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Wkh sdlu ri OSv =
plq f{ = D{ � e>{ � 3 +414,

pd{ ew| = Dw| � fw> | � 3 +415,

duh vdlg wr eh d gxdo sdlu ri olqhdu surjudpv1 Rqh ri wkhvh +duelwudulo| fkrvhq,
lv fdoohg wkh sulpdo dqg wkh rwkhu lwv gxdo1 Lw lv hdv| wr vhh wkdw wkh gxdo ri
wkh gxdo lv wkh sulpdo1 Vlqfh hyhu| olqhdu surjudp fdq eh zulwwhq lq hlwkhu ri
wkhvh irupv zh fdq uhvwulfw rxu dqdo|vlv wr wkhvh1 Mxvw iru wkh vdnh ri fodulw| zh
ghvfuleh wkh uhodwlrqvkls lq juhdwhu ghwdlo1

Li D lv p � q/ f dqg { duh 4 � q/ e lv p � 4 wkhq | lv p � 41 Wkxv/ wkhuh
lv d yduldeoh lq wkh gxdo fruuhvsrqglqj wr hyhu| frqvwudlqw lq wkh sulpdo dqg
d frqvwudlqw lq wkh gxdo fruuhvsrqglqj wr hyhu| yduldeoh lq wkh sulpdo> zkdw lv
wkh uljkw kdqg vlgh lq wkh sulpdo lv wkh remhfwlyh lq wkh gxdo dqg frqyhuvho|>
plqlpl}dwlrq lq wkh sulpdo fkdqjhv wr pd{lpl}dwlrq lq wkh gxdo> wkh gluhfwlrq
ri wkh frqvwudlqw lqhtxdolwlhv fkdqjhv1 Wklv lv ehvw ghvfulehg lq wkh iroorzlqj
gldjudp=

H{huflvh=
Frqvlghu wkh jhqhudo OS=
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{4 � 3>{5 � 3>{6 xquhvwulfwhg
plq^f4{4 . f5{5 . f6{6`

Wudqvirup lw wr wkh vwdqgdug irup dqg wkhq zulwh wkh gxdo> vhh li |rx fdq
gr wkh uhyhuvh ri wkh wudqvirupdwlrq dqg vhw xs wkh uxohv iru zulwlqj gxdo lq
jhqhudo1
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Wkhruhp 4 +Zhdn Gxdolw|,= Ohw {3 eh dq| ihdvleoh vroxwlrq wr S dqg ohw |3 eh
dq| ihdvleoh vroxwlrq wr G1 Wkhq f{3 � ew|3 1

Fruroodu| 5 Li {3 dqg |3 duh dv deryh dqg vdwlvi| f{3 @ ew|3 / wkhq wkh| duh
rswlpdo wr wkh uhvshfwlyh sureohpv1

Surri= Vlqfh {3 lv ihdvleoh wr S / D{3 � e> vlqfh |3 lv ihdvleoh wr G/ |3 � 31
Khqfh

+|3,wD{3 � +|3,we @ ew|3

E| xvlqj d vlplodu dujxphqw zh jhw

+{3,wDw|3 � +{3,wfw @ f{3

Vlqfh
+|3,wD{3 @ ++|3,wD{3,w @ +{3,wDw|3

zhdn gxdolw| wkhruhp iroorzv1 Wkh fruroodu| lv d vlpsoh frqvhtxhqfh ri wkh
wkhruhp dqg wkh gh�qlwlrq ri rswlpdolw|1�

Wkhruhp 6 +Vwurqj Gxdolw|,= Li erwk S dqg G duh ihdvleoh wkhq erwk kdyh
rswlpdo vroxwlrqv dqg f{ @ ew| iru dq| sdlu ri rswlpdo vroxwlrqv wr wkh wzr
sureohpv1

Surri= E| zhdn gxdolw| wkhruhp/ qhlwkhu sureohp lv xqerxqghg1 Vlqfh < d �qlwh
dojrulwkp zklfk whuplqdwhv iru dq| OS lq rqh ri wkuhh frqglwlrqv= lqihdvlelolw|/
xqerxqghgqhvv/ rswlpdolw| dqg zh kdyh uxohg rxw wkh �uvw wzr wkh wklug pxvw eh
wuxh iru erwk sureohpv1 Ixuwkhupruh/ wkh dojrulwkp whuplqdwhv zlwk dq rswlpdo
edvlv E� zklfk vdwlv�hv � � 3> f� �D � 3 zkhuh � @ fE�+E�,�41 Lw lv hdv| wr
vhh wkdw |� @ �w lv ihdvleoh wr G1 Vlqfh

ew|� @ �e @ fE�+E�,�4e @ fE�{�E� @ f{�

lw iroorzv iurp zhdn gxdolw| wkhruhp/ wkdw |� lv rswlpdo wr G dqg khqfh wkh
wkhruhp1�

Wkhruhp 7 +Zhdn Frpsohphqwdu| Vodfnqhvv,= Ohw {� eh dq| rswlpdo vroxwlrq
wr S dqg ohw |� eh dq| rswlpdo vroxwlrq wr G1 Wkhq wkh iroorzlqj vwdwhphqwv
duh wuxh= [

m

dlm{
�

m A el @, |�l @ 3>
[
l

dlm|
�

l ? fm @, {�m @ 3

[
m

dlm{
�

m @ el +@ |�l A 3>
[
l

dlm|
�

l @ fm +@ {�m A 3
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Frqyhuvho| li {3 lv d ihdvleoh vroxwlrq wr S dqg |3 lv d ihdvleoh vroxwlrq wr G
vdwlvi|lqj=

[
m

dlm{
3
m A el @, |3l @ 3>

[
l

dlm|
3
l ? fm @, {3m @ 3

[
m

dlm{
3
m @ el +@ |3l A 3>

[
l

dlm|
3
l @ fm +@ {3m A 3

wkhq wkhvh duh rswlpdo wr wkh uhvshfwlyh sureohpv1

Surri= E| vwurqj gxdolw| wkhruhp/ f{� @ ew|�1 Vlqfh {� dqg |� duh ihdvleoh/ e|
zhdn gxdolw| wkhruhp/

f{� @ +{�,wfw � +{�,wDw|� @ +|�,wD{� � +|�,we @ ew|�

Vlqfh wkh �uvw dqg wkh odvw whupv duh htxdo hyhu|wklqj lq ehwzhhq lv dovr htxdo
wr wkhvh txdqwlwlhv1 Khqfh/ +{�,w+fw �Dw|�, @ 3> exw {� � 3 dqg fw �Dw|� � 31
Wkxv/ wkh wzr frqglwlrqv=

[
l

dlm|
�

l ? fm @, {�m @ 3>
[
l

dlm|
�

l @ fm +@ {�m A 3

iroorz1 Wkh rwkhu wzr frqglwlrqv duh vkrzq e| d vlplodu dujxphqw1 Wr vkrz wkh
frqyhuvh/ zh xvh zhdn gxdolw| wkhruhp dqg wkh idfw wkdw wkhvh frqglwlrqv lpso|
wkdw f{3 @ ew|3 dqg wkhq xvh wkh fruroodu|1�

Sohdvh qrwh wkdw doo wkhvh surriv duh pdgh srvvleoh e| wkh h{lvwhqfh ri dq
dojrulwkp1 Vxfk surriv duh fdoohg dojrulwkplf surriv1 Zh zloo qrz jlyh d sxuho|
dojheudlf surri ri wkhvh uhvxowv1 Wkhuh lv d vhw ri uhvxowv wkdw wrjhwkhu jr xqghu
wkh qdph _Wkhruhpv ri wkh Dowhuqdwlyh%1 Hdfk ri wkhvh lv ri wkh irup= _H{dfwo|
rqh ri d jlyhq vhw ri dowhuqdwlyhv lv wuxh%1 Lq pdq| ri wkhvh wkhuh duh wzr
dowhuqdwlyhv odehohg L dqg LL1 Wkh iroorzlqj lv d suholplqdu| vhw wkdw zh qhhg
qrz +zh zloo phqwlrq d ihz pruh dqg vkrz krz wkhvh duh suryhg odwhu rq,1

Wkhruhp 8
< { 6 D{ @ e +416,

< | 6 |D @ 3> |e 9@ 3 +417,

Wkhruhp 9
< { 6 D{ @ e> { � 3 +418,

< | 6 |D � 3> |e ? 3 +419,

Wkhruhp :
< { 6 D{ � e>{ � 3 +41:,

< | 6 |D � 3> |e A 3 +41;,
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Wkhruhp D ghdov zlwk vroydelolw| ri htxdwlrqv dqg wkh lqfrqvlvwhqw htxdwlrq1
Wkhruhp E lv fdoohg wkh Idundv Ohppd dqg ghdov zlwk vroydelolw| ri lqhtxdolwlhv1
Wkhruhp F lv dq dowhuqdwlyh irup ri E1

Gh�qlwlrq 4 D vtxduh pdwul{ N lv vdlg wr eh vnhz +dqwl, v|pphwulf li Nw @
�N +l1h= nml @ �nlm; l> m,1
Wkhruhp ; Li N lv d vnhzv|pphwulf pdwul{ wkhq wkh v|vwhp==

{ � 3>N{ � 3>N{. { A 3 +41<,

dozd|v kdv d vroxwlrq1

Surri= Iluvw zh zloo vkrz wkdw wkh v|vwhp =

{l � 3>N{l � 3> +N{l . {l,l A 3 +4143,

kdv d vroxwlrq1 Wkhq ohwwlqj { @
S

l {
l suryhv wkh wkhruhp1 Iru wklv sxusrvh

ohw e @ hl +wkh l
wk xqlw yhfwru,/ dqg D @ N lq wkhruhp F1 Li F1L lv wuxh/ wkhq

< {l 6 N{l � hl>{
l � 3

Wklv lv wkh uhtxluhg {l1 Li F1LL lv wuxh lq F wkhq

< | 6 N| @ �Nw| � 3> | � 3> hwl| @ |l A 3

Ohw {l @ �|1 Wkxv/ lq dq| fdvh/ zh kdyh wkh wkhruhp1�
Lq wkhruhp G/ li zh ohw

N @

5
7 3 D �e
�Dw 3 fw

ew �f 3

6
8

qrwh wkdwN lv +p.q.4,{+p.q.4, wkhq zh jhw wkh uhvxowv qhhghg iru gxdolw|1
Zh lqglfdwh wkhvh ehorz1

Wkh lpphgldwh frqvhtxhqfhv ri wkhruhpG duh= < yhfwruv {3/ |3/ dqg d vfdodu
w3 vdwlvi|lqj wkh uhodwlrqv=

D{3 � w3e � 3> |3 � 3>D{3 � w3e. |3 A 3

�Dw|3 . w3fw � 3>{3 � 3>�Dw|3 . w3fw . {3 A 3

ew|3 � f{3 � 3> w3 � 3> ew|3 � f{3 . w3 A 3

Wkhruhp < H{dfwo| rqh ri wkh iroorzlqj dowhuqdwlyhv lv wuxh=

L Erwk S dqg G kdyh rswlpdo vroxwlrqv dqg wkhlu ydoxhv duh htxdo1

LL Rqh ri wkh sureohpv lv lqihdvleoh dqg wkh rwkhu lv ihdvleoh exw xqerxqghg1
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LLL Qhlwkhu sureohp lv ihdvleoh1

Surri=Zh nqrz wkdw {3> |3/ dqg w3 ri wkh w|sh phqwlrqhg deryh h{lvw1 Wkhuh
duh wzr fdvhv wr frqvlghu=

Fdvh +l, w3 A 3= Ohw +{�> |�, @ +{3> |3,@w31 Lw lv hdv| wr yhuli| wkdw wkhvh duh
rswlpdo wr S dqg G uhvshfwlyho|1

Fdvh+ll, w3 @ 3= Wkhq zh kdyh

D{3 � 3> |3 � 3>Dw|3 � 3>{3 � 3> ew|3 A f{3

Li rqh ri wkh wzr sureohpv lv ihdvleoh +vd| S ,/ wkhq < {4 6 D{4 � e>{4 � 31
Iurp wkhvh lw iroorzv wkdw +|3,wD{4 � +|3,we @ ew|3> ew|3 � 3 vlqfh Dw|3 �
3> {4 � 3/ dqg +|3,wD{4 @ +{4,wD|31 Khqfh f{3 ? 3 dqg wklv frpelqhg zlwk
D{3 � 3 @, S lv xqerxqghg1 Li G lv wkh rqh wkdw lv ihdvleoh wkhq lwv xqerxqg0
hgqhvv lv vkrzq vlploduo|1 Wklv frpsohwhv wkh surri ri wkh wkhruhp> wkh htxdolw|
ri wkh ydoxhv lv vkrzq e| frpelqlqj wkhvh zlwk zhdn gxdolw| wkhruhp vkrzq
ehiruh1 �

Zhdn frpsohphqwdu| vodfnqhvv lv vkrzq dv ehiruh +uhfdoo wkdw wkh surriv
zhuh dojheudlf,1 Zh lqvwhdg vkrz =

Wkhruhp 43 +Vwurqj, Frpsohphqwdu| Vodfnqhvv= Li erwk sureohpv kdyh rs0
wlpdo vroxwlrqv/ wkhq < d sdlu {�> |� ri rswlpdo vroxwlrqv wr wkh wzr sureohpv
6 [

m

dlm{
�

m A+, |�l @ 3 ; l>
[
l

dlm|
�

l ? fm +, {�m @ 3 ; m

Surri= Zh kdyh wkh fdvh +l, deryh> {�> |� gh�qhg wkhuh zloo gr wkh mre1�

��2 �*}Lh�|�4t �@ti_ L? #�@*�|)

Wkhuh duh vhyhudo dojrulwkpv edvhg rq wkhvh wkhruhpv1 Iluvw lv wkh vhw ri do0
jrulwkpv wkdw duh frpprqo| nqrzq dv yduldqwv ri wkh vlpsoh{ phwkrg1 Wklv
fodvv lqfoxghv= +l,wkh gxdo vlpsoh{ phwkrg> dqg +ll,wkh vhoi gxdo dojrulwkp lq
dgglwlrq wr wkh uhjxodu vlpsoh{ qrz fdoohg wkh sulpdo vlpsoh{ phwkrg1 Wkhvh
duh ghvfulehg qrz=

Gxdo Vlpsoh{ Dojrulwkp=

Khuh wr zh vwduw zlwk d fdqrqlfdo irup> exw lqvwhdg ri uhtxlulqj wkh �e wr eh
qrqqhjdwlyh dv lq wkh uhjxodu vlpsoh{/ zh qhhg wkh yhfwru �f wr eh qrqqhjdwlyh1
Mxvw dv wkh uhjxodu vlpsoh{ pdlqwdlqv wkh qrqqhjdwlylw| ri �e/ wkh gxdo vlpsoh{
pdlqwdlqv �f qrqqhjdwlyh1 Mxvw dv wkh sulpdo vlpsoh{ vwrsv zlwk rswlpdolw| zkhq
�f ehfrphv qrqqhjdwlyh/ wkh gxdo vlpsoh{ vwrsv zlwk rswlpdolw| zkhq �e ehfrphv
qrqqhjdwlyh1 Iru wklv uhdvrq/ wkh frqglwlrq wkdw �e � 3 lv riwhq uhihuuhg wr dv
sulpdo ihdvlelolw| zkhuh dv wkh frqglwlrq ri �f � 3 lv uhihuuhg wr dv gxdo ihdvlelolw|1
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Wkhvh dovr fruuhvsrqg wr edvhv wkdw surylgh ihdvleoh vroxwlrqv wr wkh sulpdo dqg
wkh gxdo sureohpv uhvshfwlyho|1

Wkhuh lv wkh fdvh ri xqerxqghgqhvv lq wkh sulpdo dojrulwkp dv rqh ri wkh
whuplqdwlqj frqglwlrqv1 wklv lv wkh vdph dv gxdo lqihdvlelolw|1 Wklv rffxuv zkhq
zh kdyh d froxpq zlwk �fm ? 3>dqg �dl>m � 3 ;l1 Wkh fruuhvsrqglqj fdvh lq wkh
gxdo vlpsoh{ lv whuplqdwlrq zlwk lqglfdwlrq ri sulpdo lqihdvlelolw| zklfk rffxuv
zkhq wkhuh lv d urz zlwk el ? 3> dqg dl>m � 3 ; m1

Lq wkh sulpdo dojrulwkp zh vhohfw d froxpq zlwk �fm ? 3 li rqh h{lvwv1 Lq wkh
gxdo dojrulwkp zh vhohfw d urz zlwk �el ? 3 li rqh h{lvwv1 Lq wkh sulpdo dojrulwkp
zh vhohfw d urz vr wkdw qhz �e zloo uhpdlq qrqqhjdwlyh> lq wkh gxdo/ zh vhohfw d
froxpq vr wkdw wkh qhz �f zloo uhpdlq qrqqhjdwlyh1

Ilqlwhqhvv lq wkh sulpdo uhvwv rq wkh idfw wkdw wkh ydoxh ri } lv ghfuhdvlqj>
wkh fruuhvsrqglqj dujxphqw iru wkh gxdo dojrulwkp lv wkdw lw lv lqfuhdvlqj> nhhs
lq plqg wkdw dw dq| vwhs zh gr qrw kdyh ihdvlelolw| iru wkh sulpdo lq wkh gxdo
dojrulwkp1

Wkh sulpdu| uhdvrqv iru wkh qhhg iru vxfk dq dojrulwkp rffxuv lq wzr duhdv1
Wkh �uvw lv vhqvlwlylw| dqdo|vlv zkhq zh fkdqjh wkh ukv dqg wkh qhz ydoxh lv
rxw ri wkh udqjh wkdw kdv wkh fxuuhqw edvlv ihdvleoh1 lw lv fhuwdlqo| gxdo ihdvleoh
vlqfh wkh sulpdo dojrulwkp vwrsv zlwk rswlpdolw| rqo| zkhq �f � 31 Lq wklv fdvh
zh fdq frqwlqxh li zh xvh wkh gxdo dojrulwkp1 Dqrwkhu dssolfdwlrq lv zkhq zh
kdyh wr dgg %irujrwwhq% frqvwudlqwv dqg wkh rog vroxwlrq grhv qrw vdwlvi| wkh
qhz frqvwudlqwv1 Wklv hvshfldoo| rffxuv zkhq zh wu| wr vroyh lqwhjhu surjudpv
xvlqj OS1

��2�� 5i*u #�@* �*}Lh�|�4

Khuh zh vwduw zlwk dq| fdqrqlfdo irup1 Ohw �eprg
l @ �el . � zkhqhyhu �el ? 3 dqg

dovr ohw �fprg
m @ �fm . � zkhqhyhu �fm ? 31 Iru � vx�flhqwo| odujh/ wklv edvlv zloo

eh rswlpdo1 Dv � ghfuhdvhv/ rqh ri wkhvh ydoxhv jrhv wr }hur �uvw> li lw lv rqh ri
wkh ukv qxpehuv wkhq iroorz wkh sulpdo vlpsoh{> hovh iroorz wkh gxdo vlpsoh{1
Ilqlwhqhvv iroorzv iurp wkh idfw wkdw � nhhsv ghfuhdvlqj xqwlo lw hlwkhu jrhv wr
}hur ru wkhuh lv dq lqglfdwlrq ri hlwkhu sulpdo ru gxdo lqihdvlelolw|1

Wklv frpsohwhv wkh ghvfulswlrq ri yduldqwv ri wkh vlpsoh{ wkdw zh zloo glvfxvv1
Wkhuh lv rqh rwkhu yduldqw gxh wr Zdqj wkdw zh zloo qrw glvfxvv khuh1 Zh zloo
qrz frqvlghu dojrulwkpv edvhg rq frpsohphqwdu| vodfnqhvv wkhruhpv1 Wkhvh
suhvhuyh frpsohphqwdu| vodfnqhvv exw qrw sulpdo ru gxdo ihdvlelolw| qru gr wkh|
uho| rq edvhv1 Wkhvh duh wkhuhiruh/ qrw vlpsoh{ w|sh dojrulwkpv lq jhqhudo1 Wkh
iruhprvw dprqj wkhvh lv wkh sulpdo0gxdo dojrulwkp zklfk zh qrz wdnh xs1

��� �h�4@* #�@* �*}Lh�|�4

Frqvlghu wkh sdlu S ) G ri OSv =

plq f{ = D{ @ e>{ � 3 +4144,
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pd{ ew| = Dw| � fw +4145,

Sulpdo gxdo dojrulwkp vwduwv zlwk +dq hdvlo| irxqg, ihdvleoh +exw qrw qhfhvvdulo|
edvlf, vroxwlrq |3 wr G1 Ohw V @ +m =

S
l dlm|

3
l @ fm,1 Li |3 zhuh dq rswlpdo

vroxwlrq wr G/ wkhq frpsohphqwdu| vodfnqhvv zrxog uhtxluh {m @ 3 ; m @5 V
lq dq| rswlpdo vroxwlrq wr S dqg/ frqyhuvho|/ dq| vxfk ihdvleoh vroxwlrq wr S
lv rswlpdo1 Wkh sulpdo gxdo dojrulwkp ehkdyhv dv li |3 lv rswlpdo wr G dqg
khqfh wulhv wr �qg d ihdvleoh vroxwlrq wr S zlwk wkh dgglwlrqdo frqglwlrq wkdw
{m @ 3 ; m @5 V= Zh wu| wr �qg

{V = {V � 3>DV{V @ e +4146,

Wklv lv fdoohg wkh uhvwulfwhg sulpdo sureohp1 Li zh vxffhhg/ wkhq wkh sdlu +{3> |3,
lv rswlpdo wr S dqg G/ uhvshfwlyho| +zlwk {3m @ {Vm iru m 5 V dqg {3m @ 3 iru
m @5 V,> wklv lv ehfdxvh wkh| duh ihdvleoh dqg vdwlvi| frpsohphqwdu| vodfnqhvv
frqglwlrqv1 Li qrw/ zh kdyh wkh rswlpdo gxdo vroxwlrq �� wr wkh skdvh L sureohp
iru wklv uhvwulfwhg sulpdo sureohp=

plq
[
l

yl = D
V{V . Ly @ e>{V � 3> y � 3

zklfk lv xvhg wr surgxfh d _ehwwhu% vroxwlrq wr G/ dqg wkh hqwluh surfhvv lv
uhshdwhg1 Wkh dojrulwkp whuplqdwhv zlwk rqh ri wzr frqfoxvlrqv= +l, h{klelw0
lqj dq rswlpdo sdlu ri vroxwlrqv/ ru +ll, lqglfdwlqj lqihdvlelolw| ri S dqg khqfh
xqerxqghgqhvv ri G=

����� #i|@�*t

4 Li | lv d ihdvleoh vroxwlrq wr G dqg { lv ihdvleoh wr S lq zklfk
S

l dlm|l ?
fm @, {m @ 3/ wkhq wkhvh duh rswlpdo wr S dqg G/ uhvshfwlyho|1

5 Ohw |3 eh ihdvleoh wr G1 Ohw V eh gh�qhg dv deryh1 Ohw �� eh dq rswlpdo
vroxwlrq wr wkh gxdo ri wkh OS=

plq
[
l

yl = D
V{V . Ly @ e>{V � 3> y � 3

dqg vxssrvh wkdw wkh rswlpdo ydoxh ri wklv OS lv srvlwlyh1 Wkxv/ zh fdqqrw

�qg {V � 3 vdwlvi|lqj DV{V @ e1 �� vdwlv�hv wkh uhodwlrqv=

+DV,w�� � 3>�� � h
z� @ ew�� A 3

+d,E| Idundv Ohppd/ zh kdyh=

Dw�� � 3 @, < qr vroxwlrq wr= { � 3>D{ @ e vlqfh ew�� A 31

:



+e,^Dw�� � 3` lv idovh @, < � A 3 6 |4 @ |3 . � �� lv ihdvleoh wr G
dqg vdwlv�hv wkh uhodwlrqv= ew|4 A ew|3 dqg

S
l dlm|

4
l @ fm iru vrph m @5 V=

Surri=+e,
S

l dlm|
4

l @
S

l dlm|
3
l . �

S
l dlm�

�

l 1 Iru m 5 V/
S

l dlm|
3
l @ fm dqgS

l dlm�
�

l � 3 dqg khqfh
S

l dlm|
4
l � fm iru ; � A 31 Iru m @5 V/ vlqfh

S
dlm|

3
l ?

fm / < � A 3 6 Sdlm|
4
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ylrodwlqj wklv frqglwlrq/ htxdolw| zloo krog iru dw ohdvw rqh m @5 V dv surplvhg1
+Qrwh= Li iru vrph m 5 V/ {m lv lq wkh rswlpdo edvlv lq wkh uhvwulfwhg sulpdo/ wkhq
iru wklv m/
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dlm|4l @ fm iru wklv m> khqfh zh _orvh% rqo|
wkrvh yduldeohv wkdw duh qrw lq wkh rswlpdo edvlv ri wkh uhvwulfwhg sulpdo1, Wklv
phdqv wkdw zh fdq frqwlqxh wkh uhvwulfwhg sulpdo iurp zkhuh zh ohiw r�1
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6 Li zh xvhg wkh _oh{lfrjudsklf% yhuvlrq ri wkh vlpsoh{ phwkrg iru wkh uh0
vwulfwhg sulpdo/ wkhq wkh zkroh dojrulwkp lv �qlwh1

Surri=Vlqfh wkh remhfwlyh ri wkh uhvwulfwhg sulpdo ghfuhdvhv oh{lfrjudsklfdoo|/
qrw rqo| lv lw �qlwh exw zh fdqqrw uhwxuq wr wkh vdph uhvwulfwhg sureohp1
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l ; m,1 Wklv surylghv dq hdv| zd| wr
surgxfh wkh qhz V dqg �� wkh odujhvw ydoxh ri � 6 |4 lv ihdvleoh wr G=

8 Qrwh= Lw lv qrw qhfhvvdu| wkdw wkh uhvwulfwhg sulpdo eh vroyhg xvlqj vrph
irup vlpsoh{ phwkrg1 Lqghhg/ lq prvw dssolfdwlrqv ri wkh sulpdo gxdo dojr0
ulwkp wklv lv qrw grqh1 D vshfldo dojrulwkp lv xvhg wkdw qrw rqo| vroyhv wkh
uhvwulfwhg sulpdo exw dovr surylghv �� wkdw lv qhhghg wr lpsohphqw sulpdo
gxdo dojrulwkp1 Zh zloo xvh wkh wudqvsruwdwlrq sureohp dv dq looxvwud0
wlrq lq wklv frxuvh1 Pdwfklqj zloo eh dqrwkhu h{dpsoh vroyhg xvlqj wklv
dojrulwkp lq wkh qhwzrunv frxuvh1
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Frqvlghu wkh iroorzlqj lpsohphqwdwlrq ri sulpdo gxdo dojrulwkp= Vwduw dv xvxdo
zlwk |3 ihdvleoh wr G1 Ohw wkhuh eh d eodfn er{ wkdw kdv dv lqsxw |3 dqg dv
rxwsxw hlwkhu dq {v 6 {v � 3> Dv{v @ e ru wkh vhw +��> ++{v,�> y�,, uhtxluhg dv
lq wkh deryh ghvfulswlrq1 Zrxog wkh hqwluh dojrulwkp eh �qlwh B

Qrz zh wdnh xs wkh vshfldo fdvh ri wkh wudqvsruwdwlrq dqg dvvljqphqw sure0
ohpv iru zklfk wkh sulpdo gxdo dojrulwkp lv hvshfldoo| vxlwhg1 Lqghhg/ wkhvh
zhuh wkh �uvw sureohpv rq zklfk wklv dojrulwkp zdv xvhg> wkh kljk ghjuhh ri
ghjhqhudf| lq wkhvh sureohpv pdgh wkh uhjxodu vlpsoh{ xqvxlwdeoh iru wkhvh
sureohpv1
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Lq dq lqwurgxfwru| frxuvh lq rshudwlrqv uhvhdufk rqh ri wkh �uvw wrslfv lqwurgxfhg
lv wkh wudqvsruwdwlrq sureohp1 Lwv klvwru| gdwhv edfn dw ohdvw wr wkh zrunv ri
O1Ndqwdurylwfk dqgI1O1 Klwfkfrfn1 Wkh sureohp vwdwhg dv d olqhdu surjudp
lv=
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Zh looxvwudwh wkh sulpdo gxdo dojrulwkp ri olqhdu surjudpplqj rq wklv sureohp1
Zh zloo xvh vxfk dq dojrulwkp lq pdwfklqj dqg rwkhu sureohpv odwhu rq1 Wklv
w|sh ri dojrulwkp vwduwv zlwk dq +hdvlo| irxqg, ihdvleoh +qrw qhfhvvdulo| edvlf,
vroxwlrq wr wkh gxdo1 Lq rxu h{dpsoh/ vwduw zlwk dq| vhw ri ydoxhv iru ixlj1 Ohw
ym @ plql^fl>m�xl`1 Wkh vhw ri ydoxhv xvxdoo| fkrvhq iru xl lv x

3
l @ plqm fl>m dqg

wklv |lhogv y3m @ plql^fl>m � x3l `1
Qrz wkh dojrulwkp irufhv wkh ydoxhv ri {l>m iru zklfk xl . ym ? fl>m wr }hur1

Xvlqj rqo| wkh uhpdlqlqj yduldeohv zh wu| wr �qg d ihdvleoh vroxwlrq wr wkh
sulpdo sureohp> li zh vxffhhg/ wkhq dq| vxfk vroxwlrq lv rswlpdo wr wkh ruljlqdo
sureohp1 Li zh idlo wr �qg vxfk d vroxwlrq/ wkhq zh prgli| wkh gxdo vroxwlrq
wr d ehwwhu rqh dqg uhshdw wkh surfhvv1 Wkh sureohp ri wu|lqj wr �qg d ihdvleoh
vroxwlrq wr wkh sulpdo xqghu wkh uhvwulfwlrq wkdw vrph yduldeohv eh }hur lv fdoohg
wkh uhvwulfwhg sulpdo sureohp1 Zh zloo vroyh wkh uhvwulfwhg sulpdo sureohp e|
vroylqj d pd{lpdo �rz sureohp zklfk lv ghvfulehg qh{w ehiruh zh uhvxph wkh
glvfxvvlrq ri wkh sulpdo gxdo dojrulwkp1
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Lq wklv vhfwlrq/ zh frqvlghu vlqjoh frpprglw| �rz sureohpv1 Wkh �uvw ri wkhvh
lv fdoohg wkh pd{lpxp �rz sureohp dqg lwv ghvfulswlrq lv jlyhq ehorz=

SUREOHP= Jlyhq d gluhfwhg qhwzrun J @ ^Q >D`/ d vshfldo qrgh/ v/ fdoohg
wkh vrxufh ru ruljlq dqg d qrgh/ w/ fdoohg wkh vlqn ru ghvwlqdwlrq dqg srvlwlyh
qxpehuv xl>m uhsuhvhqwlqj wkh fdsdflw| ri duf +l> m, 5 D zh zdqw wr pd{lpl}h
wkh wrwdo vklsphqw iurp v wr w1 Wklv sureohp lv fdoohg wkh pd{lpxp �rz
sureohp lq wkh olwhudwxuh dqg lv rqh vwduwlqj srlqw lq wklv duhd1
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Ohw il>m eh wkh �rz rq duf +l> m, 5 D dqg I eh wkh wrwdo �rz dfurvv wkh qhwzrun1
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Wklv lv/ ri frxuvh/ d olqhdu surjudp dqg fdq/ lq sulqflsoh/ eh vroyhg e| wkh
vlpsoh{ phwkrg1 Krzhyhu/ wkh sureohp frxog eh kljko| ghjhqhudwh dqg xqohvv
vshfldo suhfdxwlrqv duh wdnhq/ lw frxog eh yhu| lqh�flhqw wr xvh wkh vlpsoh{
phwkrg1 Ehiruh ghvfulelqj phwkrgv wr vroyh wkh sureohp zh uhpdun wkdw lw
lv hdv| wr �qg d ihdvleoh vroxwlrq iru wklv sureohp dv lw kdv ehhq vwdwhg1 Iru
h{dpsoh ^I @ 3> il>m @ 3 ; +l> m, 5 D` zloo vx�fh1 Iluvw vrph gh�qlwlrqv dqg d
ihz suholplqdu| uhvxowv1

Wkh qrwlrq ri d fxw ru d fxw vhw vhsdudwlqj v dqg w fdq eh gh�qhg lq vhyhudo
voljkwo| gl�huhqw zd|v1 Wkh �uvw lv wr wklqn ri lw dv d sduwlwlrq ri wkh qrgh vhw
Q lqwr wzr glvmrlqw vhwv V dqg �V zlwk v 5 V dqg w 5 �V1 Wkh qh{w lv wr wklqn ri
d fxw dv wkh vhw ri dufv wkdw frqqhfw wkhvh wzr vhwv phqwlrqhg deryh1 D voljkwo|
zhdnhu yhuvlrq lv d plqlpdo vhw ri dufv zkrvh uhprydo glvfrqqhfwv wkh qrghv v
dqg w1 Xqohvv rwkhuzlvh vwdwhg/ zh zloo xvh wkh �uvw irup1

Ohppd 44 Ohw ^i> I ` eh dq| ihdvleoh �rz dqg ohw +V> �V, eh dq| fxw vhsdudwlqj
v dqg w1 Wkhq I � x+V> �V, zkhuh x+V> �V, @

S
l5V>m5�V xl>m1 x+V> �V, lv fdoohg

wkh ydoxh ri wkh fxw +V> �V,1 Li htxdolw| krogv wkhq ^I> i ` lv rswlpdo wr wkh pd{l0
pxp �rz sureohp dqg +V> �V, lv d fxw zkrvh ydoxh lv plqlpxp dprqj doo fxwv
vhsdudwlqj v dqg w1

Surri= Wkh �uvw sduw ri wkh ohppd fohduo| lpsolhv wkh vhfrqg1 Wr suryh wkh
�uvw frqvlghu 41491 Dgglqj wkh htxdwlrqv fruuhvsrqglqj wr qrghv lq V zh jhw=
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l5V

S
m5Q +il>m � im>l, @ i+V>Q,� i+Q>V,

@ i+V> �V,� i+ �V> V, � x+V> �V,1
Wkh odvw ri wkhvh lqhtxdolwlhv iroorzv iurp wkh idfw wkdw 3 � il>m � xl>m iru

doo dufv +l> m, lq wkh qhwzrun1�
Wkh iroorzlqj dojrulwkp/ nqrzq lq wkh olwhudwxuh dv wkh +�rz, odeholqj dojr0

ulwkp/ lv rqh zd| wr vkrz wkdw wkhuh h{lvw vroxwlrqv wkdw dfklhyh htxdolw| lq wkh
uhodwlrq deryh1 Lw lv xvxdoo| dwwulexwhg wr Irug dqg Ixonhuvrq1
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Lqsxw= D ihdvleoh vroxwlrq ^i> I `=
Vwhs 3= Odeho v +0/ 4, dqg ohw v 5 V/ wkh vhw ri odehohg qrghv1
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Vwhs 4= Li w 5 V vwrs> d �rz dxjphqwlqj sdwk kdv ehhq irxqg1 +Wklv lv d
sdwk dorqj zklfk dgglwlrqdo �rz fdq eh vhqw wkhuhe| lqfuhdvlqj wkh wrwdo �rz
I ,1 Li qrw orrn iru d sdlu +l> m, zlwk l 5 V dqg m 5 �V dqg hlwkhu +l, ^+l> m, 5 D
dqg il>m ? xl>m ` ru +ll, ^+m> l, 5 D dqg im>l A 3`1 Li qr vxfk +l> m, h{lvwv/ wkhq
vwrs> ^i> I ` lv wkh rswlpdo vroxwlrq wr wkh pd{lpdo �rz sureohp dqg +V> �V, lv d
plqlpdo fxw vhsdudwlqj v dqg w1 Li +l> m, ri w|sh +l, h{lvwv odeho m+l./ �m, zkhuh
�m @ plq^�l/ xl>m � il>m ` dqg lqfoxgh m lq V1 Li +l> m, lv ri w|sh +ll, wkhq odeho
m+l�/ �m, zkhuh �m @ plq^�l/ im>l` dqg lqfoxgh m lq V1 Uhwxuq wr vwhs 41 W|sh +l,
dufv duh fdoohg iruzdug dufv dqg wkrvh ri w|sh +ll, duh fdoohg uhyhuvh dufv1 Li zh
vxffhhg lq odeholqj w/ zh jhw dq dxjphqwlqj sdwk dv zhoo dv wkh qdwxuh ri wkhvh
dufv iurp wkh odehov wkhpvhoyhv1 Wklv lv grqh dv iroorzv= Li wkh odeho ri w lv +m./
�w, wkhq wkh suhylrxv qrgh wr w lq wkh �rz dxjphqwlqj sdwk lv m dqg wkh odvw duf
lv d iruzdug duf> li lw lv +m�/ �w, wkhq wkh suhylrxv qrgh lv vwloo m exw wkh duf lv d
uhyhuvh duf1 Qrz zh orrn dw wkh odeho ri wkh qrgh m dqg wkh surfhvv lv uhshdwhg
xqwlo zh uhdfk v dqg wklv lghqwl�hv wkh hqwluh sdwk1 Zh qrz dxjphqw wkh �rz
e| �w dorqj wkh sdwk ~ e| zklfk zh phdq wkdw �rzv rq iruzdug dufv dorqj wkh
sdwk duh lqfuhdvhg e| �w dqg wkrvh rq uhyhuvh dufv duh ghfuhdvhg e| wkh vdph
dprxqw1 Wklv jlyhv xv d qhz ihdvleoh �rz dqg wkh surfhvv lv uhshdwhg1 Li wkh
vwduwlqj vroxwlrq lv rswlpdo wkhq dw vrph srlqw ehiruh odeholqj w zh zloo �qg qr
duf ri w|sh +l, ru +ll,1 Dw wklv srlqw wkh vhw V ri odehohg qrghv jlyhv d plqlpxp
fxw vhsdudwlqj v dqg w1 Ixuwkhu/ doo dufv dfurvv wkh fxw +V> �V, zlwk wkh lqlwldo
hqg lq V zloo eh vdwxudwhg +l=h1 i @ x, dqg doo dufv zlwk wkh whuplqdo hqg lq V
zloo eh �rzohvv +i @ 3,1 Lq rwkhu zrugv/ doo iruzdug dufv dfurvv wkh fxw zloo eh
vdwxudwhg dqg doo uhyhuvh dufv zloo eh �rzohvv1 Ri frxuvh/ li wklv kdsshqv zlwk
dq| ihdvleoh �rz dqg dq| fxw vhsdudwlqj v dqg w wkhq wklv �rz lv rswlpdo dqg
wkh fruuhvsrqglqj fxw lv plqlpdo1

Qrz zh uhvxph wkh pdlq glvfxvvlrq ri wkh sulpdo gxdo dojrulwkp iru wudqv0
sruwdwlrq dqg v dvvljqphqw sureohpv1

Iru wklv sxusrvh zh frqvwuxfw d uhvwulfwhg qhwzrun= Ju @ ^Q @ ivj ^ iwj ^
V ^ W >Du @ i+l> m, = xl . ym @ fl>mj ^ i+v> l,j ^ i+m> w,j`1 Vxfk d qhwzrun lv
vrphwlphv fdoohg wkh htxdolw| judsk iru reylrxv uhdvrqv1 v lv wkh ruljlq dqg w
lv wkh ghvwlqdwlrq dqg wkh fdsdflw| ri duf +v> l, lv dl dqg wkdw ri +m> w, lv em 1
Fdsdflw| ri dufv ri w|sh +l> m, zlwk l 5 Q dqg m 5 Q lv41 Vlqfh

S
l dl @

S
m em /

li pd{lpxp �rz lq wkh deryh qhwzrun lv htxdo wr wklv dprxqw/ wkhq dqg rqo|
wkhq zh kdyh d ihdvleoh �rz wr wkh ruljlqdo sureohp> dqg lq wklv fdvh wklv �rz lv
rswlpdo dv fodlphg ehiruh e| gxdolw| wkhru| ri OS1 Li pd{ �rz lv ohvv wkdq wklv
dprxqw/ wkhq zh jhw d plqlpdo fxw vhsdudwlqj v dqg w dqg zh xvh wklv fxw wr
lpsuryh wkh gxdo vroxwlrq1 Vxfk d plqlpdo fxw vsolwv wkh vhw V> ri vxsso| srlqwv
dv zhoo dv wkh vhw W> ri ghpdqg srlqwv1 Ohw wkh odehohg qrghv eh L � V dqg
M � W > dqg ohw wkh vhw ri xqodehohg qrghv eh �L � V dqg �M � W 1 Dv phqwlrqhg
ehiruh li L @ M @ !> wkhq zh duh grqh1 Li qrw ohw � @ plql5L>m5 �M ^fl>m�xl�ym ` A 31
Wkh odvw vwdwhphqw lv wuxh vlqfh zh fdq qrw kdyh dq duf ri wkh irup l 5 L/ dqg
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m 5 �M lq wkh uhvwulfwhg qhwzrun1 Qrz fkdqjh wkh gxdo vroxwlrq dv iroorzv=
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m 5 M

Qrwh wkdw fl>m � x3l � y3m @ fl>m � xl � ym iru +l> m, ri hlwkhu ri wzr w|shv=+l,l 5 L
dqg m 5 M ru +ll,l @5 L dqg m @5 M 1 Iru wkh fdvh l @5 L dqg m 5 M / fl>m � x3l � y3m @
fl>m � xl � ym . � � 31 Iru wkh fdvh l 5 L dqg m @5 M / wkh fkrlfh ri � lv vxfk wkdw
fl>m �x3l� y3m � 31 Khqfh wkh qhz xl dqg ym irup d ihdvleoh vroxwlrq wr wkh gxdo1
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Vlqfh zh nqrz wkdw wkh fxuuhqw �rz I dfurvv wkh qhwzrun vdwlv�hv=
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Khqfh wkh qhz gxdo vroxwlrq lv dq lpsuryhg vroxwlrq dv fodlphg1 Wkh qhz
htxdolw| judsk zloo kdyh doo rog dufv ri wkh w|sh +l, ru +ll, deryh1 Lw zloo kdyh dw
ohdvw rqh qhz duf ri wkh w|sh l 5 L dqg m @5 M 1 Zh pd| orvh vrph dufv ri wkh
w|sh l @5 L dqg m 5 M > exw doo wkhvh dufv kdyh }hur �rz dw wkh srlqw lq wlph zh
pdgh d gxdo yduldeoh fkdqjh1 Wklv doorzv xv wr uhwdlq wkh rog �rzv dqg surfhhg
ixuwkhu zlwkrxw uhgrlqj doo wklv zrun iurp vfudwfk> lqghhg/ zh pd| hyhq uhwdlq
wkh rog odehov lq �rz odeholqj dqg lqfuhdvh wkh vhw ri odehohg qrghv ehfdxvh ri
wkh qhz duf ri w|sh l 5 L dqg m @5 M 1 Wkxv/ hdfk wlph zh gr d gxdo yduldeoh
fkdqjh wkh vhw ri odehohg qrghv hqodujhv dqg khqfh zh fdq qrw kdyh d frqwlqxrxv
vwulqj ri gxdo yduldeoh fkdqjhv iru pruh wkdq mV ^ W m qxpehu ri lwhudwlrqv> dw
wkh hqg ri wklv vhw ri gxdo yduldeoh fkdqjhv wrwdo �rz pxvw lqfuhdvh1 Li doo gdwd
duh lqwhjudo wklv dorqh jxdudqwhhv �qlwhqhvv ri wkh dojrulwkp1 Li wkh gdwd duh
qrw lqwhjudo/ wkhq zh qhhg wr xvh d �qlwh dojrulwkp iru �rz pd{lpl}dwlrq dw
hdfk vwhs1 Li zh gr wklv �qlwhqhvv lv jxdudqwhhg ehfdxvh �rz zloo lqfuhdvh lq
dw prvw mV ^ W m vwhsv dqg hdfk wlph zh gr d gxdo yduldeoh fkdqjh/ wkh fxuuhqw
�rz htxdov ^

S
l@5L dl .

S
m5M em ` dqg wkhuhiruh wkh vdph L> M frpelqdwlrq fdq

qrw uhshdw1 Wkh qxpehu ri vxfk frpelqdwlrqv lv �qlwh dqg khqfh wkh dojrulwkp
lv dovr �qlwh1 Wklv odvw dujxphqw lv yhu| xvhixo wr vkrz �qlwhqhvv ri dojrulwkpv1
Lq rughu wr pdnh wkh dojrulwkp sro|qrpldo/ zh qhhg wr xvh vfdolqj whfkqltxhv
dv lq Hgprqgv dqg Ndus1
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