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Abstract

This paper addresses high level synthesis for real-time digital signal processing (DSP) architec-
tures using heterogeneous functional units (FUs). For such special purpose architecture synthesis,
an important problem is how to assign a proper FU type to each operation of a DSP application
and generate a schedule in such a way that all requirements can be met and the total cost can be
minimized.

We propose a two-phase approach to solve this problem. In the first phase, we solve heteroge-
neous assignment problem, i.e., given the types of heterogeneous FUs, a Data-Flow Graph (DFG) in
which each node has different execution times and costs (may relate to power, reliability, etc.) for
different FU types, and a timing constraint, how to assign a proper FU type to each node such that
the total cost can be minimized while the timing constraint is satisfied. In the second phase, based on
the assignments obtained in the first phase, we propose a minimum resource scheduling algorithm to
generate a schedule and a feasible configuration that uses as little resource as possible.

We prove heterogeneous assignment problem is NP-complete. Efficient algorithms are proposed
to find an optimal solution when the given DFG is a simple path or a tree. Three other algorithms
are proposed to solve the general problem. The experiments show that our algorithms can effectively

reduce the total cost compared with the previous work.
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1 Introduction

High-level synthesis of special purpose architectures for real-time digital signal processing (DSP) appli-
cations has become a common and critical step in the design flow in order to satisfy the requirements
of high sample rates or low power consumption [1-14]. DSP applications that process signals by digital
means need special high-speed functional units (FUs) like adders and multipliers to perform addition and
multiplication operations. With more and more different types of FUs available, same type of operations
can be processed by heterogeneous FUs with different costs, where the cost may relate to power, relia-
bility, etc. Therefore, an important problem arises: how to assign a proper FU type to each operation of
a DSP application and generate a schedule in such a way that the requirements can be met and the total
cost can be minimized. After this fundamental problem is solved, we can further consider the optimiza-
tion for other structures such as registers, ports, buses, etc., based on the obtained architecture. It is not
practical to solve this problem by trying all combinations since the run time will increase exponentially
with the length of the input. For example, if an application has 100 operations and there are 10 different
types FUs available, it needs 10" steps to try all combinations. Hence, a more efficient algorithm needs
to be developed.

In this paper, we propose a two-phase approach to solve this problem. In the first phase, we solve
heterogeneous assignment problem, i.e., given the types of heterogeneous FUs, a Data-Flow Graph
(DFG) in which each node has different execution times and costs for different FU types, and a timing
constraint, how to assign a proper FU type to each node such that the total cost can be minimized
while the timing constraint is satisfied. In the second phase, based on the assignments obtained in the
first phase, we propose a minimum resource scheduling algorithm to generate a schedule and a feasible
configuration that uses as little resource as possible. Here, a configuration means which FU types and
how many FUs for each type should be selected in a system. Both heterogeneous assignment problem
and scheduling are difficult problems. It is well known that the scheduling with resource constraints is
NP-complete [15]. We will show heterogeneous assignment problem is also NP-complete in Section 4.

There have been a lot of research efforts on allocating and scheduling applications in heteroge-
neous distributed systems [16—26]. Incorporating reliability cost into heterogeneous distributed systems,
the reliability driven assignment and scheduling problem has been studied in [27-30]. In these work,

allocation and scheduling are performed based on a fixed architecture. However, when performing as-



signment and scheduling in architecture synthesis, no fixed architectures are available. Most previous
work on the synthesis of special purpose architectures for real-time DSP applications focuses on the ar-

chitectures that only use homogeneous FUs (same type of operations will be processed by same type of

FUs) [1-8,10,12,13]. In [9, 14], Ito et. al. first propose a ILP (Integer Linear Programming) model for
the assignment problem considering heterogeneous functional units. While this ILP model can generate

an optimal solution for heterogeneous assignment problem, the exponential run time of the algorithm

limits its applicability. In [11], Chang et. al. propose a heuristic approach for the heterogeneous as-

signment problem. This approach can produce a solution with one or two orders of magnitude less time

compared with the previous ILP model. This approach, however, may not produce a good result in

terms of the total cost, since the resource configuration is fixed in the early design phase. In the circuit
design field, Li et. al. in [31] study the problem of selecting an implementation of each circuit module
from a cell library. The problem is shown to be NP-hard. A pseudo-polynomial time algorithm on the

series-parallel circuits and heuristics for general circuits are proposed for basic circuit implementation

problem. Basic circuit implementation problem is only a special case of the heterogeneous assignment

problem in which each node must have the same execution time; therefore, their solutions can not be ap-

plied to solve the heterogeneous assignment problem. And the circuit implementation problem doesn’t

need to consider the scheduling problem. Our work is related to the work in [11,31]. To solve heteroge-

neous assignment problem, we propose several efficient algorithms to obtain optimal (when given DFG
is path or tree) or near-optimal solution (for general problem). To solve scheduling and configuration

problem, we propose a minimum resource scheduling algorithm to generate a schedule and a feasible

configuration that use as little resource as possible.

In the paper, we first prove heterogeneous assignment problem is NP-complete and propose sev-
eral practical algorithms. When the given DFG is a simple path or a tree, we propose two algo-
rithms, Path_Assign (for simple path) and Tree_Assign (for tree), to produce an optimal solution. These
two algorithms are efficient in practice, though rigorously speaking they are pseudo polynomial be-
cause the complexities are related to the value of the maximum execution time of nodes. But this
value is usually not large or can be normalized to be small. To solve the general problem, three
algorithms, DFG_Assign_Once, DFG_Assign_Repeat, and DFG_Assign_CP, are proposed. Algorithm
DFG_Assign_Once and DFG _Assign_Repeat are based on Algorithm Tree_Assign; DFG _Assign_CP di-



rectly works on DFGs. Then, based on the obtained assignment, a minimum resource scheduling algo-
rithm is proposed to generate a schedule and a configuration.

We experiment with our algorithms on a set of benchmarks, and compare our algorithms with
the greedy algorithm in [31] and the ILP model in [9]. The experimental results show that our algo-
rithms have better performance compared with the greedy algorithm. On average, DFG _Assign_Once,
DFG_Assign_Repeat, and DFG_Assign_CP, give reductions of 25%, 27.4%, and 25.8%, respectively,
on system cost compared with the greedy algorithm. Our algorithms give near-optimal solutions with
much less time compared with the ILP model. While DFGs become too big for the ILP model to solve,
our algorithms can still efficiently give results. DFG_ Assign. CP is recommended to be used for solving
the general problem, since it gives close results with less time compared with DFG _Assign_Once and
DFG_Assign_Repeat.

The remainder of this paper is organized as follows: In the next section, examples are given. In
Section 3, we give the basic definitions and models used in the rest of the paper. In Section 4, we prove
heterogeneous assignment problem is NP-complete. The algorithms for heterogeneous assignment prob-
lem are presented in Section 5. The minimum resource scheduling algorithm are presented in Section 6.

Experimental results and concluding remarks are provided in Section 7 and Section 8 respectively.

2 Example

Assume we can select FUs from a FU library that provides three types of FUs: P4, P,, P3. An exemplary
DFG is shown in Figure 1(a). The execution times and costs of each node for different FU types are
shown in Figure 1(b). In Figure 1(b), column “T;” presents the execution time, and column “C;” presents

the execution cost for each FU type P;.

@ @ Nodes Fi i Fo
Ti1 | Ca|| T2|C2|| Tz | Cs
1 1 9 214 3|1
2 1 |10|| 26| 3|1
3 1 9 2|3 3]|1
4 1 7 2|2 6|1
5 1 8 2| 5] 3|1
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Figure 1: A given DFG and the execution times and costs of its nodes for different FU types.

The execution cost can be any cost such as energy consumption or reliability cost. A node may run
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slower but with less energy consumption or reliability cost when executed on one type of FUs than on
another. When the cost is related to energy consumption, it is clear that the total energy consumption
is the summation of energy cost of each node. Also, when the execution cost is related to reliability,
the total reliability cost is the summation of reliability cost of all nodes. We compute the reliability cost
using the same model as in [28]. Define the reliability of a system as the probability that the system
will not fail during the time of executing a DFG. Consider a heterogeneous system with M FU types,
{P1,P2,--- ,PmJ, and a DFG containing N nodes, {u,u,,--- ,un}. Let t;(i) be the execution time of
node u; for type P;. Let f; be the failure rate of type P;. Then the reliability cost of node u; for type P;
is defined as §(i) x f;. Let x;; be a binary number that denotes whether type P; is assigned to node u;
or not ( it equals 1 if P; is assigned to wu;; otherwise it equals 0). The probability of a system not to fail
during the time of processing a DFG, is:

Pr = H (1— fj)xiiti(i).

1<G<MLT<EKN

From this equation, we know Pr ~ [](e f*4t%®) when f; is small [29]. Thus, in order to maximize
Pr, we need to minimize }_(fjx;t;(i)). In other words, we need to find an assignment such that the
timing constraint is satisfied and the summation of reliability costs of all nodes is minimized in order to

maximize the reliability of a system.

Nodes| P1 PR | P3 Nodes| Pl PR [ P3
1 v (4) 1 V(1)
2 v (6) 2 V(1)
3 C) 3 V' (3)
4 V() 4 V(2
5 v (5) 51 1@
@ (b)

Figure 2: (a) Assignment 1 with cost 20. (b) Assignment 2 with cost 15.

Assume the given costs are energy consumption and the timing constraint is 6 time units in this ex-
ample. For the given DFG in Figure 1(a) and the time cost table in Figure 1(b), two different assignments
are shown in Figure 2. In Figure 2, if a FU type is assigned to a node, “y/” is put into the right location
and the value in the parentheses beside “,/” is the corresponding execution cost. The total execution

cost for Assignment 1 is 20. The total cost for Assignment 2 is 15 and this is an optimal solution, which
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Figure 3: Two schedules corresponding to Assignment 2.

is 25% less than that for Assignment 1. Our assignment algorithm in Section 5.2 achieves the optimal
solution for this example.

For Assignment 2, two different schedules with corresponding configuration are shown in Figure 3.
The configuration in Figure 3(a) uses 5 FUs while the configuration in Figure 3(b) uses 4 FUs. The
schedule in Figure 3(b) is generated by the minimum resource scheduling algorithm in Section 6, in

which the configuration achieves the minimal resource for Assignment 2.

3 System Model

In our work, Data-Flow Graph (DFG) is used to model a DSP application. A DFG G = (V,E,d) isa
node-weighted directed graph, where V = (uy,uy, - - - ,un) is the set of nodes, E C V x V is the edge
set that defines the precedence relations among nodes in V, and d(e) represents the number of delays
for an edge e. A DFG may contain cycles to model a DSP application with loops. The intra-iteration
precedence relation is represented by the edge without delay and the inter-iteration precedence relation
is represented by the edge with delays. Given an edge, e = u — v, d(e) means the data used as inputs
in node v are generated by node u d(e) iteration before. A static schedule of a cyclic DFG is a repeated
pattern of an execution of the corresponding loop. And a static schedule must obey the precedence
relations of the directed acyclic graph (DAG) portion of a DFG that is obtained by removing all edges
with delays from the DFG. In this paper, the DAG part of a DFG is considered when we do assignment
and scheduling.

A special purpose architecture consists of different types of FUs. Assume there are M different
FU types in a FU library, Py, P,, -+, Pm. T(u;) is used to represent the execution times of each node

w; € V for different FU types: T (ui)={t1(1), t2(i), - - - , tm(i)} where t;(i) denotes the execution time



of u; for type P;. C(wy) is used to represent the execution costs of each node u; € V for different FU

types: C(ui)={cq(i), c2(i), ---, cm(i)} where c;(i) denotes the execution cost of u; for type P;. An

assignment for a DFG is to assign a FU type to each node. Given an assignment of a DFG, we define
the system cost to be the summation of execution costs of all nodes because it is easy to explain and

useful as we described in Section 2. Please note that our algorithms presented later will still work with

straightforward revisions to deal with any function that computes the total cost such as . c;(i)? as long

as the function satisfies “associativity” property. This model can deal with the case when a FU type
can only compute a subset of tasks. In such circumstances, we can set the execution time of a task as

“infinite” if it can not be assigned to a FU type, where “infinite” means a value greater than the given
timing constraint. Therefore, this node can not be assigned to this FU type in any assignment because it

does not satisfy the timing constraint.

We define heterogeneous assignment problem as follows:
Given M different FU types: Py,P,,---,Pm, @a DFG G = (V, E, d) where V=(uy,uy, -+ ;un), T(w) =
{ti1(1),t2(1),--- , tm(1)} and C(uy)={cq1(1), c2(i), ---, em (i)} for each node u; € V, and a timing

constraint L, find an assignment for G such that the system cost is minimized within L.

4 NP-Completeness

In this section, we prove heterogeneous assignment problem is NP-complete. If there is no timing
constraints, the FU type with the minimum cost can be assigned to every node to minimize the system
cost. So the problem is trivial. When adding a timing constraint, the problem becomes NP-complete.

In order to prove Theorem 4.1, we first define a decision problem (DP) for heterogeneous assignment
problem.

DP: Given a positive integer C, a positive integer L, the number of resource types M and a DFG
G = (V, E, d), is there an assignment for G with the M resource types such that the execution time of G

< L and the system cost of G < C?
Theorem 4.1. The decision problem of heterogeneous assignment problem is NP Complete.

In the proof, we will transform 0-1 Knapsack Problem to our problem by setting G to be a simple

path: w; — u; — -+ — uy and M = 2. 0-1 Knapsack Problem is defined as follows.



0-1 Knapsack Problem: Given a set of items I = {I;, I, ---, In} in which for each item I; € I,
Qi € Z*tisits value and W; € Z* is its weight, and two given positive integers H and W, is there a
subset Sof I'suchthat ) . P;>Hand > . . W; < W?

ies ies
Proof. It is obvious DP belongs to NP. Assume I = {I,1,,---,In} is an instance of 0-1 Knapsack
Problem. Set M = 2. Construct a simple path G = (V,E,d) as follows. V = {(u;,up, -+ ,un)
where u; corresponds to item i in I. Add e(u; — ui;q) into E and set d(e(w; — ui1)) = 0 for
1 <i<(N-—1). Let Qmax be the maximum of Q; in I. For each node uw; € V, T(w;) = {t1(1), t2(1)}
is obtained by t;(1) = 0 and t,(i) = W, and C(w;) = {c1(i), c2(i)} is obtained by c1(i) = Qmax and
c2(1) = Qmax — Qi. Let C = N * Qax — Hand L = W. Then, an instance of the knapsack problem
can be transformed correctly.

Since 0-1 Knapsack Problem is NP-complete and the reduction can be done in polynomial time. DP

is NP-complete. O

5 TheAlgorithmsfor Heterogeneous Assignment Problem

In Section 4, we prove heterogeneous assignment problem is NP-complete. In this section, several
algorithms are proposed to solve this problem. When the given DFG is a simple path or a tree, two
algorithms are presented to give the optimal solution. These algorithms are efficient in practice though
rigorously speaking they are pseudo polynomial. To solve the general problem, three other algorithms

are proposed.

5.1 An Efficient Algorithm for Simple Paths

An efficient algorithm, Path. Assign, is proposed in this section. It can give the optimal solution for
heterogeneous assignment problem when the given DFG is a simple path. Assume the simple path in

heterogeneous assignment problem is w; — w; — - - - — uy, Path_Assign is shown in Figure 4.

Theorem 5.1. X;[j] (1 <1 < N) obtained by Algorithm Path_Assign is the minimum system cost of the

path from u, to u; with total execution time < j.

Proof. By induction. Basic Step: When i = 1, X,[j] = 0 and Tyin(0) = 0, 50 X1 [j] = minj<k<m{ck(1)
ifj > tx(1)}. Thus, When i = 1, Theorem 5.1 is true. Induction Step: We need to show that fori > 1,

8



Input: M different types of FUs, a simple path, and the timing constraint L.
Output: An optimal assignment for the simple path.

Algorithm;

1. Associate an array Xi[1,2,--- , L] to each node u; € V and let X;[j] store the minimum system cost of

the path from wu; to u; with total execution time <j. For 1 <j <L, Xplj] = 0.
2. Fori=1to N, compute X;[j1G=1,2,---,L) by:

miny<x<m{Xi—1 — t ()] + ek (i)
Xi[il = ifj —te(i) > Trin(i— 1)}, 1)

No feasible solution Otherwise

where, Trin(i— 1) is the minimum time needed to process the path from u to w;—7 and Tiin(0) = 0.

3. XnIL] is the minimum system cost and the assignment can be obtained by tracing how to reach to

XnIL].

Figure 4: Algorithm Path_Assign.

if X;[j] is the minimum system cost of the path from w to u;, then X;,4[j] is the minimum system cost
of the path from w; to ui . It is obviously true from equation 1. Thus, Theorem 5.1 is true for any i

(1<i<N). O

From Theorem 5.1, we know Xy([L] records the minimum system cost of the whole path within the
time constraint L. We can record the corresponding FU type assignment of each node when computing
the minimum system cost in Step 2 in Algorithm Path_Assign. Using this information, we can get an
optimal assignment by tracing how to reach Xy[L]. An example is shown in Figure 5.

A simple path u; — w, — u3 is shown in Figure 5(a). Assume there are 2 FU types, P; and P,
in the system. The execution times and execution costs of nodes for different FU types are shown in
Figure 5(b). When the timing constraint is 7 time units, the computation procedure using Algorithm
Path_Assign is shown in Figure 5(c). In Figure 5(c), the FU type assignment for each node is recorded
under Xi[j]. The minimum system cost is 8 which is shown in X3[7], and the assignment is Py —

uq, P, — uy, and Py — us which is obtained by tracing how to reach X3[7]. Starting from X3[7], we
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Figure 5: An example for a simple path with 2 FU types.

know P; is assigned to us and its execution time t;(3) = 2 which is shown in Figure 5(b). Then we can
get the index for X;[j] by subtracting t;(3) from L: L — t;(3) =7 — 2 = 5. So we get to location X;[5],
from which we can see P, is assigned to u, and its execution time t,(2) = 4. In the same way, we can
find out P, is assigned to ;.

It takes O(M) to compute one value of X;[j] where M is the number of FU types. Thus, the com-
plexity of Algorithm Path_Assign is O(|V|* L x M), where V| is the number of nodes and L is the given
timing constraint. Usually, the execution time of each node is upper bounded by a constant. So L equals

O(|V[¥) (k is a constant). In this case, Path_Assign is polynomial.

5.2 An Efficient Algorithm For Trees

In this section, we propose an efficient algorithm, Tree Assign, to produce the optimal solution for

heterogeneous assignment problem when the given DFG is a tree.

>
&>
\®

Figure 6: A given tree.

Define a root node to be a node without any parent and a leaf node to be a node without any child.
A post-ordering for a tree is a linear ordering of all its nodes such that if there is an edge u — v in
the tree, then v appears before w in the ordering. For example, both {C,D, B, A}and {D, C,B, A} are

post-ordering for the given tree in Figure 6. Here, sequences do not matter as long as post-ordering is
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followed, since post-ordering is used to guarantee that, when we begin to process a node, the processing
of all of its child nodes has already been finished in the algorithm. So, there is no difference between
{C,D,B,A}and {D, C, B, A} in terms of our algorithm. The pseudo polynomial algorithm for trees,
Tree_Assign, is shown in Figure 7.

Following the post-ordering in Step 2, we can get T.;n(v;) for each node v; € V by setting the
minimum execution time for each node and computing the longest path from any leaf node to v;. In
equation 2, basically, we select the minimum system cost from all possible system costs caused by
adding v; into the subtree. In the following, we prove Algorithm Tree_Assign gives the optimal solution

when the given DFG is a tree.

Theorem 5.2. X;[j] (1 <1 < N) obtained by Algorithm Tree_Assign is the minimum system cost of the

subtree rooted on v; with total execution time < j.

Proof. By induction. Basic Step: When i = 1, because the computation of X;[j] follows the post-
ordering, v; must be a leaf node. Thus, X;/[jl = 0. Xo[j] = 0 and Tyn(vi) = 0, S0 X4 =
minj<k<m{ck(1) ifj > t(1)}. Thus, When i = 1, Theorem 5.2 is true. Induction Step: We need to
show that for i > 1, if X;[j] is the minimum system cost of the subtree rooted on v;, then X;,[j] is
the minimum system cost of the subtree rooted on v;,;. According to the post-ordering, the computa-
tion of X;[j] for each child node of v;,; has been finished before computing X [j]. From equation 3,
Xi+1y[3] gets the summation of the minimum system cost of all child nodes of v;.; because they can
be allocated and executed simultaneously within time j. From equation 2, the minimum system cost is
selected from all possible system costs caused by adding v; into the subtree rooted on v 1. So X;.1[j]
is the minimum system cost of the subtree rooted on v; ;. Therefore, Theorem 5.2 is true for any i
(T<i<N+4+1). O

From equation 3, X;/[j] = 0 if v; has no child node and X/ [j] = Xy, [j] if v; has only one child node
vi,. Thus, we don’t really need to compute X;/[j] in these cases. When there is only one root node in
a tree, we don’t need to add a pseudo root node un_.1. Using these simplified methods, an example is
shown in Figure 8 for the given tree in Figure 6.

Assume that there are 2 different FU types, P; and P,. The post-ordering node set of the given tree
and the corresponding execution times and execution costs are shown in Figure 8(a) and Figure 8(b),

respectively. The computation procedure using Algorithm Tree_Assign is shown in Figure 8(c) when the

11



Input: M different types of FUs, a tree, and the timing constraint L.
Output: An optimal assignment for the tree.

Algorithm;

1. Add a pseudo node un1 in V and set all 0’s for its execution times and execution costs. For each root

node u € V, add an edge e(uny1 — u) into E. Then w1 is only root node in G.

2. Post-order G and let V = {v{,v2,--- ,vNn, VN4+1) be the post-ordering node set. Without loss of gen-
erality, for each node v; € V, let T(v;) = {t1(i), t2(1), t3(i), -+ , tm (i)} where t;(i) is the execution
time of node v; for FU type Pj; and C(vi) = {c1(i),c2(i),--- , cm(i)} where ¢;(i) is the execution cost

of node v; for FU type P;.

3. Associate an array Xi[1, -+, L] to each node v; € V and X;[j] stores the minimum system cost of the

subtree rooted on v; with total execution time <j. Xp[jl =0forj=1,2,--- ,L.
4. Fori=1to N+ 1, compute X;[j] (j =1,2,---,L) as follows:

miny<e<m{Xir[j — ti(i)] + cx (1)
Xilil = ifj —tk(1) > Trnin(vi)}, (2

No feasible solution Otherwise

where: Tin(vi) is the minimum time needed to process the subtree rooted on v; except vi. v{ is a

pseudo node. Assume that vi,,vi,,- - -, Vi, are all child nodes of node v; and R is the number of child
nodes of node u;, then X;:[j1 G = 1,2,--- ,L) is calculated as follows:
0 ifR=0

Xulil =< Xi, [ ifR=1 )

Zlgth Xi, bl ifR>1

5. Xn+1[L] is the minimum system cost for G and the corresponding assignment can be obtained by

tracing how to reach to Xn1[L].

Figure 7: Algorithm Tree_Assign.

12




VvV ={vl, v2, v3, v4}
Step 1: Compute Xl[]] for node v1: Tmin(v1)=0

2 3 4 5 6 7
x1[|]\2\1\1E141\1\1\

| P2| P2 P2 P2 |

Step 2: Compute X2[j] for node v2: ‘Tmln(v2) =0
X2h1[4 4 [4-3]1[1[1]

&l
BN
N

CY LP1PLIP1| P21P2 P2 P2

Step 3: Compute X3[j] for node v3: Tmln(v3) 1

Nodes (11 [ a1l T2 | oz x3'11 6] 5] 5521 2[ 2 2]
vi T 212 1 X3D]\—\9\8\7E5i5\3\
P1iP1 | P2 P1I P1iP2

v2 1 4 4 1 5
v3 1 3 3 1 Step 4: Compute X1[j] for node vi1: Tmln(v4) =2

vd |1 (3] 2 |1 x4[|]\—\—\12\10\9\ b&j

(b) ©

Figure 8: An example for a tree with 2 FU types.

timing constraint is 7 time units. We process node vy, v2, v3, and v4 one by one following the order in V.
In step 1, we compute X; [j] for node v;. Since v; has no child nodes, Tin(v1) = 0 (the minimum time
needed to process the subtree rooted on v; except v; is 0) and X;/[j] = 0 (from Equation 3). From the
row corresponding to v; in Figure 8(b), we getcy(1) = 2,t1(1) = 1,¢c2(1) = 1,t,(1) = 2, therefore,
miny<x<ofex (1) ifj — (1) > 0y =min {2 if (j—1) >0, 1 if (j —2) >0},

Xilj] = _ _ _
No feasible solution Otherwise

Inputting j from 1 to 7, the value of X;[j] can be calculated based on this equation. For example, when
i=1L, X =min {2 if(1—-1)>0, 1 if(1—2)>0}=2.Then, the cost and its corresponding
FU type, are recorded in X; [1] and the dashed-line box below X; [1], respectively, as shown in Figure 8(c).
The calculation for node v, in step 2 is similar to that for node v; since node v, has no child nodes either.

In step 3, node v3 is processed. It has two child nodes, v and v,. First, we calculate the execution
time of the longest path of the subtree rooted by v3 by assigning each node with the minimum execution
time type in the subtree. T..;»(v3) = 1 is then obtained by removing v; from the longest path. Next, we
compute X3:[j]. From Equation 3, X3:[j] = X;[j] + Xz[j] since v; and v, are all child nodes of v3. After

finishing calculation of X [j] and T,,in(v,), We can get the equation to calculate X;[j] as follows:

miny<x<z { Xa/[j — t(3)] + ci(3) if (G —t(3)) > Thnin(v3) } =
X3lj] = mn{Xs—1+3ifj—1>1, Xa[j—31+1if j—3> 1},

No feasible solution Otherwise
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Inputting j from 1 to 7, we can obtain the value of X3[j]. For example, given j = 1, no condition is
satisfiedas 1 —1 < Tand 1 — 3 < 1, so no feasible solution; given j = 2, X%[2] = min{X3:[1] + 3} =
6+ 3 = 9. Similarly, in step 4, we can compute X4[j] for node v,4. After all nodes have been processed,
the assignment for the DFG can be obtained by tracing how to reach X4[7] using similar method in
Section 5.1. For this example, the optimal assignment is P, — v¢,P, — v, Py — v3,and P, — v, as
shown in Figure 8(c).

The complexity of Algorithm Tree_Assign is O(|V|* L x M), where |V|is the number of nodes, L is
the given time constraint, and M is the number of FU types. When L equals O(|V|*) (k is a constant)

which is the general case in practice, Algorithm Tree_Assign is polynomial.

5.3 The Algorithms for DFGs

In this section, we propose three heuristics: DFG_Assign_Once, DFG _Assign_Repeat, and DFG _Assign_CP,
to solve the general heterogeneous assignment problem. The DFG_Assign_Once algorithm and the
DFG_Assign_Repeat algorithm are based on the Tree_Assign algorithm, and the DFG _Assign CP al-
gorithm directly works on DFGs. In the following, we first show algorithm DFG.Assign Once and

DFG_Assign_Repeat, and then algorithm DFG_Assign_CP is given.

5.3.1 TheDFG AlgorithmsBased on Trees

Algorithm DFG_Assign_Once and DFG_Assign_Repeat are designed based on algorithm Tree_Assign.
The basic idea is to get a tree from a given DFG and then use Algorithm Tree_Assign to solve it. We first
show some notations and definitions used in the algorithms.

root node

ST
<M:olmmon node
S |

(D

|eaf node

Figure 9: A DFG and its root, leaf and common nodes.

As defined in Section 5.2, for a DFG, a leaf node is a node without any child and a root node is a node
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without any parent. We define a critical path to be a path from a root node to a leaf node. A common
node is a node located on more than one critical path. For example, in the DFG shown in Figure 9, node
A and B are root nodes; node E and F are leaf nodes; there are four critical paths: A - C — D — E,
A—-C—>D—->FB—-C—=D-—-EandB — C— D — F; and node C and D are common nodes.
To be a legal assignment for a DFG, the execution time for any critical path should be less than or equal
to the given timing constraint.

In order to use Algorithm Tree_Assign to solve a general problem, we need to obtain a tree from a
DFG and this tree should contain all critical paths of the DFG. So the solution for the tree can satisfy the
timing constraint for the DFG. A critical path tree of a DFG is a tree that is extracted from the DFG and
contains all of its critical paths. Algorithm DFG_Expand ( Figure 10 ) is designed to obtain a critical

path tree for a given DFG.

Input: a DFG G.
Output: Atree G = <VTR) ETR)-
Algorithm;

1. GTR =G.

2. Post-order all nodes in Gy such that if there is an edge u — v € Vg, node v appears before u in the

order.

3. Go through all nodes of G by post-ordering. On visiting each node v € V, if v has k (k > 1) parent
nodes, uy, uy,- -+ , Uy, do as follows:
e Duplicate (k — 1) copies of the subtree rooted by v into Gg.

e Fori=1,2,--- ,k— 1, remove the edge u; — v from Eqg and add one edge from w; to one of

copies of v into Etg such that there is only one incoming edge for each copy of v.

Figure 10: Algorithm DFG_Expand.

Algorithm DFG _Expand duplicates the common nodes with multiple parent nodes in a DFG from the
bottom up based on a post-ordering. For each common node v with multiple parent nodes, the subtree
rooted by v is duplicated and after duplication, each parent node is connected to one copy of v such that

each copy of v is on a unique path. Therefore, all nodes that have been went through are in a unique
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path. For the DFG shown in Figure 9, a critical path tree obtained by Algorithm DFG_Expand is shown
in Figure 11(a).

SONGNO
++++++ ST
}% géi ,<5)><§>> fffffff
BORGORORN ®

@ (b)

Figure 11: Two critical path trees for the DFG in Figure 9.

Another way to obtain a critical path tree for a DFG is to duplicate the subtree connecting to a
common node with multiple child nodes and connect each copy of the common node to one child node
from the top down. One example using this method is shown in Figure 11(b). By running Algorithm
DFG_Expand on the transpose of a given DFG, we can get this kind of critical path tree with the reversed

directions of edges.

Input: M different types of FUs, a DFG, and the timing constraint L.
Output: An assignment for the DFG.
Algorithm:

1. Let GT be the transpose of G. Let Gyg and GlR be the critical path trees obtained by running Algorithm
DFG_Expand on G and G' respectively. If [V(Gr) < [V(GL)|, then Grree = Grr; Otherwise

Grree = G, Where [V(G)| denotes the number of nodes of G.
2. Run Algorithm Tree_Assign on Ggree.

3. For each node v € V, if it has only one copy in Gtgreg, Set its assignment as the assignment in G treg;
otherwise, set its assignment as the assignment with minimum execution time among all assignments

of its copies in GTreg.

Figure 12: Algorithm DFG_Assign_Once.

After obtaining a critical path tree from a DFG, we can use Algorithm Tree_Assign to get the op-

timal solution. In this solution, the different copies of a duplicated node may have different assign-
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ments in the critical path tree. So we need to select an assignment. In our first heuristic, Algorithm
DFG_Assign_Once, we select the assignment with minimum execution time as the assignment of a du-
plicated node. Algorithm DFG_Assign_Once is shown in Figure 12.

Using Algorithm DFG_Assign_Once, the less nodes a critical path tree for a DFG has, the closer
result to the optimal solution we can obtain. So we choose a critical path tree with less nodes between
Grree and Glgeg, Where Grgree and Gigeg are critical path trees obtained from G and G' respectively.
We select the assignment with minimum execution time as the assignment of a duplicated node in such

a way that this assignment can satisfy the timing constraint for a DFG.

Input: M different types of FUs, a DFG, and the timing constraint L.
Output: An assignment for the DFG.
Algorithm:

1. For each node u; € V, associate a boolean variable, Mark(u;), and set Mark(u;) = False.

2. Let G' be the transpose of G. Let Gyg and GlR be the critical path trees obtained by running Algorithm
DFG_Expand on G and G' respectively. If [V(Gr) < [V(GL)|, then Grree = Grr; Otherwise

Grree = GTg, where [V(G)| denotes the number of nodes of G.

3. Let set V¢ record nodes in G that have more than one copies in Grree. Sort Ven by the number
of copies such that Ven = (v, v2,-++ ,vq) in which Copy_Num(vy) > Copy_-Num(vz) > --- >

Copy_Num(vy,) where Copy_Num(v;) denotes the number of copies of v;.
4. Run Algorithm Tree_Assign on Grgk.
5. Foreach node v; € Ven (i =110 |Venl), do:

e Set the assignment of v; as the assignment with minimum execution time among all assignments
of its copies in Gyree. Set Mark(v;) = True.
e Fix its execution time and execution cost in Gtree based on this assignment. Run Algorithm

Tree_Assign on GTgek.

6. For each node u; € V,if Mark(v) = False, set its assignment as the assignment of its copy in G tree.

Figure 13: Algorithm DFG_Assign_Repeat.
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In Algorithm DFG_Assign_Once, when we fix the assignment of a duplicated node, we may reduce
the execution costs of other nodes because all its copies now use the minimum execution time. So in our
second heuristic, Algorithm DFG_Assign_Repeat, we repeatedly run Algorithm Tree_Assign and fix the
assignment of one duplicated node in each step. Algorithm DFG _Assign Repeat is show in Figure 13.

In Algorithm DFG _Assign_Repeat, in each step, we fix the execution time and cost of one duplicated
node based on the assignment obtained by Algorithm Tree_Assign. The more copies a node has, the
more paths in the critical path tree it can influence. Thus, we sort the duplicated nodes by the number
of copies and fix the node with greatest number of copies first. In such a way, when the assignment of a

duplicated node is fixed, we can reduce the cost of other nodes as much as possible.

5.3.2 TheDFG_Assign_CP Algorithm

Algorithm DFG_Assign_Once and DFG_Assign_Repeat are based on algorithm Tree_Assign. Since Al-
gorithm Tree_Assign can obtain optimal solution for trees, DFG_Assign_Once and DFG_Assign_Repeat
can achieve near-optimal solution. However, their computation time is related to the size of expanded
trees so it takes longer time when the expanded tree is larger. Therefore, in this section, we propose an-
other heuristic algorithm, DFG_Assign_CP, to solve this problem. Algorithm DFG _Assign_CP directly
works on DFGs, where CP means Critical Path because we only pick one node from a critical path and
change its type in each iteration in this algorithm. And the basic idea is to first assign each node with
the best cost type and then iteratively change the type of the node in the critical path such that the timing
constraint can be satisfied with the minimal cost increased. The algorithm is shown in Figure 14.

In Algorithm DFG_Assign_CP, we first assign the best cost type to each node and mark the type as
assigned. We then find a critical path (CP) that has the maximum execution time among all possible
paths based on the current assigned types for DFG G. Next, if the execution time of the critical path is
greater than TC, the given timing constraint, we reduce it by changing the type of a node that is selected
from the critical path. The node is selected from the critical path, since only the nodes in the critical path
can influence the longest execution time of a DFG. For all other nodes that are not in the critical path,
we want to keep their current types since they have been assigned the best types initially.

We select the node in the critical path base on a ratio. This ratio is calculated for each node and its

each unmarked type as follows:
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Input: M different types of FUs, DFG G=(V, E, d), and timing constraint TC.
Output: An assignment for the DFG.
Algorithm;

1. For each node u; € V, assign type p to u such that u; has the minimal cost among its all possible

types; mark type t of node wu;.
2. Find CP, a critical path of G.
3. If (Time(CP) > TC) then {

(@) Find_Flag « NO; Min_Ratio++oo;
(b) For each node wu; in critical path CP and each unmarked type p of node u; {

i. Let CTimeand CCost be the time and cost of u; with current assigned type, respectively;
ii. Let PTimeand PCost be the time and cost of u; with type p, respectively;
iii. ReducedTime «+ CTime-PTime; IncreasedCost +— PCost-CCost;
iv. If ReducedTime > 0, then Ratio « IncreasedCost/ReducedTime; else Ratio «+oo;

v. If Min_Ratio > Ratio, then set Min_Ratio + Ratio; Min_Node « i; Min_Type « p;
Find_Flag « YES;

}
() If (Find_Flag == YES) {

i. Change the type of node Min_Node to be Min_Type;
ii. Mark type Min_Type of node Min_Node;
iii. Goto Step 2.

}telse{ Output "No Solution”; exit.}

}

4. Output the assignment of G.

Figure 14: Algorithm DFG_Assign_CP.
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Ratio «+ IncreasedCost/ReducedTime

Given node u; in the critical path and its unmarked type p, ReducedTime and IncreasedCost are the
corresponding reduced time and increased cost if w; is changed from its current assigned type to type p.
This ratio is used to represent the average increased cost per reduced time unit. Since we want to reduce
the execution time with the minimal cost increased, we pick the node with the minimal ratio among all
nodes with all possible unmarked types in the critical path. We keep the record of the node and its type
that has the minimal ratio during processing. After the node and the type have been found, we change
the node to this type and mark this type as assigned. The procedure is repeated until the timing constraint

is satisfied or we can not reduce the execution time of the critical path any more.

Critical Path 4->5

The mini‘mal ratio

\
Current| Unmarked Ratios for
Type | Types | unmarked types
\ P1: (7-1)/(6-1)=6/5
[P2: (2-1)/(6-2)=1/4]

5 P3 | PL,P2 | PL (8-1)/(3-1)=7/2
P2: (5-1)/(3-2)=4

4 P3 P1, P2

(b)

Figure 15: The ratio calculation by the DFG_Assign_CP algorithm for the given DFG in Figure 1. (a)
All nodes are first assigned P; (the best cost type). (b) The ratios for each node in the critical path and

its each unmarked type .

An example is given in Figure 15 that shows how to obtain the minimal ratio among all nodes with
all unmarked types in the critical path in the first iteration using our algorithm. The inputs are the DFG
and FU types shown in Figure 1 and the timing constraint is 5 time units. In Figure 15-(a), all nodes
are first assigned to type P; that gives them the minimal costs. The 3-tuple (p,t,c) above each node in
Figure 15-(a) denotes the current assigned type p, the execution time t, and the cost ¢. Figure 15-(b)
shows the calculation of the ratios for all nodes in the critical path. We can see that node 4 has the
minimal ratio 1/4 with type P, so the type of node 4 will be changed to P,.

Given a DFG G, let |E| and |V| be the number of edges and the number of nodes, respectively. It

takes O(|E|) to find a critical path for a given DFG using the clock period computation algorithm in [32].
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In our algorithm, in each iteration, it takes at most O(|V|* M) to calculate ratios, select a node from
the critical path and change its type, where M is the number of FU types. And the algorithm iterates at
most |V|x M times, since each type of a node is only assigned one time. Therefore, the time complexity
of our algorithm is O(|V|* M * (|E| 4+ |V|* M)). Considering M is a constant, our algorithm takes
O(IVI* [El + V).

6 TheMinimum Resource Scheduling and Confi guration

In this section, we propose minimum resource scheduling algorithms to generate a schedule and a con-
figuration. We first propose Algorithm Lower Bound RC that produces an initial configuration with low
bound resource. Then we propose Algorithm Min_RC_Scheduling that refine the initial configuration and

generate a schedule to satisfy the timing constraint.

Input: A DFG with FU assignments and timing constraint L.
Output: Lower bound for each FU type
Algorithm;

1. Schedule the DFG by ASAP and ALAP scheduling, respectively.
2. Nasapl(il[j] « the total number of nodes with FU type j and scheduled in step 1 in the ASAP schedule.
3. Narapl(il[j] « the total number of nodes with FU type j and scheduled in step i in the ALAP schedule.

4. For each FU type j,

LBasaplil maX{NAS/\]P (1151 ’ Nasar[11[j] ;‘NASAP 21[] e 2 1<k<L ]\II_ASAP[k] [j]}
5. Foreach FU type j,
LBaLapli] maX{NALA]P [L][j] ’ Narar[L][] + 2NALAP[L —11[] . 2 1<k<L NAL}L\P L—k+ 1]5}

6. For each FU type j, its lower bound: LB[j] «+ max{LB asapljl, LBarapr[il}

Figure 16: Algorithm Lower_Bound_RC.
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Algorithm Lower_Bound_RC is shown in Figure 16. In the algorithm, it counts the total number of
each FU type in each control step in the ASAP (As Soon As Possible) and ALAP (As Late As Possible)
schedule, respectively. Then the lower bound for each FU type is obtained by the maximum value that

is selected from the average resource needed in each time period.

Input: A DFG with FU assignments, timing constraint L, and an initial configuration.
Output: A schedule and a configuration.

Algorithm:
1. For each node v in DFG, compute ALAP(V) that is the schedule step of v in the ALAP schedule.
2. S« 1.
3. Do{

e Ready_List «+ all ready nodes;

e For each node v € Ready _List, if ALAP(v)==S, schedule v in step S with additional resource if

necessary,

e For each node v € Ready list, schedule node v without increasing current resource or schedule

length;

e Update Ready Listand S « S + 1;

} While(S < L);

Figure 17: Algorithm Min_RC_Scheduling.

Using the lower bound of each FU as an initial configuration, Algorithm Min RC_Scheduling (Fig-
ure 17) is proposed to generate a schedule that satisfies the timing constraint and get the finial config-
uration. In the algorithm, we first compute ALAP(v) for each node v, where ALAP(v) is the schedule
step of v in the ALAP schedule. Then we use a revised list scheduling to perform scheduling. In each
scheduling step, we first schedule all nodes that have reached to the deadline with additional resource if
necessary and then schedule all other nodes as many as possible without increasing resource.

Algorithm Lower_Bound_RC and Min_RC_Scheduling both take O(|V|+ |E|) to get results, where |V/|

is the number of nodes and |E| is the number of edges for a given DFG.
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7 Experiments

Bench. Tree or DFG | # of Nodes | # of Duplicated Nodes | # of Nodes in G Tree
4-lat-iir Tree 26 - -
8-lat-iir Tree 42 - -
voltera filter Tree 27 - -
Diff. Eq. Solver DFG 11 3 15
RLS-laguerre filter DFG 19 3 32
elliptic filter DFG 34 19 189

Table 1: The basic information for the benchmarks.

In this section, we experiment with our algorithms on a set of benchmarks including 4-stage lattice
filter, 8-stage lattice filter, voltera filter, differential equation solver, elliptic filter and RLS-laguerre lattice
filter. Among them, the graphs for first three filters are trees and those for the others are DFGs. The
basic information about the benchmarks is shown in Table 1, in which a duplicated node is a node that
has more than one copy in Gr,e. Three different FU types, Py, P2, P3, are used in the system, in which a
FU with type P, is the quickest with the highest cost and a FU with type P3 is the slowest with the lowest
cost. The execution costs and times for each node are randomly assigned. For each benchmark, the first
time constraint we use is the minimum execution time. We compare our algorithms with the greedy
algorithm in [31] and the ILP model in [9]. The experiments are performed on a Dell PC with a P4 2.1
G processor and 512 MB memory running Red Hat Linux 7.3. All experiments shown in Table 2 and
Table 3 are finished in less than one second and the longest running time is 0.11 seconds which occurs
when Algorithm DFG_Assign_Repeat is experimented on Elliptic Filter with timing constraint 100 time
units.

The experimental results for 4-stage lattice filter, 8-stage lattice filter, and voltera filter, are shown
in Table 2. In the table, Column “TC” presents the given timing constraint. The system costs obtained
from different algorithms: the greedy algorithm, Algorithm DFG _Assign_CP, Algorithm Tree_Assign, the
ILP model, Algorithm DFG_Assign_Once, and Algorithm DFG _Assign_Repeat, are presented in corre-
sponding Column *“cost” under different fields, “Greedy”, “ILP”, “DFG. Assign. CP”, and “Tree. Assign,
DFG_Assign_Once, DFG_Assign_Repeat, ILP”. Algorithm Tree_Assign, the ILP model, DFG _Assign_Once,

and DFG_Assign_Repeat, obtain optimal solutions since the graphs of these filters are trees, so their re-
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Benchmark | TC || Greedy || DFG_Assign_ CP || Tree Assign, DFG_Assign_Once,
([31]) DFG_Assign_Repeat, ILP ([9])
cost cost %(CP) cost | %(Tree) | Confi guration

31 286 193 325 191 33.2 2P12P25P;3
35 210 162 22.9 159 24.3 1P,4P,5P;
40 201 151 24.9 149 25.9 2P12P,5P;3
4-stage 45 192 145 24.5 140 271 1P12P,5P;3
Lattice 50 189 133 29.6 133 29.6 1P12P,5P;3

Filter 55 184 128 30.4 126 315 1P12P,4P;3
60 184 120 34.8 120 34.8 1P12P,4P;3
65 176 116 341 115 34.7 1P12P,4P;3
70 170 111 34.7 111 34.7 1P, 2P,4P;
75 168 111 33.9 107 36.3 1P;1P,4P;

55 490 325 33.7 325 337 2P11P,6P;3
60 369 296 19.8 291 211 1P;2P,5P;
65 350 296 154 273 22.0 2P11P,5P;3
8-stage 70 340 254 253 252 259 1P12P,5P;3
L attice 75 329 241 26.7 237 28.0 1P;1P,5P;3
Filter 80 323 234 27.6 226 30.0 1P;1P,5P;
85 313 224 284 215 313 1P11P,4P;
90 313 218 304 207 33.9 1P;1P,4P;
95 301 204 32.2 199 33.9 1P;1P,4P;
100 295 200 32.2 193 34.6 1P;1P,4P;

37 324 245 244 243 250 2P12P,3P3
40 324 219 324 214 34.0 2P12P,4P;

45 233 211 9.4 191 18.0 1P;3P,3P;3
Voltera 50 219 177 19.2 175 20.1 2P12P,4P;3
Filter 55 211 166 21.3 155 26,5 1P 3P, 3P3

60 209 148 29.2 145 30.6 1P 3P, 3P3
65 209 142 321 136 34.9 1P, 2P,4P;
70 197 142 279 128 35.0 1P,12P,3P;3
75 191 128 33.0 121 36.6 1P11P,4P;3
80 177 119 32.8 115 35.0 1P;1P,4P;

Table 2: Comparison of the system costs for 4-stage lattice filter, 8-stage lattice filter, and voltera filter,

with different time constraints.
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Benchmark | TC ||Greedy| ILP ||[DFG_Assign_Once| DFG_Assign_Repeat DFG_Assign CP
([31]) || (19D)
cost cost || cost | %(Once) || cost | %(Repeat) cost | %(CP) | Confi guration
21 132 111 111 15.9 111 15.9 111 | 159 | 2P11P,2P3
25 128 91 101 211 97 24.2 107 | 164 | 1P;1P,2P;3
30 91 63 81 11.0 81 11.0 76 165 | 1P;1P,2P;3
35 74 54 60 18.9 60 18.9 60 189 | 1P12P,2P;3
Diff. 40 74 45 45 39.2 45 39.2 45 392 [ 0P12P,2P;3
Eq. 45 74 40 40 459 40 459 41 446 | 0OP11P,2P;3
Solver 50 74 39 39 47.3 39 47.3 41 | 446 |0P11P,2P;3
55 74 38 38 48.6 38 48.6 41 | 446 |0P11P,2P;3
60 56 36 39 30.4 36 357 41 268 [ 0OP,;1P,2P;3
65 56 35 35 375 35 375 35 375 | 0OP,;1P,2P;3
23 204 155 157 23.0 155 24.0 156 | 235 | 1P;3P,3P;3
25 188 139 141 25.0 139 26.1 146 | 223 | 1P 3P,4P;3
30 156 117 117 25.0 117 25.0 120 | 231 | 1P12P,4P;3
RLS 35 137 104 || 122 10.9 104 241 104 | 241 | 1P11P,4P;3
laguerre | 40 || 112 98 101 9.8 98 125 100 | 10.7 | OP11P,4P;3
Lattice |45 98 92 93 51 92 6.1 92 6.1 OP11P,4P3
Filter 50 98 90 93 51 90 8.2 90 8.2 OP11P,4P3
55 96 86 Q0 6.3 90 6.3 86 104 | OP;1P,4P;3
60 96 85 85 115 85 115 86 104 | OP;1P,3P;3
65 88 83 83 5.7 83 5.7 86 2.3 OP;1P,3P3
57 || 399 318 || 378 53 318 20.3 320 | 198 |2P;2P,2P;
60 || 395 279 || 350 114 288 27.1 297 | 248 | 2P12P,2P;3
65 371 247 || 309 16.7 247 334 249 | 329 | 2P12P,3P3
Elliptic | 70 328 228 || 278 15.2 229 30.2 231 | 296 | 2P12P,3P3
Filter 75| 296 211 || 249 15.9 224 24.3 215 | 274 | 2P13P22P;3
80| 293 199 || 236 195 208 29.0 206 | 29.7 | 2P13P22P;3
85 262 185 || 223 14.9 192 26.7 197 | 248 | 1P12P,2P3
90 || 236 172 || 192 18.6 179 24.2 181 | 233 | 1P13P,2P;3
95| 228 157 || 184 19.3 169 259 169 | 259 | 1P;2P,3P;3
100|| 209 155 174 16.7 157 249 160 | 234 | 1P,2P,3P3

Table 3: Comparison of the system costs for Differential Equation Solver, RLS-laguerre Lattice Filter,

and Elliptic filter, with different time constraints.
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sults are put under the same column (Column “cost” under Field “Tree_Assign, DFG _Assign_Once,

DFG_Assign_Repeat, ILP”). Column “Configuration” shows a feasible configuration corresponding
to the assignment obtained by Algorithm Tree_Assign, in which “x; Py x, P2 x3 P3” means that x;

FUs with type Py, x, FUs with type P,, and x3 FUs with type P5 are used. “Greedy” is the greedy
algorithm implemented based on the idea in [31], and “ILP” is the ILP model from [9]. Column

“%(CP)” under “DFG_Assign_CP” and Column “%(Tree)” under “Tree_Assign, DFG_Assign_Once,

DFG_Assign_Repeat, ILP” show the percentage of reduction on system cost, respectively, comparing

with the results obtained by the greedy algorithm. The average percentage reduction for DFG _Assign _CP

is 27.9% and that for Tree_Assign is 30.1%.

The experimental results for differential equation solver, RLS-laguerre lattice filter and elliptic filter,
are shown in Table 3. In the table, each column “cost” under different fields presents the system costs ob-
tained from different algorithms: the greedy algorithm (Field “Greedy”), the ILP model (Field “ILP”),
DFG_Assign_Once (Field “DFG_Assign_Once”), DFG_Assign_Repeat (Field “DFG_Assign_Repeat”),
and DFG_Assign_CP (Field “DFG_Assign_CP”). The configurations corresponding to the assignment
obtained by Algorithm DFG _Assign_CP are shown in Column “Configuration” under “DFG. Assign. CP”.
Column “%(Once)” under “DFG_Assign_Once”, column “%(Repeat)” under “DFG _Assign_Repeat” and
column “%(CP)” under “DFG_Assign_CP” present the percentage of reduction on system cost, respec-
tively, compared to the greedy algorithm. The average percentage reduction for DFG _Assign_Once is
19.9%, that for DFG_Assign_Repeat is 24.7%, and that for DFG_Assign_CP is 23.6%. The experimen-
tal results also show that all of these three heuristic algorithms achieve near-optimal results for various
benchmarks compared with the optimal results obtained by the ILP model.

Although the ILP model from [9] can obtain optimal solution for heterogeneous assignment prob-
lem, it is NP-hard problem to solve the ILP model. Therefore, the ILP model may take very long time to
get results even when a given DFG is not very big. We unfold 4-stage Lattice Filter and perform exper-
iments to compare time and system cost for the ILP model, DFG_Assign_Once, DFG_Assign_Repeat,
and DFG_Assign_CP. The timing constraint is 200 time units. The experimental results are shown in
Table 4, in which 4-stage Lattice Filter is unfolded from 10 to 17 times. From the experimental results,
we can see the ILP algorithm takes much bigger time to get results compared with our three algorithms.

When the unfolding factor is 17, it can not get the result even after 5 days. Among our three algorithms,
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DFG_Assign_CP performs best with minimum cost and less time.

4-stage L attice | IR Filter with unfolding factorsfrom 10to 17
(Timing Constraint is 200 time units)

Unfolding | Node ILP ([9]) DFG_Assign_Once || DFG_Assign_Repeat | DFG_Assign _CP

Factor Num || time (s) | cost || time (S) cost time (s) cost time (s) | cost

10 260 5.92 910 0.59 910 3.8 910 0.01 910
11 286 11.05 1003 0.89 1003 5.82 1003 0.02 1003
12 312 22.07 1097 137 1099 8.47 1098 0.02 1098
13 338 71.07 1193 213 1196 13.56 1194 0.03 1194
14 364 27042 | 1291 3.06 1302 22.35 1299 0.04 1292
15 390 1570.26 | 1391 4.55 1411 34.32 1407 0.05 1392
16 416 | 46869.11 | 1494 6.96 1530 54.99 1526 0.08 1501
17 442 - - 9.49 1656 92.21 1645 011 1609

Table 4: Comparison of the system cost and time for the ILP model [9] and our three DFG algorithms.

Through the experimental results from Table 2-4, we found that our algorithms have better perfor-
mance compared with the greedy algorithm. While DFGs become too big for the ILP model to solve, our
algorithms can still efficiently give results. When a given DFG is a tree, algorithm Tree. Assign is recom-
mended to be used, which generates optimal results. To solve the general problem, DFG Assign _CP is
recommended to be used, which gives near-optimal results with less time compared with DFG _Assign_Once
and DFG_Assign_Repeat.

8 Conclusion

We have proposed a two-phase approach for real-time digital signal processing applications to perform
high-level synthesis of special purpose architectures using heterogeneous functional units. In the first
phase, we solve heterogeneous assignment problem, i.e., given the types of heterogeneous FUs, a Data-
Flow Graph (DFG) in which each node has different execution times and costs (may relate to power,
reliability, etc.) for different FU types, and a timing constraint, how to assign a proper FU type to each
node such that the total cost can be minimized while the timing constraint is satisfied. In the second

phase, we proposed a minimum resource scheduling algorithm to generate a schedule and a feasible
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configuration that uses as little resource as possible. We proved heterogeneous assignment problem is

NP-complete. When the given DFG is a simple path or a tree, we presented two efficient algorithms, Al-

gorithm Path_Assign and Algorithm Tree_Assign, to give the optimal solutions respectively. To solve the

general problem, three other algorithms, Algorithm DFG _Assign_Once, Algorithm DFG _Assign_Repeat,

and Algorithm DFG_Assign_CP, are proposed. Algorithm DFG _Assign_CP is the best especially when

the input graph is large.

References

[1]

(2]

(3]

[4]

[5]

[6]

[7]

(8]

P. Gl Paulin and J. P. Knight, “Force-directed scheduling for the behavioral synthesis of asic’s,” IEEE Trans.
on Computer-Aided Design of Integrated Circuits and Systems, vol. 8, pp. 661-679, June 1989.

H. De Man, F. Catthoor, G. Goossens, J. Vanhoof, S. Note J.L. Van Meerbergen, and J. A. Huisken,
“Architecture-driven synthesis techniques for visi implementation of dsp algorithms,” Proceedings of the

IEEE, vol. 78, no. 2, pp. 319-335, 1990.

M. C. McFarland, A. C. Parker, and R. Camposano, “The high-level synthesis of digital systems,” Proceed-
ings of the IEEE, vol. 78, pp. 301-318, Febh. 1990.

K.Parhi and D.G.Messerschmitt, “Static rate-optimal scheduling of iterative data-flow programs via. opti-

mum unfolding,” IEEE Trans. on Computers, vol. 40, pp. 178-195, Feh. 1991.

C.-T. Hwang, J.-H. Lee, and Y.-C. Hsu, “A formal approach to the scheduling problem in high level synthe-
sis,” IEEE Trans. on Computer-Aided Design of Integrated Circuits and Systems, vol. 10, pp. 464—475, April
1991.

C. H. Gebotys and M. Elmasry, “Global optimization approach for architectural synthesis,” |EEE Trans. on

Computer-Aided Design of Integrated Circuits and Systems, vol. 12, pp. 1266—1278, Sep. 1993.

C.-Y. Wang and K. K. Parhi, “High-level synthesis using concurrent transformations, scheduling, and allo-
cation,” |EEE Trans. on Computer-Aided Design of Integrated Circuits and Systems, vol. 14, pp. 274—295,
March 1995.

L.-F. Chao and Edwin H.-M. Sha, “Static scheduling for synthesis of dsp algorithms on various models,”

Journal of VLS Sgnal Processing Systems, vol. 10, pp. 207—223, 1995.

28



9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

K. Ito and K. Parhi, “Register minimization in cost-optimal synthesis of dsp architecture,” in Proc. of the

IEEE VLS Sgnal Processing Workshop, Oct. 1995.

C.-Y. Wang and K. K. Parhi, “Resource constrained loop list scheduler for dsp algorithms,” Journal of VLS
Sgnal Processing, vol. 11, pp. 75-96, Oct./Nov. 1995.

Yun-Nan Chang, Ching-Yi Wang, and Keshab K. Parhi, “Loop-list scheduling for heterogeneous functional
units,” in 6th Great Lakes Symposium on VLS, March 1996, pp. 2—7.

L.-F. Chao and Edwin H.-M. Sha, “Scheduling data-flow graphs via retiming and unfolding,” 1EEE Trans.
on Parallel and Distributed Systems, vol. 8, pp. 1259—-1267, Dec. 1997.

L.-F. Chao, A. LaPaugh, and Edwin H.-M. Sha, “Rotation scheduling: A loop pipelining algorithm,” IEEE
Trans. on Computer-Aided Design of Integrated Circuits and Systems, vol. 16, pp. 229-239, March 1997.

K. Ito, L. Lucke, and K. Parhi, “llp-based cost-optimal dsp synthesis with module selection and data format

conversion,” |[EEE Trans. on VLS Systems, vol. 6, pp. 582-594, Dec. 1998.

M. R. Garey and D. S. Johnson, Computers and Intractability: A Guide to the Theory of NP-Compl eteness,
W. H. Freeman and Company, 1979.

0. Beaumont, A. Legrand, and Y. Robert, “Static scheduling strategies for heterogeneous systems,” Com-

puting and Informatics, vol. 21, pp. 413—430, 2002.

O. Beaumont, A. Legrand, and Y. Robert, “The master-slave paradigm with heterogeneous processors,”

IEEE Trans. Parallel Distributed Systems, vol. 14, no. 9, pp. 897-908, 2003.

B. M. Carlson and L. W. Dowdy, “Static processor allocation in a soft real-time multiprocessor environment,”

IEEE Trans. on Parallel and Distributed Systems, vol. 5, pp. 316—320, March 1994,

O. Beaumont, A. Legrand, and Y. Robert, “Scheduling divisible workloads on heterogeneous platforms,”

Parallel Computing, vol. 29, pp. 1121-1152, 2003.

O. Beaumont, A. Legrand, L. Marchal, and Y. Robert, “Scheduling strategies for mixed data and task
parallelism on heterogeneous clusters,” Parallel Processing Letters, vol. 13, no. 2, pp. 225-244, 2003.

C.-J. Hou and K. G. Shin, “Allocation of periodic task modules with precedence and deadline constraints in

distributed real-time systems,” in IEEE Trans. on Computers, Dec. 1997, vol. 46, pp. 1338—1356.

29



[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

C. Banino, O. Beaumont, L. Carter, J. Ferrante, A. Legrand, and Y. Robert, “Scheduling strategies for
master-slave tasking on heterogeneous processor platforms,” IEEE Trans. Parallel Distributed Systems, vol.
15, no. 4, pp. 319-330, 2004.

A. Legrand, H. Renard, Y. Robert, and F. Vivien, “Mapping and load-balancing iterative computations on
heterogeneous clusters with shared links,” |EEE Trans. Parallel Distributed Systems, vol. 15, no. 6, pp.
546-558, 2004.

K. Ramamritham, J. A. Stankovic, and P.-F. Shiah, “Efficient scheduling algorithms for real-time multipro-

cessor systems,” in IEEE Trans. on Parallel and Distributed Systems, Apr. 1990, vol. 1, pp. 184-194.

R. Bettati and J. W.-S. Liu, “End-to-end scheduling to meet deadlines in distributed systems,” in Proc. of the

International Conf. on Distributed Computing Systems, June 1992, pp. 452—459.

O. Beaumont, A. Legrand, L. Marchal, and Y. R obert, “Pipelining broadcasts on heterogeneous platforms,”
in International Parallel and Distributed Processing Symposium |PDPS 2004. 2004, IEEE Computer Society

Press.

A. Dogan and F. Ozgiiner, “Matching and scheduling algorithms for minimizing execution time and failure
probability of applications in heterogeneous computing,” |IEEE Trans. on Parallel and Distributed Systems,
vol. 13, pp. 308—323, March 2002.

S. Srinivasan and N.. K. Jha, “Safety and reliability driven task allocation in distributed systems,” |EEE

Trans. on Parallel and Distributed Systems, vol. 10, pp. 238—251, March 1999.

S. M. Shatz, J.-P. Wang, and M. Goto, “Task allocation for maximizing reliability of distributed computer

systems,” |EEE Trans. on Computers, vol. 41, pp. 1156—1168, Sept. 1992.

Y. He, Z. Shao, B. Xiao, Q. Zhuge, and Edwin H.-M. Sha, “Reliability driven task scheduling for tightly
coupled heterogeneous systems,” in Proc. of IASTED International Conference on Parallel and Distributed
Computing and Systems, Nov. 2003.

W. N. Li, A. Lim, P. Agarwal, and S. Sahni, “On the circuit implementation problem,” |IEEE Trans. on
Computer-Aided Design of Integrated Circuits and Systems, vol. 12, pp. 1147-1156, Aug. 1993.

C. E. Leiserson and J. B. Saxe, “Retiming synchronous circuitry,” Algorithmica, vol. 6, pp. 5-35, 1991.

30



