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Statistical inference in Markov random fields (MRFs) is NP-
hard in all but the simplest cases. As a result, many
algorithms, particularly in the case of discrete random
variables, have been developed to perform approximate
inference. However, most of these methods scale poorly,
cannot be applied to continuous random variables, or are too
slow to be used in situations that call for repeated statistical
inference on the same model. In this work, we propose a
novel variational inference strategy that is efficient for
repeated inference tasks, flexible enough to handle both
continuous and discrete random variables, and scalable
enough, via modern GPUs, to be practical on MRFs with
hundreds of thousands of random variables. W e prove that
our approach overcomes weaknesses of existing ones and
demonstrate its efficacy on both synthetic models and real-
world applications.

 Our approach is flexible enough to handle models with
both discrete and continuous random variables.

 After an initial inference pass, new MAP/ marginal inference
queries can be approximated in linear time.

 It does not suffer from the kind of convergence and
unboundedness issues that can arise even in simple
continuous models.

 Our approach is embarrassingly parallelizable, it can be
easily implemented efficiently on modern GPUs - allowing
us to tackle problem sizes that would be challenging for
competing general purpose MRF inference techniques.

 W ith this efficient method doing inference work, learning
large scale MRF becomes tractable, which could be our
future work.

Abstract Methodology and Experiments Conclusion

 Pairwise MRF joint distribution:
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 Valid beliefs must follow the local consistency constraints:
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 The Bethe Free Energy is defined as:
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 The log- partition function, log𝒵𝒵, can be approximated by
minimizing the Bethe Free Energy over beliefs in the local
marginal polytope, log𝒵𝒵 = −min𝑏𝑏∈ℳℱ 𝑏𝑏 , which is the
fundamental objective function adopted in this work.
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One- shot Inference: In order to find local optima of the BFE
in the hybrid case, we restrict the beliefs to be mixtures of
fully factorized distributions:

𝑏𝑏𝑖𝑖 𝑥𝑥𝑖𝑖; 𝜂𝜂 = �
𝑘𝑘=1

𝐾𝐾

𝑤𝑤𝑘𝑘𝑏𝑏𝑖𝑖𝑘𝑘 𝑥𝑥𝑖𝑖; 𝜂𝜂𝑘𝑘
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where Kis the number of mixture components. This is easy to
be parallelized to take advantage of GPUs.
Any of a variety of methods can be used to compute the
expectations in the BFE, e.g., sampling methods, quadrature
methods, Stein variational gradient methods.
For many inference tasks, this significantly reduces the
computational overhead needed to perform inference after
the initial mixture distribution is computed:

 Marginal Inference: 𝑝𝑝𝐴𝐴(𝑥𝑥𝐴𝐴) = ∑𝑘𝑘=1𝐾𝐾 𝑤𝑤𝑘𝑘 ∏𝑖𝑖∈𝐴𝐴 𝑏𝑏𝑖𝑖𝑘𝑘(𝑥𝑥𝑖𝑖) ,𝐴𝐴 ⊆ 𝑉𝑉

 MAP Inference: argmax𝑥𝑥 ∑𝑘𝑘=1𝐾𝐾 𝑤𝑤𝑘𝑘 ∏𝑖𝑖∈𝑉𝑉 𝑏𝑏𝑖𝑖𝑘𝑘(𝑥𝑥𝑖𝑖)

 Marginal MAP: argmax𝑥𝑥𝐴𝐴 ∑𝑘𝑘=1
𝐾𝐾 𝑤𝑤𝑘𝑘 ∏𝑖𝑖∈𝐴𝐴 𝑏𝑏𝑖𝑖𝑘𝑘(𝑥𝑥𝑖𝑖) ,𝐴𝐴 ⊆ 𝑉𝑉

 Conditional Marginals: 

𝑝𝑝𝐴𝐴(𝑥𝑥𝐴𝐴 𝑥𝑥𝑂𝑂 =
∑𝑘𝑘=1𝐾𝐾 𝑤𝑤𝑘𝑘 ∏𝑖𝑖∈𝐴𝐴∪𝑂𝑂 𝑏𝑏𝑖𝑖𝑘𝑘 𝑥𝑥𝑖𝑖
∑𝑘𝑘=1𝐾𝐾 𝑤𝑤𝑘𝑘 ∏𝑖𝑖∈𝑂𝑂 𝑏𝑏𝑖𝑖𝑘𝑘 𝑥𝑥𝑖𝑖

, 𝐴𝐴,𝑂𝑂 ⊆ 𝒱𝒱

Experimentsand Results:
 Synthetic Marginal MAP on Trees:

 Optical Flow:
Optical flow estimation on Hydrangea (top) and Dimetrodon
(bottom) image sequences by D- PMP (super pixel level) and OSI
(pixel level). The color key in the upper right corner encodes the
flow vector for each pixel.

Energy and AEPE of the three methods for optical flow estimation
on Middlebury training set on both the super pixel level (top) and
the pixel level (bottom).

 Stereo Depth Estimation:
Stereo depth estimation results on Teddy image using graph cuts
and OSI. The color map encodes pixel disparities: hotter color
means larger disparity (less depth). The top table shows the
performance of OSI on Teddy and Cones compared with GC and

BP, bottom table gives
the convergence rate
of various methods.
OSI performs a good
result in shortest time.
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