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Abstract

In this paper, we present a new neural network (NN) for three-dimensional (3D) shape reconstruction. This NN

provides an analytic mapping of an initial 3D polyhedral model into its projection depth images. Through this analytic

mapping, the NN can analytically refine vertices position of the model using error back-propagation learning. This

learning is based on shape-from-shading (SFS) depth maps taken from multiple views. The depth maps are obtained by

Tsai–Shah SFS algorithm. They are considered as partial 3D shapes of the object to be reconstructed. The task is to

reconstruct an accurate and complete representation of a given object relying only on a limited number of views and

erroneous SFS depth maps. Through hierarchical reconstruction and annealing reinforcement strategies, our recon-

struction system gives more exact and stable results. In addition, it corrects and smoothly fuses the erroneous SFS depth

maps. The implementation of this neural network algorithm used in this paper is available at http://kumazawa-

www.cs.titech.ac.jp/~fanany/MV-SPRNN/mv-sprnn.html.
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1. Introduction

Obtaining 3D models of real world objects from

their two-dimensional (2D) images is a very active
inquiry in the Computer Vision and Computer

Graphics communities. It is a fast growing re-

search field with many applications such as virtual
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reality, animation, and object recognition. But

conventional methods alone such as widely used

shape-from-shading techniques often fail in accu-

rately reconstructing a 3D object�s shape. This is
due to three fundamental problems, namely under-

determined condition, the presence of shadows,

and inadequate surface�s reflectance assumption
(Zhang et al., 1999).

Recently, along with other conventional methods

(Horn, 1990; Shao et al., 1988; Woodham, 1989;

Mukawa, 1990; Luong et al., 2002), neural net-

works creatively deal with the problems of extract-
ing three-dimensional surface�s shape-from-shading
ed.
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information. Lehky and Sejnowski (1988) coined

such an NN. They proposed a multi-layer feed-

forward network model of the visual cortex

to learn from thousands of (small) sub-images.

Thenceforward, Wei and Hirzinger (1996) pro-

posed another multi-layer NN to parameterize a
complete surface from only one image. It was

further extended to a radial basis function NN to

increase its approximating capability in modelling

complex surfaces (Wei and Hirzinger, 1997).

Basically, these early NNs dealt with the under-

determined solution problem using a single view

and a single illumination source. In dealing with

the problem, still using a single view, but providing
at least three different illuminations (photometric

stereo), Iwahori et al. (1997) pursued a radial basis

function NN to estimate the unknown parameters

included in the reflectance function.

Instead of being concerned with incorrect and

non-unique solution of the SFS algorithms caused

by the under-determined condition problem, Cho

and Chow (2001) concerned themselves with the
inadequate reflectance assumption problem. Nev-

ertheless, so far the shadow problem has not yet

drawn much attention. This might be because the

extraction of surface�s shape-from-shadow (Daum
andDudek, 1998) has been traditionally considered

as a separate problem from the extraction of sur-

face�s shape from shading. Even though a method
to combine shading and shadow was recently pro-
posed (Yu and Chang, 2002), we have not yet found

in our literature neural networks to extract shape-

from-shading that deal with the shadow problem.

In this paper, we present a unique NN to fuse

several erroneous depth maps of a conventional

SFS technique taken from few views into an accu-

rate representation of a given object. This NN can

specifically deals with the shadow problem by
incorporating multiple views with unfixed illumi-

nation. To handle multiple views, our NN stores

vertices of an initial 3D polyhedral model and

represents its projectional depth images. By com-

paring the depth images of the model with the depth

images of the object for each view, our NN updates

the model�s vertices using error back propagation
method to approximate the object�s shape.
Two characteristics distinguish our NN from

other NN approaches in dealing with the three
problems in SFS. First, our NN incorporates

multiple views observed under an unfixed light

source position relative to the object, whereas

other NN approaches use a single view either with

a fixed or a varying light source position (the

photometric stereo NN). The multiple views pro-
vide a more complete representation. The unfixed

illumination provides shadow removal in different

views. Second, our NN a posteriori infers a final

object shape by receiving erroneous depth maps

from a conventional SFS algorithm and tries to

correct them by its capability of handling multiple

view data; whereas other NN a priori infer the

object shape by receiving a shaded image and try
to obtain an accurate depth map. The a posteriori

inference provides a more accurate representation

because the depth error in one view is corrected

using depth information obtained from other

views. Theoretically, our NN performs Local

Regression (Cleveland and Loader, 1995) in depth

space formed by multiple view observations. We

report this theoretical basis in a separate paper.
Here, we focus on algorithm�s details.
In the training of the NN, we introduce two

interesting strategies so that our NN converges as

fast as and as stable as possible into a locally

global minimum point. These two strategies have

not yet been discussed in our previous reports

(Fanany and Kumazawa, 2002; Fanany et al.,

2002a,b). The first strategy is called as hierarchical
reconstruction, regarding to the way our NN be-

gins the reconstruction process. The second strat-

egy is called as annealing reinforcement, regarding

to the way our NN controls the behavior of the

reconstruction process.
2. Erroneous SFS depth maps

The SFS formulation inherently involves the

solution of an under-determined system. Each

pixel of an image provides only one constraint,

whereas the description of a surface shape (surface

gradient, or surface normal) requires two para-

meters. Therefore, finding a correct and unique

solution to SFS is difficult. SFS algorithms in
general assume the surface to be reconstructed

follows a simple Lambertian model. Whereas in
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reality, the surfaces can be categorized as pure

Lambertian, pure specular, hybrid, or even more

sophisticated surfaces depending on their physical

properties. Despite its simplicity and immense

popularity, the Lambertian model is unable to

model the reflectance surface with a strong effect of
specular components. Most of SFS algorithms

also assume no shadows. Whereas in reality, sha-

dow may be present. This makes the extraction of

3D shape using SFS approach even more difficult

since shadow regions do not provide enough

intensity information. Shadow along with specular

reflection are usually avoided in SFS approaches

(Rocchini et al., 2002).
Due to these three fundamental problems, the

depth maps produced by SFS approaches are

erroneous. A reasonable result of recovering the

shape for a view may not guarantee good results

for other views. Changing light source position to

remove shadows in certain area may generate new

shadows at different area. In fact, different SFS

methods may produce different depth maps
depending on the algorithms and the assumptions
Fig. 1. (a) Shaded images as seen from three views (horizontal view

obtained by 3D scanner, (c) Tsai–Shah method, (d) Bischel–Pentland m

we assume the object has a constant albedo and the light source dire
taken into account. As examples, we show multiple

view reconstruction results of three SFS methods

using fixed light source located near camera (Fig.

1). The Tsai and Shah (1994) algorithm seemingly

could not recover well the shadow areas. Whereas

the Bischel and Pentland (1992) algorithm seem-
ingly could recover the shadow areas; however, it

loses the detailed shape of the surface. The Zheng

and Chellappa (1991) algorithm seemingly could

extract the detailed shape of the surface, but it

loses the global shape due to inappropriate light

source position, i.e., the algorithm has a problem

with light source near (0; 0; 1), which will zero out
most of the terms in iterative equations in (Zheng
and Chellappa, 1991, p. 688).
3. Tsai–Shah SFS

SFS techniques can be divided into four ap-

proaches: minimization, propagation, local, and

linear. Zhang et al. (1999) reported in their survey
that in general the global minimization and the
ing angles: 0�, )45�, +45�). Their depth maps: (b) true depth
ethod, and (e) Zheng–Chellappa method. For all views in (c–e),

ction is (0:01; 0:01; 1:00).



Fig. 2. MV-SPRNN learning scheme.
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propagation approaches produce a better result,

whereas the local and the linear approaches pro-

duce more errors but converge a lot faster. The

three SFS methods in Fig. 1(c)–(e) respectively

belongs to the three different approaches: local,

propagation, and global.
In this paper, we choose the Tsai–Shah SFS

depth maps as input for our reconstruction NN

system. The reasons are two folds. First, given a

light source near the viewing direction the Tsai–

Shah algorithm provides a good balance between

global and detailed shape information (see Section

2). Second, like other local approaches, the Tsai–

Shah algorithm is very fast because it assumes
linearity of reflectance map in terms of depth.

For a Lambertian surface illuminated by a light

source directed from (‘x; ‘y ; ‘z), a reflectance func-
tion is defined as

Rðpi;j; qi;jÞ ¼
�‘xpi;j � ‘yqi;j þ ‘zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ pi;j þ qi;j
p : ð1Þ

Tsai and Shah (1994) employed discrete

approximations of surface gradients p ¼ oZ=ox
and q ¼ oZ=oy, using finite differences to linearize
the reflectance map in terms of depth Z, so that
pi;j ¼ Zi;j � Zi�1;j and qi;j ¼ Zi;j � Zi;j�1. The depth

in nth iteration can be solved directly as

Zn
i;j ¼ Zn�1

i;j þ
�f Zn�1

i;j

� �
d

dZi;j
f Zn�1

i;j

� � : ð2Þ

For all pixels, the initial estimate of Z0i;j is set to
zero. Zhang et al. (1999) reported that this SFS

algorithm works well on smooth Lambertian ob-

jects with the light source close to the viewing

direction, but it has problems with self-shadows.

In addition, a special care is needed to avoid
division by zero. In this paper, we take a manne-

quin face as the object to be reconstructed. Fig.

1(a) shows the shaded images of the object and

Fig. 1(c) shows their depth maps obtained by the

Tsai–Shah approach after 50 iterations.
4. 3D reconstruction NN

In this paper, we use a polyhedral model to

represent a 3D shape of an object. Our NN stores
and updates the vertices position of the polyhedral
model. We name this NN as MV-SPRNN (Mul-

tiple-View Smooth Polyhedral Representation

NN). Its reconstruction mechanism is a cyclical

sequence of a mapping and a learning processes

shown in Fig. 2. In the mapping process the NN

map/project a stored polyhedral model onto its

projectional images as seen from multiple views. In

the learning process the NN updates vertices of the
polyhedral model based on error between teacher�s
depth maps produced by SFS and NN�s depth
maps produced by the mapping process. Before we

perform the mapping process, we compute the

camera parameters from pairs of images of the

actual object using the fundamental matrix

method in the self-calibration approach (Faugeras

et al., 1992; Hartley, 1995). We minimize the fun-
damental matrix relation formed by seven corre-

spondence points from every pair of views using

gradient descent method.

4.1. Mapping process

4.1.1. Silhouette representation

After computing the camera parameters, the
MV-SPRNN projects the initial polyhedral model�s
vertices onto its two dimensional representations.

From this, it then generates projectional silhouet-



Fig. 3. (a) A polyhedral representation NN (PRNN) is formed by a project unit and a number of triangle representation (TRNNs). (b)

A TRNN is formed by three half plane representation (HPRNNs). (c) An HPRNN has a sigmoid unit. (d) The sigmoid unit�s output
for various gains.
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tes shape representations. The main part of

the MV-SPRNN, handling these projection and

silhouette-creation tasks, is PRNN (see Fig. 3(a)).

For each view, the PRNN generates different

projectional representation depending on the

view�s camera parameters.
A polyhedral region comprises triangular faces.

The projection of each triangular face is a trian-

gular region. The area of this triangular projection

region is formed as an intersection of three half

plan regions. Following this way, we construct the

PRNN and its elements, i.e., TRNN (Fig. 3(b))

and HPRNN (Fig. 3(c)).

The half plane region is represented by speci-
fying a line as its border. A line in a plane is de-

fined by an equation such as ax̂þ bŷ þ c ¼ 0,
assuming the coordinate (x̂; ŷ) is in the line, where
different choices of a, b, and c giving rise to dif-
ferent lines. Thus a line may naturally be repre-

sented by a vector l ¼ ða; b; cÞT. This line can also
be defined by specifying two in-line vertices

v0 ¼ ½x0; y0�T and v1 ¼ ½x1; y1�T such as
l ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a02 þ b02

p l 0

where

l 0 ¼

a0

b0

c0

0BB@
1CCA ¼

y1 � y0

x1 � x0

x1y0 � x0y1

0BB@
1CCA: ð3Þ

HPRNN represents this half plane region. It

uses a sigmoid-unit with an adjustable gain value r
to control the steepness of its profile. The sigmoid

function is defined as

Sðs; rÞ ¼ sigmoidðs; rÞ ¼ 1

1þ e�rs
; ð4Þ

where various gain values give rise to different

sigmoid profiles (see Fig. 3(d)). For an input

coordinate (x; y) and a known line l ¼ ða; b; cÞT,
where d ¼ axþ by þ c is the distance between the
input coordinate and the line, the HPRNN defines

its output as
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f ðx; yÞ ¼ Sðd; redgeÞ ¼ sigmoidðd; redgeÞ: ð5Þ
From this definition, the HPRNN provides two

kinds of output depending on the distance d. If
d P 0 (the (x; y) is inside the half plane), then
0:56 f ðx; yÞ < 1; otherwise, if d < 0 (the (x; y) is
outside the half plane), then 0 < f ðx; yÞ < 0:5,
where the redge is a parameter to adjust the sharp-
ness of the half plane�s edge.
TRNN represents a projected triangular region.

A projected triangular region is an intersection

region of three half plane regions. This intersection

region is obtained by AND operation over three
functions fiðx; yÞ (i ¼ 1; 2; 3) where fiðx; yÞ repre-
sents the ith half plane region. A sigmoid-unit

SAND inside the TRNN (see Fig. 3(b)), with a

sufficiently large gain value rAND and appropriate
threshold value �, performs the AND operation as

Fðx; yÞ ¼ sigmoid
X3
i¼1

fiðx; yÞ
 

� �; rAND

!
: ð6Þ

PRNN represents a projected polyhedral re-

gion. A projected polyhedral region is a combi-

nation region of projected triangular regions. This

combination region is obtained by OR operation
over J functions Fjðx; yÞ (j ¼ 1; 2; . . . ; J ) where
each Fj represents the jth triangular region and J
is the number of triangular regions in the projec-

tional plane. A sigmoid-unit SOR in PPRNN with a
sufficiently large gain value rOR and appropriate
threshold value s, performs the OR operation as

eF ðx; yÞ ¼ sigmoid XJ
j¼1

F jðx; yÞ
 

� s; rOR

!
: ð7Þ

When we compute eF ðx; yÞ using the OR oper-

ation in Eq. (7), we can ignore the effect of many

SAND units. Because the sigmoid function in the
SAND units decays so fast as result of setting the
gain value rAND sufficiently large. Since the trian-
gular regions far from the input coordinate (x; y)
does not affect the result, we introduce a switching

operation to select only the closest triangular re-

gion from the input coordinate, instead of perform

the OR operation, to reduce the computational

cost. Due to this switching operation, the functioneF ðx; yÞ is no longer analytical. This switching

operation, however, provides an approximation to
the analytical case of using OR operation. Hence

we can still apply the analytical method and the

benefit of the shape representation network still

exists.

4.1.2. Flat-shaded representation

So far, our NN is capable to represent some

projectional silhouette shapes of the polyhedral

model as seen from different views. We could not,

however, generate depth-maps from these silhouet-
tes. To do this, we need to render their shaded

representations in advance. We observe two ways

to obtain them; we called them as explicit render-

ing, and implicit rendering. In the explicit render-

ing, we explicitly specify lighting parameters (light

source�s direction and intensity, and surface�s
reflectivity) for each view and for every triangles

normal of the polyhedral model. Whereas in im-
plicit rendering, we directly used pixel information

of the teacher shaded images.

In the twomethods, we introduce a constraint so

that the reconstruction learning could converge

quickly and approximate the target object well: we

should view the polyhedral model in a way (view-

point, lighting condition) that is close to the way we

view the target object. As the camera parameters
have already been computed, the viewpoint is set

close to the true viewpoint. The remaining problem

is the lighting condition specification.

The explicit rendering has a shortcoming in

regard of this constraint. That is, the specification

of exact lighting parameters, which are close to the

ones used to create teacher shaded images, is dif-

ficult in practical situations. Usually, the assumed
light source and the surface�s albedo, which in-
cludes factors such as strength of illumination and

reflectivity of the surface, is quite rough approxi-

mation to the true lighting condition. In fact,

Zheng and Chellappa (1991) showed that the re-

sults of previous methods to estimate the light

source direction and the albedo from the statistics

of image intensities were poor because the effect of
self shadowing was not taken into account. Even

though, Zheng and Chellappa (1991) tried to im-

prove these results by taking into account the self-

shadowing effect, the necessary assumptions: the

shape is locally spherical in their Local-Voting

method, and that the slant angles of the surface
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normals along the boundary is constant in their

Contour-Based method; in our point of view, is

not practical and could only be applied for some

simple objects such as a sphere.

On the other hand, the implicit rendering is

more simple in implementation and more prac-
tical. Ideally, the shading of the triangles should be

computed from the polyhedral model alone. But

under nearly correct projection mapping, the tea-

cher image pixels directly record the true lighting

condition when the object is viewed. Hence, we can

use these pixels without the need to specify light-

ing condition parameters and triangles normals.

Therefore in this study, we choose this implicit,
instead of the explicit, rendering. It is performed

through the following steps:

(1) Locate a triangle in a silhouette image.

(2) Map the triangle to the teacher image and find

the pixels in the teacher image within the coor-

dinates of the mapped triangle�s area.
(3) Average these pixels value in the area.
(4) Use the average value as shading of the tri-

angle.

(5) Perform the steps (1)–(4) for all other triangles

in the silhouette image.

An example of the implicit rendering result is

shown in Fig. 4(c).

4.1.3. Smooth-shaded representation

The result of rendering process in Section 4.1.2

is a flat shaded representation of the polyhedral
Fig. 4. (a) Teacher image, (b) the initial polyhedral model, (c) flat sha

the teacher image inside the corresponding valid triangular area are ma

image of our NN after Gouraud shading.
model. That is, the shaded intensity is constant

within each triangle. We further need to smooth

this flat representation. For this purpose, we use

Gouraud smooth shading or intensity interpola-

tion procedure. It is a reasonably fast procedure,

since it linearly interpolates the pixels inside the
triangle. This smooth shading strategy is the most

common shading technique used with Z-buffered
rendering. The result of this smooth shading pro-

cedure is shown in Fig. 4(d). After obtaining this

smooth representation, we create the depth maps

representation of our NN�s output images using
the Tsai–Shah SFS method with the same light

source and albedo assumptions as those assump-
tions used when we compute the depth maps of the

teacher�s images.

4.2. Learning process

After finishing the mapping process (Section

4.1), the MV-SPRNN starts the learning process.

In this process, it gradually refines the polyhedral
model�s vertices to approximate the object�s shape.
It begins with updating the 2D projectional verti-

ces. The change of the 2D vertices will later deter-

mine the change of 3D vertices through inverse

perspective projection.

Let us first discuss the training of the 2D ver-

tices vk (k ¼ 0; 1; . . . ;K � 1) using error back

propagation. After appropriate initial values are
given, the error evaluation function E measures

the difference between depth value in nth depth
map of the teacher, i.e., G ðnÞðx; yÞ and depth value
ded representation image of our NN. An average RGB value of

pped to the polyhedral model, (d) smooth shaded representation
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in nth depth-map the neural network, i.e., FðnÞðx; yÞ
as

E ¼ 1

N

X
n

1

M ðnÞ

X
x;y

jFðnÞðx; yÞ � G ðnÞðx; yÞj2; ð8Þ

where M ðnÞ is the number of pixel in nth view
images and N is the number of view images used

for learning. Until E becomes small enough, vk are
learned. This learning is performed by iteratively

compute the gradient descent as follows:

vmk ¼ vm�1k � g
oE
ovk

ðk ¼ 0; 1; . . . ;K � 1Þ; ð9Þ

where g is learning rate constant and K is total
number of vertices.

When the back-propagated error signal defined

in Eq. (8) is processed through PRNN and reaches

the closest TRNN, this signal will determine the

change or alteration for updating the vertices vk of
the HPRNN. This backward error signal, how-

ever, does not directly give change to the vertices

vk, but through changing other intermediary
HPRNN�s parameters gradually using simple

chain rule as

oE
ovk

¼ oE
of

of
oS

oS
od

ol 0T

ovk

olT

ol 0
od
ol

; ð10Þ

where

oE
of

¼ 2ðF � GÞ; ð11Þ

of
oS

¼ 1; ð12Þ

oS
od

¼ rdð1� dÞ; ð13Þ

od
ol

¼ ½x; y; 1�T ¼ ~xT; ð14Þ

olT

ol 0
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a02 þ b02
p I

0@ � 1

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a02 þ b02

p
Þ3

a0

b0

0

24 351AT

:

ð15Þ

Since each HPRNN has two vertices, i.e., v0 and
v1, hence ol 0=ovk½ �T (k ¼ 0; 1) are
ol 0

ov0

T

¼ 0 1 y1
�1 0 x1

� �
; ð16Þ

ol 0T

ov1
¼ 0 �1 y0

1 0 x0

� �
: ð17Þ

After we update the 2D vertices vk
(k ¼ 0; 1; . . . ;K � 1), we also update their 3D in-

verse projection Vk by gradient descent method,

but now we use momentum term to speed up

learning process. Thus we update the vertices in
the direction which is a linear combination of the

current gradient and the one obtained in the pre-

vious step of the training. Namely, the weights are

updated according to

Vm
k ¼ Vm�1

k � g
oE
oVk

þ lMVm�1
k

ðk ¼ 0; 1; . . . ;K � 1Þ; ð18Þ

where l is momentum constant. Since the per-

spective projection mapping of a vertex V in 3D

space to a vertex v in 2D plane is defined as

k~v ¼ A½RT� eV ; ð19Þ

where k is a scale factor, v ¼ ½x; y; 1�T, and
V ¼ ½X ; Y ; Z; 1�T, we can state the oE=oVk of the
Eq. (18) by chain rule as

oE
oVk

¼ oE
ovk

ovT

oV k
: ð20Þ

The term oE=ovk has been defined in Eq. (10) and
ovTk =oVk is determined as

ovTk
oVk

¼ ðARÞT

1

Z 0 0 � X 0

Z 02

0
1

Z 0
Y 0

Z 02

0 0 0

266664
377775: ð21Þ
4.3. Hierarchical reconstruction

Even if we set the image size large, when the

number of vertices to represent an object is too

small, we cannot obtain an adequate representa-

tion and vice versa. Hence, the image size and the

number of vertices should be balanced. The exact

relation between the two variables, however, is



Fig. 5. (a) Hierarchical reconstruction scheme, (b) model�s shape refinement.
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difficult to determine. Not only because the cap-

turing images usually contain unnecessary infor-

mation, but also because they are 2D data used for

training 3D vertices. In order to achieve a good

balance between them in each reconstruction

stage, we perform a hierarchical reconstruction

process as follows.

We heuristically determine appropriate size of
images for a given number of vertices to be trained.

We provides several levels of input images and

several levels of initial shape�s resolution as shown
in Fig. 5(a). Then we sub-divide the reconstruction

result of the previous stage of learning and take it

as a new initial 3D polyhedral model for the next

stage of learning. We perform a simple subdivision

procedure to increase or refine the resolution of the
initial 3D shape as depicted in Fig. 5(b).

4.4. Annealing reinforcement

Three problems make our shape reconstruction

system resembles the process that liquids freeze

and crystallize or metals are cooled and annealed

in statistical physics; in fact, we consider each
vertex being trained as if it is a crystalline molecule

in the liquids or in the metal. First, our system is a

complex system with many degrees of freedom,

where its complexity sharply increases as we add

the number of vertices to be trained. Second, it is

possible to get stuck in local minima or metastable

results during the training process. Third, it is

possible to destruct an near optimal state that has
been learned in previous steps during the training

process.
To deal with these problems, we refer to the SA

optimization method (Kirkpatrick et al., 1983).

We consider our reconstruction training process as

being performed at temperature T . In each learn-
ing step, each vertex is subjected to a small random

displacement DE. The probability of accepting the
configuration or state with the displaced vertex is

given by

PðDEÞ � exp
�
� DE

T

�
: ð22Þ

To implement the probabilistic part of our

reconstruction learning, we generate random num-

bers distributed uniformly in the interval (0:1).

When one such number is generated, it should be

compared with the probability PðDEÞ of Eq. (22);
if the random number is less than the probability

PðDEÞ then the new configuration with the dis-

placed vertex is accepted. Otherwise, the original
vertex position is reused for the next step of training.

Start with an initial temperature T ; at each epoch m,
we slowly reduce the temperature by f, i.e., cooling
rate constant usually smaller but close to unity, as

Tm ¼ fTm�1: ð23Þ

5. Experiments

5.1. Experimental setup

In this paper, we performed three experiments:

an experiment without momentum term (see

Eq. (18)); an experiment with momentum term;

and an experiment with momentum but was



Fig. 6. Zero-level reconstruction results. From left to right, the

results are respectively after 0, 50, 100, 1000, 5000, iterations.

The final shape is used to create a new initial 3D shape for the

first-level reconstruction.
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subjected to simulated annealing reinforcement.

These three experiments are respectively called as

Plain, Momentum, and Momentum+SA, experi-

ments. In all three experiments, we set the learning

rate fixed: g ¼ 1:0E � 9, and used three first-level
training images (300· 382 pixels) and a first-level
initial polyhedral model in the hierarchical recon-

struction. This first-level initial polyhedral model

(642 vertices, 1280 faces) was created by subdivid-

ing a zero-level polyhedral model (162 vertices, 320

faces). The zero-level initial model was previously

trained using three zero-level (200· 266 pixels)
images until 5000 epochs (see Fig. 6), consuming

about 23 min computational time. No momentum
and no annealing reinforcement were applied to the

zero-level reconstruction process.

The software of our reconstruction system was

developed in �Java�. We put the learning process
into an independent thread separated from the

main program to execute it automatically. It was

experimented on a client Pentium-4, 1.7 GHz, PC

with 512 MB memory.
Fig. 7. Performance of the plain (a) and
5.2. Evaluation criteria

We used four criteria to evaluate each experi-

ment: reconstruction performance, rate of conver-

gence, reconstruction stability, and computational
time. The computation of these criteria were per-

formed as follows.

The reconstruction performance (P ) was defined
for all views. In each view, if the depth map of our

NN is F, the depth map of the Tsai–Shah SFS is
G , and the true depth map is H ; then, the MSE of
our NN and the MSE of the SFS are respectively

defined as

MSENN ¼ E½ðF �HÞ2�; ð24Þ

MSESFS ¼ E½ðG �HÞ2�; ð25Þ

where E½x� is the expectation value of x. The per-
formance index of our NN was defined as

P ¼MSESFS �MSENN: ð26Þ

For N views, instead of a single performance

index, we measured the average of performance

index defined as

P ¼ E½P �: ð27Þ

In all three experiments, we observed the

reconstruction learning performance along 1600

epochs and recorded the average of performance

index in every consecutive 5 epochs interval. The

rate of convergence (N) was defined as the number
of epochs needed to converge, i.e., to attain P > q,
where q is set to 0.003. The reconstruction stability
the momentum (b) experiments.
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(SðPÞ) was defined as a standard deviation of P
for 1600 epochs. The computational time (T) was
define as an average of computation time over

1600 epochs.
Fig. 8. (a) Small performance of the momentum+SA with FC

Fig. 9. The initial 3D model and reconstruction results of first-level sta

model from three horizontal viewing angles: 0�, )45�, +45�. (a) The
(shown in Fig. 6). (b) The plain experiment results after 400, and (c) a

after 1200 epoches through the FIT setting where the cooling-rate is
5.3. Experimental results

In the plain experiment, the highest P was

0.00384 (Fig. 7(a)). The reconstruction results after
R setting (f ¼ 0:9); (b) with FIT setting (T0 ¼ 1:0E� 7).

ge in hierarchical learning. In each column, we observed the 3D

initial 3D model generated by subdividing the zero-level model

fter 800 iterations. (d) The momentum+SA experiment results

set to f ¼ 0:99.



Table 1

Results summary

Plain Momentum (l ¼ 0:9) Momentum+SA (FIT: f ¼ 0:99)
Highest P 0.00384 0.00374 0.00390

Convergence rate (N) 625 epochs 70 epochs 90 epochs

Stability index (SðP Þ) 4.25E)4 1.31E)3 1.21E)3
Computation time (T) 39.05 s 40.67 s 40.80 s
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400 and 800 epochs were shown (Fig. 9(b) and (c)).
Our system converged slowly after 625 iterations.

The stability of this learning process was SðP Þ ¼
4:25E� 4.
In the momentum experiment, the learning

process became very fast. By setting the momen-

tum (l) fixed at 0.9 (Fig. 7(b)), the NN needed

only 70 epochs to converge. But compared to the

plain experiment (Fig. 7(a)), the learning process
was unstable with undesirable negative gains along

the reconstruction process. This instability was

characterized by its SðPÞ ¼ 1:31E� 3, which is
about three times higher than the SðP Þ of the
plain experiment. When we set the momentum to

0.5, the NN became slower to converge (needed

395 epochs), and still unstable. This is maybe be-

cause the fixed learning rate g ¼ 1:0E� 9 is rela-
tively too high. The highest P when we set l ¼ 0:9
was 0.00374; slightly lower than the highest P in
the plain experiment.

In the momentum+SA experiment, we tried

two different settings: Fixed-cooling-rate (FCR)

setting (see Fig. 8(a)), and Fixed-initial-tempera-

ture (FIT) setting (see Fig. 8(b)). In the FCR set-

ting, higher initial temperature tends to stabilized
the system and retained the fast convergence of our

NN as obtained by the momentum experiment. But

the highest P is only 0.00309. We tried even higher
initial temperatures but the results were not im-

proved and even became unstable. In the FIT set-

ting, by setting the cooling rate to 0.99, we

obtained a remarkable result. Even though within

about first 700 iterations the reconstruction process
were oscillated; it reached a high and stable P
afterward. It seems our NN succeeded to escape

from the local minima that trapped the plain and

the momentum experiments. Hence, the highest P
was 0.00390; this is higher than the highest P of the
plain and the momentum experiments. This result

was confirmed by its visual reconstruction result
(see Fig. 9(d)). We summarized best results ob-
tained from each experiments in Table 1.
6. Conclusions

In this paper, we have presented an integrated

framework of 3D shape reconstruction system

based on neural network and multiple view ap-
proaches. This system is capable to fuse erroneous

and few view SFS depth maps to produce a

smooth, compact, and accurate 3D model. This

system showed better multiple view reconstruction

performance than the Tsai–Shah SFS approach.

Momentum term effectively increased the conver-

gence rate of this NN. However, it made the

learning process unstable. SA reinforcement sta-
bilized the reconstruction process with momentum

and retained its faster convergence rate. Thus the

reconstruction process was not only faster, but

also more stable. In addition, SA reinforcement

also showed a higher average performance index

with relatively small additional computational

time. In the future, we plan to apply this system to

combine other erroneous data obtained from 3D
sensor devices.
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