.3).


Also the Reliability table gives me probabilities like:

Probability (Consultants say Medium (Economy is High) = .10 .


This is exactly the type of situation where Bayes Theorem is useful.


Given the information, I can construct the probabilities that I need.  First let's use the information in the reliability table to get the joint probabilities by drawing the following tree:


[image: image38.emf]Step

1

Consultant Joint

Actual Says Probability

0.9 Low 0.180

0.2 Low 0.05 Medium 0.010

0.05 High 0.010

0.05 Low 0.025

0.5

Start Medium 0.80 Medium 0.400

0.15 High 0.075

0.05 Low 0.015

0.3

High 0.1 Medium 0.030

High 0.255

0.85

1.000



We then rearrange the joint probabilities into the following table:



[image: image39.emf]Step

2

Joint Probabilities

Consultant Actual

Says

Low Medium High

Low 0.180 0.025 0.015 0.22

Medium 0.010 0.400 0.030 0.44

High 0.010 0.075 0.255 0.34

0.2 0.5 0.3 1



This gives us all of the joint probabilities as well as the probabilities that the consultants will predict Low (.22), Medium (.44) and High (.34).


We can now compute the conditional probabilities of the actual state given the consultants prediction.  For example, the probability that the economy is actually Medium given that the consultants say it will be Medium is:

P(Actually Medium (Consultants Say Medium) = .40 / .44 = .9091.  


The table below computes the conditional probabilities:



[image: image40.emf]Step

3

Probability

Consultant Actual Given Consultant

Says

Low Medium High

Low 0.8182 0.1136 0.0682 1.0000

Medium 0.0227 0.9091 0.0682 1.0000

High 0.0294 0.2206 0.7500 1.0000



We can now add these probabilities to the decision tree to get the following:

[image: image41.emf]Your Consultants Your Actual Profit in

Decision Say Decision State Millions

0.8182 Low 2

Invest 2 0.1136 Medium 5

0.0682 High 11

Low
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0.2000 Low 3

Invest 2 0.5000 Med 6

Don't Hire Consultants 0.3000 High 12

0.5000 A 4

Invest 1

0.5000 B 7



The next step is to come up with a criterion to distinguish between various choices.  Several are possible.  One is to simply pick the option that has the highest expectation.  This however ignores the risk associated with the investments.  Optimally one might try to both maximize expected return and minimize risk by picking that option where the ratio of the expected return to the risk is greatest.


Under the first option, we would now compute the expected return for each of choices at the far right of the tree.  


This would result in the following diagram:

[image: image42.emf]Your Consultants Your Expected
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Low
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0.2200

Invest 2 5.3409
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For each of the decision points, I then pick the one with the highest expectation.  This process "folds" the tree back.  Once I have selected the branches to pick (called "pruning the tree"), the resultant diagram would look like the following:

[image: image43.emf]Your Consultants Expected

Decision Say Value

in

Millions

Low Invest 1 4.5000

0.2200

Hire Consultants 0.4400 Med Invest 2 5.3409

0.3400

Expected Value of Consultants =

Start

High Invest 2 9.4118

Don't Hire Consultants Invest 2 7.2000



I now compute the expected value of hiring the consultants by using the following table:




[image: image44.emf]x P(x) x P(x)

Low 4.5000 0.2200 0.9900

Medium 5.3409 0.4400 2.3500

High 9.4118 0.3400 3.2000

Expected Value of Consultants = 6.5400



By replacing the branch of hiring the consultants with the single expected value, I would then get the following diagram:


[image: image45.emf]Your Expected

Decision Value

in

Millions

Hire Consultants 6.5400

Start

Don't Hire Consultants Invest 2 7.2000

Don't Pick



Since the expected profit in hiring the consultants is smaller than that of not hiring the consultants, on this criterion I would not hire the consultants and use Investment 2.


What would happen if we used a different criterion.  For example suppose we said we would pick the option that maximized the ratio of expected return to risk?  (This criterion is an attempt to mix the two criteria.  It is not optimal but it does have the property that if expected return goes up so does the measure and if risk goes down, the measure also goes up.  The problem is that one could get a situation of an investment with a very small return, say .01 but with a very, very small risk, say .001, thus giving a ratio of 10.  But for illustrative purposes, let us see what would happen).


By computing the expected value and risk for each of the branches, our initial tree would look like the following:
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Now we need to look at all of the uncertain outcomes can occur when we hire the consultants.  The resultant pruned tree looks like:

[image: image47.emf]Your Consultants Joint Profit in

Decision Say ProbabilityMillions

0.5000 A 0.1100 3

Low

0.5000 B 0.1100 6

0.2200

0.0227 Low 0.0100 2

Hire Consultants 0.4400 Med 0.9091 Med 0.4000 5

0.0682 High 0.0300 11

0.3400
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Notice that I have computed a new column called "Joint Probability" by multiplying the probabilities of the consultant forecasts times the conditional probabilities on the branches.  


By combining all of the possible profits for the case where I use the consultants, I wind up with the following probability distribution:




[image: image48.emf]Probability Distribution for Hiring Consultants

x P(x) x*P(x) x*x*P(x)

2.0000 0.0200 0.0400 0.0799

3.0000 0.1100 0.3300 0.9900

5.0000 0.4750 2.3750 11.8752

6.0000 0.1100 0.6600 3.9600

11.0000 0.2850 3.1351 34.4860

1.0000 6.5401 51.3911

Average= 6.5401

SD = 2.9357

Ratio= 2.2278



I can now also compute the expected return and the risk for the decision of not using the consultants to get the following tree:

[image: image49.emf]Your Consultants Joint Profit inRelative

Decision Say ProbabilityMillions Return
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Don't Pick



The decision in this case is to not hire the consultants and use Investment 1.

� EMBED Equation.2  ���





� EMBED Equation.2  ���





� EMBED Equation.2  ���





� EMBED Equation.3  ���
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