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STATIS and DISTATIS: optimum
multitable principal component
analysis and three way metric
multidimensional scaling
Hervé Abdi,1∗ Lynne J. Williams,2 Domininique Valentin3

and Mohammed Bennani-Dosse4

STATIS is an extension of principal component analysis (PCA) tailored to
handle multiple data tables that measure sets of variables collected on the same
observations, or, alternatively, as in a variant called dual-STATIS, multiple data
tables where the same variables are measured on different sets of observations.
STATIS proceeds in two steps: First it analyzes the between data table similarity
structure and derives from this analysis an optimal set of weights that are used
to compute a linear combination of the data tables called the compromise that best
represents the information common to the different data tables; Second, the PCA of
this compromise gives an optimal map of the observations. Each of the data tables
also provides a map of the observations that is in the same space as the optimum
compromise map. In this article, we present STATIS, explain the criteria that it
optimizes, review the recent inferential extensions to STATIS and illustrate it with
a detailed example.

We also review, and present in a common framework, the main developments
of STATIS such as (1) X-STATIS or partial triadic analysis (PTA) which is used
when all data tables collect the same variables measured on the same observations
(e.g., at different times or locations), (2) COVSTATIS, which handles multiple
covariance matrices collected on the same observations, (3) DISTATIS, which
handles multiple distance matrices collected on the same observations and
generalizes metric multidimensional scaling to three way distance matrices, (4)
Canonical-STATIS (CANOSTATIS), which generalizes discriminant analysis and
combines it with DISTATIS to analyze multitable discriminant analysis problems,
(5) power-STATIS, which uses alternative criteria to find STATIS optimal weights,
(6) ANISOSTATIS, which extends STATIS to give specific weights to each variable
rather than to each whole table, (7) (K + 1)-STATIS (or external-STATIS), which
extends STATIS (and PLS-methods and Tucker inter battery analysis) to the
analysis of the relationships of several data sets and one external data set, and (8)
double-STATIS (or DO-ACT), which generalizes (K + 1)-STATIS and analyzes two
sets of data tables, and STATIS-4, which generalizes double-STATIS to more than
two sets of data.
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INTRODUCTION

STATIS is an acronym which stands for the French
expression ‘Structuration des Tableaux à Trois

Indices de la Statistique’ (which can, approximately,
be translated as ‘structuring three way statistical
tables’). This technique is also known under the
acronym of ‘ACT’ which stands for the French
‘Analyse Conjointe de Tableaux’ (joint analysis of
tables). Behind these rather obscure acronyms is
a generalization of principal component analysis
(PCA) whose goal is to analyze several data sets of
variables collected on the same set of observations,
or—as in its dual version called dual-STATIS—several
sets of observations measured on the same set of
variables. As such, STATIS is part of the multitable
(also called multiblock or consensus analysis1–15)
PCA family which comprises related techniques
such as multiple factor analysis (MFA), multiblock
discriminant correspondence analysis (MUDICA), and
SUM-PCA.

STATIS originated from the work of Escou-
ffier15,16 and was first described by L’Hermier des
Plantes (Ref 17; see also Refs 18–20, for an early
introduction see Ref 21). A related approach is known
as Procrustes matching by congruence coefficients in
the English speaking community.22

The goals of STATIS are (1) to com-
pare and analyze the relationships between
the different data sets, (2) to integrate these data sets
into an optimum weighted average called a compro-
mise (sometimes also called a consensus) which is then
analyzed via PCA to reveal the common structure
between the observations, and finally (3) to project
each of the original data sets onto the compromise to
analyze communalities and discrepancies.

STATIS is a popular method for analyzing
multiple sets of variables measured on the same

observations and it has been recently used in
various domains, such as sensory and consumer
science research,12,13,23–29 chemometry and process
monitoring,30 ecology,31–33, computer vision,34

hydrology,35,36 information science,37 neuroima-
ging,38–42 medicine,3 statistical quality control,43,44

and molecular biology.10,45–48

In addition to being used in several domains of
applications, STATIS is also a vigourous domain of
theoretical developments that are explored later in this
article.

When To Use It
STATIS is used when several sets of variables have
been measured on the same set of observations. The
number and/or nature of the variables used to describe
the observations can vary from one set of variables to
the other, but the observations should be the same in
all the data sets.

For example, the data sets can be measurements
taken on the same observations (individuals or objects)
at different occasions. In this case, the first data set
corresponds to the data collected at time 1, the second
one to the data collected at time 2 and so on. The goal
of the analysis, then is to evaluate how the positions
of the observations change over time.

In another example, the data sets can be
measurements taken on the same observations by
different subjects or groups of subjects. In this case,
the first data set corresponds to the first subject, the
second one to the second subject and so on. The
goal of the analysis, then, is to evaluate if there is an
agreement between the subjects or groups of subjects.

The Main Idea
The general idea behind STATIS is to analyze
the structure of the individual data sets (i.e., the
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relation between the individual data sets) and to
derive from this structure an optimal set of weights
for computing the best common representation
of the observations called the compromise, or
also sometimes the consensus. To compute this
compromise, the elements of each table are multiplied
by the optimal weight of this table and the compromise
is obtained by the addition of these ‘weighted’ K
tables (i.e., the compromise is a linear combination
of the tables). These weights are chosen so that the
compromise provides the best representation (in a
least square sense) of the whole set of tables. The
PCA of the compromise decomposes the variance
of the compromise into a set of new orthogonal
variables called principal components (also often
called dimensions, axes, factors, or even latent
variables) ordered by the amount of variance that
each component explains. The coordinates of the
observations on the components are called factor
scores and these can be used to plot maps of the
observations in which the observations are represented
as points such that the distances in the map best
reflect the similarities between the observations. The
position of the observations ‘as seen by’ each data set
can be also represented as points in the compromise.
As the components are obtained by combining the
original variables, each variable contributes a certain
amount to each component. This quantity, called the
loading of a variable on a component, reflects the

importance of that variable for this component and
can also be used to plot maps of the variables that
reflect their association. Finally, as a byproduct of the
computation of the optimal weights, the data sets can
be also represented as points in a multidimensional
space. A sketch of the technique is provided in
Figure 1.

NOTATIONS AND PRELIMINARIES

Matrices are denoted by boldface uppercase letters
(e.g., X), vectors by boldface lowercase letters (e.g., q),
elements of vectors and matrices are denoted by italic
lower case letters with appropriate indices if needed
(e.g., xij is an element of X). Blocks of variables
(i.e., tables) are considered as submatrices of larger
matrices and are represented in brackets separated by
vertical bars (e.g., a matrix X made of two submatrices
X[1] and X[2] is written X = [

X[1]|X[2]
]
). The identity

matrix is denoted by I, a vector of ones is denoted
by 1 (indices may be use to specify the dimensions if
the context is ambiguous). The transpose of a matrix
is denoted T. The inverse of a matrix is denoted −1.
When applied to a square matrix, the diag operator
takes the diagonal elements of this matrix and stores
them into a column vector; when applied to a vector,
the diag operator stores the elements of this vector
on the diagonal elements of a diagonal matrix. The
vec operator transforms a matrix into a vector by
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FIGURE 1 | The different steps of STATIS.
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stacking the elements of a matrix into a column vector.
The standard product between matrices is implicitly
denoted by simple juxtaposition or by × when it needs
to be explicitly stated (e.g., XY = X × Y is the product
of matrices X and Y). The Hadamard or element-wise
product is denoted by ◦ (e.g., X ◦ Y).

The raw data consist of K data sets collected
on the same observations. Each data set is also called
a table, a subtable, or sometimes also a block or
a study (in this article, we prefer the term table or
occasionally block). The data for each table are stored
in an I × J[k] rectangular data matrix denoted Y[k],
where I is the number of observations and J[k] the
number of variables collected on the observations
for the kth table. The total number of variables is
denoted J (i.e., J = ∑

J[k]). Each data matrix is, in
general, preprocessed (e.g., centered, normalized) and
the preprocessed data matrices actually used in the
analysis are denoted X[k] (the preprocessing steps are
detailed below in Section ‘More on Preprocessing’).

The K data matrices X[k], each of dimensions
I rows by J[k] columns, are concatenated into the
complete I by J data matrix denoted X:

X = [
X[1]| · · · |X[k]| · · · |X[K]

]
. (1)

A mass, denoted mi, is assigned to each
observation. These masses are collected in the mass
vector, denoted m, and in the diagonal elements of the
mass matrix denoted M, which is obtained as

M = diag {m} . (2)

Masses are positive or null elements whose sum
equals one. Often, equal masses are chosen with
mi = 1

I .
To each matrix X[k], we associate its cross-

product matrix defined as

S[k] = X[k]X
T
[k]. (3)

A cross-product matrix of a table expresses the
pattern of relationships between the observations as
seen by this table. Note that because of the block
structure of X, the cross product of X can be
expressed as

XXT = [
X[1]| · · · |X[k]| · · · |X[K]

]
× [

X[1]| · · · |X[k]| · · · |X[K]
]T

=
∑

k

X[k]X
T
[k]

=
∑

k

S[k]. (4)

Singular Value Decomposition and
Generalized Singular Value Decomposition
STATIS is part of the PCA family and therefore the
main analytical tool for STATIS is the singular value
decomposition (SVD) and the generalized singular
value decomposition (GSVD) of a matrix (see for
tutorials, e.g., Refs 49–54). We briefly describe these
two methods below.

Singular Value Decomposition
Recall that the SVD of a given I × J matrix X
decomposes it into three matrices as:

X = U�VT with UTU = VTV = I, (5)

where U is the I by L matrix of the normalized left
singular vectors (with L being the rank of X), V
the J by L matrix of the normalized right singular
vectors, and � the L by L diagonal matrix of the L
singular values; also γ�, u�, and v� are, respectively,
the �th singular value, left, and right singular vectors.
Matrices U and V are orthonormal matrices (i.e.,
UTU = VTV = I). The SVD is closely related to and
generalizes the well-known eigendecomposition as U
is also the matrix of the normalized eigenvectors of
XXT, V is the matrix of the normalized eigenvectors
of XTX, and the singular values are the square root of
the eigenvalues of XXT and XTX (these two matrices
have the same eigenvalues).

Key property: the SVD provides the best
reconstitution (in a least squares sense) of the original
matrix by a matrix with a lower rank.

Generalized Singular Value Decomposition
The generalized singular value decomposition (GSVD)
generalizes the SVD of a matrix by incorporating
two additional positive definite matrices (recall that a
positive definite matrix is a square symmetric matrix
whose eigenvalues are all positive) that represent
‘constraints’ to be incorporated in the decomposition
(formally, these matrices are constraints on the
orthogonality of the singular vectors, see Refs 50,53
for more details). Specifically let M denote an I by I
positive definite matrix representing the ‘constraints’
imposed on the rows of an I by J matrix X, and
A a J by J positive definite matrix representing the
‘constraints’ imposed on the columns of X. Matrix
M is almost always a diagonal matrix of the ‘masses’
of the observations (i.e., the rows); whereas matrix A
implements a metric on the variables and is often but
not always diagonal. Obviously, when M = A = I,
the GSVD reduces to the plain SVD. The GSVD of X,
taken into account M and A, is expressed as (compare
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with Eq (5)):

X = P�QT with PTMP = QTAQ = I, (6)

where P is the I by L matrix of the normalized
left generalized singular vectors (with L being the
rank of X), Q the J by L matrix of the normalized
generalized right singular vectors, and � the L by L
diagonal matrix of the L generalized singular values.
The GSVD implements the whole class of generalized
PCA which includes (with a proper choice of matrices
M and A and preprocessing of X) techniques such
as discriminant analysis, correspondence analysis,
canonical variate analysis, etc. With the so called
‘triplet notation’, that is used as a general framework
to formalize multivariate techniques, the GSVD of
X under the constraints imposed by M and A is
equivalent to the statistical analysis of the triplet
(X, A, M).33,55–59

Key property: the GSVD provides the best
reconstitution (in a least squares sense) of the original
matrix by a matrix with a lower rank under the
constraints imposed by two positive definite matrices.
The generalized singular vectors are orthonormal with
respect to their respective matrix of constraints.

THE DIFFERENT STEPS OF STATIS

STATIS comprises two main steps: First the similarity
structure of the set of tables is analyzed. This step
is sometimes called the analysis of the inter-structure
of the tables.21,60,61 This provides a set of optimal
weights which are used in the second step. This step
performs a generalized PCA (i.e., a GSVD) of X that
integrates the weights as constraints on the tables
and their variables. This step is sometimes called the
analysis of the intra-structure of the tables.

Step One: Analyzing the Between-Table
Structure
The first step of STATIS analyzes the similarity
structure of the set of the K tables. The similarity
between two data matrices X[k] and X[k′] is denoted
ck,k′ . This similarity is evaluated by first transforming
the matrices into I by I cross-product matrices denoted
S[k] and S[k′] which are computed as

S[k] = X[k]X
T
[k] and S[k′] = X[k′]X

T
[k′]. (7)

The similarity measure ck,k′ (akin to a coefficient
of correlation between square matrices16,62) is called
the Hilbert–Schmidt inner product,63 or simply,
here, the inner product (it is also called the scalar

product, the vector covariance—denoted COVV—or
the Frobenius product) between the matrices S[k] and
S[k′]. The inner product between matrices S[k] and S[k′]
is denoted

〈
S[k], S[k′]

〉
, and so the coefficient ck,k′ is

obtained as

ck,k′ = 〈
S[k], S[k′]

〉
= trace

{
X[k]X

T
[k] × X[k′]X

T
[k′]

}
= trace

{
S[k] × S[k′]

}
= vec

{
S[k]

}T × vec
{
S[k′]

}
=

I∑
i

I∑
j

si,j,ksi,j,k′ . (8)

Geometrically, the inner product can also be
interpreted as a scalar product between two positive
semidefinite matrices (recall that a square matrix is
positive semidefinite if its eigenvalues are all positive
or null) S[k] and S[k′] and is therefore proportional
to the cosine between the matrices (because the set
of positive semidefinite matrices is a vector space).
The inner product is also used to define the norm of
a matrix (e.g., S[k]) as the square root of the inner
product of this matrix with itself. Formally, the norm
of a cross product matrix S[k] is denoted ‖S[k]‖ and is
defined as:

‖S[k]‖2 = 〈
S[k], S[k]

〉
. (9)

Because all matrices S[k] are positive semidefinite,
the inner product between two of these matrices
is always equal or larger than zero (see Appendix
for a proof). Note that when the matrices S[k]
and S[k′] are normalized such that the sum of
squares of their elements is one, the inner product
between these two matrices is equal to the cosine
between these matrices. This cosine is also known
as the RV coefficient introduced by Escoufier as
a measure of similarity between squared symmetric
matrices (specifically positive semidefinite matrices,64

see also Ref 65) and as a theoretical tool to
analyze multivariate techniques (see Refs 66, 67 for
reviews).

The inner products between all K matrices are
collected into a K by K inner product matrix denoted C
where ck,k′ gives the value of the inner product between
tables k and k′. Matrix C can also be computed from
the K by I2 matrix Z defined as

Z = [
vec

{
S[1]

} | · · · |vec
{
S[k]

} | · · · |vec
{
S[K]

}]T
.

(10)
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With this matrix Z, we compute C as:

C = ZZT. (11)

This shows that C is a positive semidefinite
matrix and that, therefore, its eigenvalues are all
positive or null and its eigenvectors are real and
orthogonal to each other. Consequently, C can be
eigen-decomposed as

C = U�UT with UTU = I. (12)

So, the eigendecomposition of C provides the
PCA of the similarity structure between the tables
(stored in X) which can, now, be represented as points
in a PCA map by using for coordinates their factor
scores that are computed as:

G = U�
1
2 . (13)

Note that the eigenvectors of C, could also have
been obtained from the SVD of Z as

Z = U�VT. (14)

This approach, called RV-PCA, is sometimes
used to analyze multiple correlation or covariance
matrices. It provides the similarity structure of the
tables and information on the values of what pairs
of observations contribute to the pattern of similarity
measured by

〈
S[k], S[k′]

〉
.

Optimum Weights from the First Eigenvector
of C
In addition to providing a visual representation of the
similarity structure, the eigendecomposition of matrix
C also provides optimal weights for combining the
tables into a compromise.

The eigendecomposition of matrix C always
gives a first eigenvector whose elements have the
same sign (which is, for convenience, considered
positive). This property is a consequence of the
Perron–Frobenius theorem that states that positive
semi-definite matrices whose elements are all positive
always have a first eigenvector with all elements having
the same sign (see Ref 68, p. 34ff ).

In fact, the value of a table for the first
eigenvector reflects its overall similarity to all the
other tables (e.g., its ‘communality’). This suggests
to use the values of this first eigenvector to weight
the tables in order to give more importance to tables
that well represent the group and less importance
to idiosyncratic tables. It can be shown (see Section
‘What Does Statis Optimize?’ and Appendix), that this

procedure provides an optimal representation of the
set of tables. So, if the first eigenvector of C is denoted
u1, the set of optimal weights for the tables is stored in
a K by 1 vector denoted α and computed by rescaling
u1 such that the sum of the elements of α is equal to
one:

α = u1 × (
uT

11
)−1

. (15)

For convenience, the α weights can be gathered
in a J by 1 vector denoted a where each variable
is assigned the α weight of the matrix to which it
belongs. Specifically, a is constructed as:

a =
[
α11T

[1], . . . , αk1T
[k], . . . , αK1T

[K]

]
, (16)

where 1[k] stands for a J[k] vector of ones.
Alternatively, the weights can be stored as the diagonal
elements of a diagonal matrix denoted A obtained as

A=diag {a}=diag
{[

α11T
[1], . . . , αk1T

[k], . . . , αK1T
[K]

]}
.

(17)

Step Two: Generalized PCA of X
GSVD of X
After the weights have been collected, they are used
to compute the GSVD of X under the constraints
provided by M (masses for the observations) and A
(optimum weights for the K tables). This GSVD is
expressed as:

X = P�QT with PTMP = QTAQ = I. (18)

This GSVD corresponds to a GPCA of matrix
X and, consequently, will provide factor scores to
describe the observations and factor loadings to
describe the variables. Each column of P and Q refers
to a principal component also called a dimension
(because the numbers in these columns are often used
as coordinates to plot maps, see Ref 50 for more
details). In PCA, Eq. 18 is often rewritten as

X = FQT with F = P�, (19)

where F stores the factor scores (describing the
observations) and Q stores the loadings (describing
the variables). Note, incidentally, that in the triplet
notation, STATIS is equivalent to the statistical
analysis of the triplet (X, A, M).

Because matrix X comprises K tables, each of
them comprising J[k] variables, the matrix Q of the left
singular vectors can be partitioned in the same way as
X. Specifically, Q can be expressed as a column block
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matrix as:

Q =

⎡⎢⎢⎢⎢⎢⎢⎣

Q[1]
...

Q[k]
...

Q[K]

⎤⎥⎥⎥⎥⎥⎥⎦ =
[
QT

[1]| · · · |QT
[k]| · · · |QT

[K]

]T
, (20)

where Q[k] is a J[k] by L (with L being the rank of X)
matrix storing the right singular vectors corresponding
to the variables of matrix X[k]. With this in mind,
Eq. 18 can re-expressed as:

X = [
X[1]| · · · |X[k]| · · · |X[K]

] = P�QT

= P�

([
QT

[1]| · · · |QT
[k]| · · · |QT

[K]

]T
)T

= P�
[
QT

[1]| · · · |QT
[k]| · · · |QT

[K]

]
=
[
P�QT

[1]| · · · |P�QT
[k]| · · · |P�QT

[K]

]
. (21)

Note, that, the pattern in Eq. 18 does not
completely generalize to Eq. 21 because, if we define
A[k] as

A[k] = αkI, (22)

we have, in general, QT
[k]A[k]Q[k] �= I.

Factor Scores
The factor scores for X represent the best compromise
(i.e., the best common representation) for the set of the
K matrices. Recall that these factor scores, called the
compromise factor scores, are computed (cf., Eqs (18)
and (19)) as

F = P�. (23)

Factor scores can be used to plot the observations
as done in standard PCA for which each column of F
represents a dimension. Note that the variance of the
factor scores of the observations is computed using
their masses (stored in matrix M) and can be found
as the diagonal of the matrix FTMF. This variance
is equal, for each dimension, to the square of the
singular value of this dimension as shown by

FTMF = �PTMP� = �2. (24)

As in standard PCA, F can be obtained from X
by combining Eqs (18) and (23) to get:

F = P� = XAQ. (25)

Taking into account the block structure of X, A,
and Q, Eq. 18 can also be rewritten as (cf., Eq. (22)):

F = XAQ = [
X[1]| · · · |X[k]| · · · |X[K]

]× A ×

⎡⎢⎢⎢⎢⎢⎢⎣

Q[1]
...

Q[k]
...

Q[K]

⎤⎥⎥⎥⎥⎥⎥⎦
=
∑

k

X[k]A[k]Q[k] =
∑

k

αkX[k]Q[k]. (26)

This equation suggests that the partial factor
scores for a table can be defined as the projection of
this table onto its right singular vectors (i.e., Q[k]).
Specifically, the partial factor scores for the kth study
are stored in a matrix denoted F[k] computed as

F[k] = X[k]Q[k]. (27)

Note that the compromise factor scores matrix
is the barycenter of the partial factor scores because it
is the weighted average (where the weights are given
by the αk’s) of the partial factor scores (cf., Eq. (25)):∑

k

αkF[k] =
∑

k

αkX[k]Q[k] = F. (28)

Also as in standard PCA, the elements of Q are
loadings and can be plotted either on their own or
along with the factor scores as a biplot.69,70

As the loadings come in blocks (i.e., the loadings
correspond to the variables of a table), it is practical
to create a biplot with the partial factor scores
(i.e., F[k]) for a block and the loadings (i.e., Q[k])
for this block. In doing so, it is often practical to
normalize the loadings such that their variance is
commensurable with the variance of the factor scores.
This can be achieved, for example, by normalizing,
for each dimension, the loadings of a block such that
their variance is equal to the square of the singular
value of the dimension or even to the singular value
itself (as illustrated in the example that we present
in a following section). These biplots are helpful
for understanding the statistical structure of each
block, even though the relative positions of the factor
scores and the loadings are not directly interpretable
because only the projections of observations on the
loading vectors can be meaningfully interpreted in a
biplot.69,70

An alternative pictorial representation of the
variables and the components plots the correlations
between the original variables of X and the
factor scores. These correlations are plotted as
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two-dimensional maps in which a circle of radius one
(called the circle of correlation50) is also plotted. The
closer to the circle a variable is, the better this variable
is ‘explained’ by the components used to create the
plot (see Ref 71 for an example).

Contribution of Observations, Variables,
and Tables to a Dimension
In STATIS, just like in standard PCA, the importance
of a dimension (i.e., principal component) is reflected
by its eigenvalue which indicates how much of the
total inertia (i.e., variance) of the data is explained by
this component.

In order to better understand the relationships
between components and observations, variables,
and tables and also to help interpret a component,
we can evaluate how much an observation, a
variable, or a whole table contribute to the inertia
extracted by a component. In order to do so, we
compute descriptive statistics, called contributions50

(p. 437ff ). The stability of these descriptive statistics
can also be assessed by cross-validation techniques
such as the bootstrap, and this approach can
then be used to select the relevant elements for a
dimension.

Contribution of an Observation to a Dimension
As stated in Eq. (24), the variance of the factor scores
for a given dimension is equal to its eigenvalue (i.e.,
the square of the singular value) associated with this
dimension. If we denote λ�, the eigenvalue of a given
dimension, we can rewrite Eq. (24) as

λ� =
∑

i

mi × f 2
i,� (29)

(where mi and fi,� are, respectively, the mass of the ith
observation and the factor score of the ith observation
for the �th dimension).

As all the terms mi × f 2
i,� are positive or null,

we can evaluate the contribution of an observation
to a dimension as the ratio of the squared weighted
factor score to the dimension eigenvalue. Formally,
the contribution of observation i to component �,
denoted ctri,�, is computed as

ctri,� = mi × f 2
i,�

λ�

. (30)

Contributions take values between 0 and 1, and
for a given component, the sum of the contributions
of all observations is equal to 1. The larger a
contribution, the more the observation contributes

to the component. A useful heuristic is to base the
interpretation of a component on the observations
that have contributions larger than the average
contribution. Observations with high contributions
and whose factor scores have different signs can then
be contrasted to help interpreting the component.
Alternatively (as described in a later section) we
can use bootstrap ratios to keep for consideration
observations with large bootstrap ratios for a given
dimension.

Contributions of a Variable to a Dimension
In a manner similar to the observations, we can find
the important variables for a given dimension by
computing variable contributions. The variance of the
loadings for the variables is equal to one when the α

weights are taken into account. (cf., Eq. (18)). So if
we denote by aj the alpha weight for the jth variable
(cf., Eq. (16)), we have

1 =
∑

j

aj × q2
j,� (31)

(where qj,� is the loading of the jth variable for the
�th dimension). As all terms aj × q2

j,l are positive or
null, we can evaluate the contribution of a variable to
a dimension as its squared weighted loading for this
dimension. Formally, the contribution of variable j to
component �, denoted ctrj,�, is computed as

ctrj,� = aj × q2
j,�. (32)

Variable contributions take values between 0
and 1, and for a given component, the contributions
of all variables sum to 1. The larger a contribution
of a variable to a component the more this variable
contributes to this component. Variables with high
contributions and whose loadings have different signs
can then be contrasted to help interpreting the
component.

Contribution of a Table to a Dimension
Specific to multiblock analysis is the notion of a table
contribution. As a table comprises several variables,
the contribution of a table can simply be defined as
the sum of the contributions of its variables (a simple
consequence of the Pythagorean theorem that states
that squared lengths are additive). So the contribution
of table k to component � is denoted ctrk,� and is
defined as

ctrk,� =
J[k]∑

j

ctrj,�. (33)
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Table contributions take values between 0 and 1,
and for a given component, the contributions of
all tables sum to 1. The larger a contribution
of a table to a component, the more this table
contributes to this component. The contributions of
the tables for a given dimension sum to one. An
alternative approach re-scales the contributions so
that the sum of the contributions for a dimension
is now equal to the eigenvalue of this dimension.
These re-scaled contributions are called partial inertias
and are denoted Ipartial. The partial inertias are
obtained from the contributions by multiplying the
contributions for a dimension by the dimension
eigenvalue.

STATIS with Cross-Product Matrices
The traditional approach to STATIS focuses on the
cross-product matrices S[k] and on the computation
of the factor scores for the observations. In this
context, the compromise is computed as the optimal
linear combination of the S[k] matrices with weights
provided by the elements of α. Specifically, the
compromise cross-product matrix is denoted S[+] and
is computed as

S[+] =
K∑
k

αkS[k]. (34)

Note that S[+] can also be directly computed
from X as

S[+] = XAXT. (35)

The compromise matrix being a weighted sum
of cross-product matrices, is also a cross-product
matrix (i.e., it is a positive semidefinite matrix)
and therefore its eigendecomposition amounts to a
PCA. The generalized eigendecomposition under the
constraints provided by matrix M of the compromise
gives:

S[+] = P�PT with PTMP = I. (36)

Eqs (35) and (18), together indicate that the
generalized eigenvectors of the compromise are the
left generalized singular vectors of X (cf., Eq. 18) and
that the eigenvalues of S[+] are the squares of the
singular values of X (i.e., � = �2). The loadings can
be computed by rewriting Eq. (18) as

Q = XTMP�−1. (37)

Similarly, the compromise factor scores can be
computed from S[+] (cf., Eq. (25)) as

F = S[+]MP�−1. (38)

In this context, the loadings for the variables
from table k are obtained from Eq. (37) as

Q[k] = XT
[k]MP�−1. (39)

The factor scores for table k are obtained from
Eqs (39) and (27) as

F[k] = X[k]Q[k] = X[k]X
T
[k]MP�−1 = S[k]MP�−1.

(40)

STATIS as Simple PCA
STATIS can also be computed as the simple PCA of
the set of the X[k] matrices, each weighted by the
square root of its respective α weight (this assumes, as
it is the case in general for STATIS, that matrix M is
equal to 1

I I). Specifically, if we define the matrix

X̃ = [√
α1X[1]| · · · |√α[k]X[k]| · · · |

√
αKX[K]

]
, (41)

whose (simple) SVD is given by

X̃ = P̃�̃Q̃T with P̃ T P̃ = Q̃TQ̃ = I. (42)

Then the factor scores for the observations can
be obtained as

F = P̃�̃. (43)

The loadings for table k are obtained as

Q[k] = 1√
α

Q̃[k]. (44)

More on Preprocessing
The preprocessing step is a crucial part of the analysis
and can be performed on the columns, on the rows,
and on the whole matrix.

Column and Row Preprocessing
Most of the time, each variable is centered (i.e., the
mean of each variable is zero) and normalized (i.e.,
the sum of the squared elements of each column is
equal to one, I, or even I − 1). In some cases, the
normalization affects the rows of the matrix and
in this case the sum of each row can be equal to
one (e.g., as in correspondence analysis,53 see also
Ref 72 for an explicit integration of correspondence
analysis and STATIS) or the sum of squares of the
elements of a given row can be equal to one (e.g., as
in Hellinger/Bhattacharyya analysis73–77).
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Whole Table Preprocessing
A STATIS analysis of a set of tables with very different
scales or factorial structures will, in general, favor the
tables with the largest variance. A large variance can
be due to a large number of variables (compared to
the other tables) or to a strong factorial structure.
So, in the same way as normalizing variables (e.g.,
using Z-scores) allows to compare variables measured
on different scales, normalizing data tables allows to
compare data tables that have different structures or
different scales.

There are different ways to normalize data
tables. The simplest one is to divide all entries of
the data table by its number of columns or, better, by
the square root of the number of columns (as done
in the so-called ‘Tucker-1’ model and in ‘consensus
PCA’78–80). Another straightforward transformation
divides all entries of the data table by the square
root of the total sum of squares of its elements. This
sets the total variance of each table to one and will
guarantee that all tables participate equally in the
analysis. This normalization is used, for example,
in the SUM-PCA technique which originated in the
chemometrics tradition.14,15 In this article we will
favor this normalization because of its simplicity.
A closely related procedure is to normalize X[k] by
the square root of the norm of the matrix Y[k]YT

[k].
Specifically, here X[k] is obtained as

X[k] = Y[k] × ‖Y[k]Y
T
[k]‖− 1

2 . (45)

This normalization ensures that the cross-
product matrices S[k] all have norm equal to one
and therefore that the inner product between cross-
product matrices is equal to the RV-coefficient. A
more sophisticated alternative to the normalization
problem originated in the multiple factor analysis
framework.81,82 Here, each table is normalized by
dividing each of its entries by the first singular value
of this table. This normalization guarantees that all
data tables have a first component of unit variance
and therefore that all tables can contribute equally to
the first dimension of the common structure.

SUPPLEMENTARY ELEMENTS
(ALSO KNOWN AS OUT OF SAMPLE)

As in standard PCA, we can use the results of
the analysis to compute approximate statistics (e.g.,
factor scores, loadings, or optimum weights) for
new elements (i.e., elements that have not been
used in the analysis). These new elements are
called supplementary elements50,83 or ‘out of sample’

elements.84 By contrast with the supplementary
elements, the elements actually used in the analysis
are called active elements. The statistics for the
supplementary elements are obtained by projecting
these elements onto the active space. In the STATIS
framework, we can have supplementary rows and
columns (like in PCA) but also supplementary tables.
Supplementary rows for which we have values for all
J variables and supplementary variables for which
we have measurements for all I observations are
projected in the same way as for PCA (see, e.g., Ref 50,
p. 436ff ). Computing statistics for supplementary
tables, however, is specific to STATIS.

Supplementary Rows and Columns
Because STATIS is a generalized PCA, we can add
supplementary rows and columns as in standard
PCA (see Ref 50 for details). Note incidentally, that
this procedure assumes that the supplementary rows
and columns are scaled in a manner comparable
to the rows and columns of the original matrix X.
Specifically, from Eqs (27) and (18), we can compute
the factor scores, denoted fsup for a supplementary
observation (i.e., a supplementary row of dimensions
1 by J recording measurements on the same variables
as the whole matrix X). This supplementary row is
represented by a 1 by J vector denoted rT

sup (which
has been preprocessed in the same way as X), the
supplementary factor scores are computed as

fsup = rT
supAQ. (46)

Loadings are denoted qsup for a new column
which is itself denoted by an I by 1 vector osup
(note that osup needs to have been preprocessed in
a way comparable with the tables). These loadings are
obtained, in a way similar to Eq. (46) as

qsup = osupMP�−1. (47)

Supplementary Partial Observation
In some cases, we have supplementary observations
for only one (or some) table(s). In this case, called a
partial observation, we can obtain the partial factor
scores for this observation from Eq. (27). Specifically,
let xT

sup[k] denotes a 1 by J[k] vector of measurements
collected on the J[k] variables of table k (xT

sup[k]
should have been pre-processed in the same way
as the whole matrix X[k]). The partial factor scores
for this supplementary observation from table k are
obtained as:

fsup[k] = xT
sup[k] × Q[k]. (48)
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Note that the factor scores for a supplementary
observation collected on all tables can be obtained as
the weighted (with the α weights) average of the partial
factors scores (see Eqs (28) and (46)). Specifically, we
can show that

K∑
k

αkfsup[k] =
K∑
k

xT
sup[k] (αk × I) Q[k]

=
K∑
k

xT
sup[k]A[k]Q[k] = xT

supAQ = fsup. (49)

In order to compute the loadings for a
supplementary variable for a specific table, it suffices
to preprocess this variable like the variables of this
table (and this includes the whole table normalization
if it was used) and then to use Eq. (47).

Supplementary tables
Because STATIS involves tables, it is of interest to be
able to project a whole table as a supplementary
element. This table will include new variables
measured on the same observations described by the
active tables. Such a table is represented by the I by Jsup
matrix Ysup. The matrix Ysup is preprocessed in the
same manner (e.g., centered, normalized) as the Y[k]
matrices to give the supplementary matrix Xsup. This
matrix will provide supplementary factor scores and
loadings for the compromise solution, factor scores
for the inner-product map, and one supplementary α

value as described below.

Factor Scores
In order to obtain the factor scores for a new table, the
first step is to obtain (from Eq. (47)) the supplementary
loadings which are computed as

Qsup = XT
supMP�−1. (50)

Then, using Eq. (27), we obtain the supplemen-
tary factor scores for the new table Xsup as

Fsup = XsupQsup = XsupXT
supMP�−1 = SsupMP�−1.

(51)

Inner Product Map Projection
When evaluating a supplementary table, it is
important to evaluate its similarity to the set of the
active tables. This is done by computing the inner
product between this supplementary table and all the
other tables and then projecting the vector made of
these inner products onto the eigenvectors of the inner
product matrix.

The first step is to compute the cross-product
matrix associated to Xsup as

Ssup = XsupXT
sup. (52)

Then the K inner products between Ssup and each
of the K cross-product matrices S[k] are computed (see
Eq. 8) and stored into the K by 1 vector denoted
csup:

csup = [〈
Ssup, S[1]

〉
, . . . ,

〈
Ssup, S[k]

〉
, . . . ,

〈
Ssup, S[K]

〉]T
.

(53)

The factor scores of the supplementary table in
the inner product map are stored in the 1 by L vector
denoted gT

sup computed as (see Eq. (13)):

gT
sup = cT

supU�− 1
2 . (54)

Alternatively, if we denote by zsup the I2 by 1
vector version of Ssup (i.e., zsup = vec

{
Ssup

}
), we can,

using Eq. (14), compute gsup as

gT
sup = zT

supV = vec
{
Ssup

}T V = vec
{
XsupXT

sup

}T
V.

(55)

STATIS Weight: αsup
The value of the STATIS weight for a supplementary
table is denoted αsup and is obtained by combining
Eqs (15) and (55) to give:

αsup = γ
− 1

2
1 gsup,1 × (u11)−1 . (56)

where gsup,1 is the value of the supplementary factor
score for the first dimension of the inner product
matrix and γ1 is the first eigenvalue of the inner
product matrix.

INFERENTIAL ASPECTS

STATIS is a descriptive multivariate technique, but
it is often important to be able to complement the
descriptive conclusions of an analysis by assessing if
its results are reliable and replicable. For example, a
standard question, in the PCA framework, is to find
the number of reliable components and most of the
approaches used in PCA will work also for STATIS.
For example, we can use of the informal ‘scree’ test
(also known as ‘elbow’) and the more formal tests
RESS, PRESS, and Q2 statistics (see, for details, e.g.,
Ref 50, p. 440ff ).

In addition to standard PCA methodology, two
problems are specific to STATIS. The first one is to
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decide if the set of tables is sufficiently homogenous
to be considered a random sample from a single
population. If so, integrating these tables into a
compromise is relevant. If not then maybe the set
of tables needs to be partitioned into homogenous
sets of tables and a new analysis can be run on
each of these homogenous sets. This approach has
been developed analytically recently85–88 and can,
under standard (but somewhat stringent) assumptions
(e.g., normality, random sampling of the tables,
etc.), provide point estimates, statistical tests, and
confidence intervals. This recent important line of
work is likely to be expanded to more general cases in
the near future.

A promising nonparametric alternative to
this analytical approach is to use cross-validation
resampling techniques such as permutation tests,89

the jackknife,90 or the bootstrap.91–93 For example,
a null hypothesis test for the significance of the first
or second eigenvalue of the inner product matrix
could be obtained by permuting the elements of the
columns of the matrices X[k] (the permutation needs
to be done per column in order to keep the column
normalization) and to compute the related matrices
S[k] which are then used to compute a ‘permuted
matrix’ Z (see Eq. (10)). This permuted Z is, in turn,
used to create a ‘permuted’ version of matrix C whose
eigenvalues will correspond to eigenvalues obtained
when the data are random (permuting the entries of
C will not lead to the correct test because C will
not, in general, be positive definite under permutation
of its elements). Repeating this procedure a large
number of times will provide a sampling distribution
of the eigenvalues of C under the null hypothesis
and an observed rare value for the analysis under
consideration can then be judged significant (see
Ref 42 for an example).

Another interesting problem is to evaluate if
STATIS improves over a simple multitable analysis
which has all weights equal to 1

I . This question can
be addressed with techniques such as the jackknife or
the bootstrap as illustrated below.

Jackknife for the Optimum Weights
Recall that the optimal weights (i.e., the α’s stored
in vector α) are used to compute the compromise as
a linear combination of the original tables. These
weights are computed to optimize the similarity
between the tables and the compromise. In some
cases we can consider that these tables as fixed (i.e.,
they constitute the population of interest) and that
the observations are random (specifically, independent
and identically distributed random variables, or ‘i.i.d.’

in statistical jargon). In such cases, replications would
keep the same tables but will sample new (i.e.,
different) observations. An obvious question, then,
is: How different would the new α values be? If
we assume that the observations are i.i.d., we can
use estimation techniques such as the jackknife90

or the bootstrap.91 As an illustration, we present
how the jackknife could be used to estimate the
values of α when the tables are considered as a
fixed factor and the observations are a random
factor.

For the jackknife, we leave out each observation
in turn and compute an estimate of α without this
observation. We then integrate all these estimates to
derive an unbiased estimate of α and of its variability
(we follow here the notations and approach detailed
in Ref 90).

Specifically, if we consider the ith observation,
we denote α−i. the vector of optimum weights
computed without this observation. We then compute
the pseudo-value of α, denoted α∗

i as:

α∗
i = Iα − (I − 1)α−i. (57)

The jackknife estimator of α is denoted α∗ and
is computed as the mean of the pseudovalues:

α∗ = 1
I

I∑
i

α∗
i = α − I − 1

I

I∑
i

α−i (58)

(note that some values of α∗
i could be negative,

in such unlikely cases, negative values are set to
zero).

The vector variance of the α∗
i is computed as

σ̂ 2
α∗

i
= 1

I − 1

I∑
i

(
α∗

i − α∗)2 . (59)

The standard error of the mean is obtained as

σ̂ 2
α∗ =

√
σ̂ 2

α∗
i

I
. (60)

When the observations are i.i.d., this standard
error can be used to compute confidence intervals
as the sampling distribution of the α’s (i.e., the
elements of α∗) converges to a normal distribution.
The standard error can also be used to compute
pseudo-t values called jackknife ratios in order to test
null-hypothesis. In the case of STATIS, one interesting
null hypothesis for an αk would be to test if its value
differs from the chance value of 1

I .
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Bootstrap for the Factor Scores
If we assume that the tables constitute a random
factor (i.e., the tables are i.i.d, and sampled from a
potentially infinite set of tables) and if we consider
the observations as a fixed factor, we may want to
estimate the stability of the compromise factor scores.

Such an evaluation could be done, for example,
by using a jackknife or a bootstrap approach.

We briefly sketch here a possible bootstrap
approach for the factor scores (see Ref 93 for the
problem of bootstrapping in the context of the SVD,
and Ref 94 for a review of the bootstrap in the PCA
context). The main idea is to use the properties of
Eq. (28) which indicate that the compromise factor
scores are the weighted (by the α’s) average of
the factor scores of the tables. Therefore we can
obtain bootstrap confidence intervals by repeatedly
sampling with replacement from the set of tables
and compute for each of these samples an estimate
of the α weights and the compromise factor scores
(this approach corresponds to the partial bootstrap of
Ref 94, see Ref 42 for an alternative approach using
split-half resampling). From these estimates we can
also compute bootstrap ratios for each dimension by
dividing the mean of the bootstrap estimates by their
standard deviation. These bootstrap ratios are akin
to t statistics and can be used to detect observations
that reliably contribute to a given dimension. So,
for example, for a given dimension and a given
observation a value of the bootstrap ratio larger than
2 will be considered reliable (by analogy with a t larger
than 2 which would be ‘significant’ at p < .05). When
evaluating bootstrap ratios, the multiple comparisons
problem needs to be taken into account by using, for
example, a Bonferroni-type correction95 and instead
of using critical values corresponding to say p < 0.05
we would use values corresponding to p < 0.05

I .
More formally, in order to compute a bootstrap

estimate, we need to generate a bootstrap sample.
To do so, we first take a sample of integers with
replacement from the set of integers from 1 to K.
Recall that, when sampling with replacement, any
element from the set can be sampled zero, one, or
more than one times. We call this set B (for bootstrap).
For example, with 5 elements, a possible bootstrap set
could be B = {1, 5, 1, 3, 3}. We then generate a new
data set (i.e., a new X matrix comprising K tables)
using matrices X[k] with these indices. So with K = 5,
this would give the following bootstrap set{

X[1], X[5], X[1], X[3], X[3]
}
. (61)

We will then use this set of matrices to compute a
matrix of inner products (denoted C∗

1, see Eq. (8)) from

which we would derive a set of α weights (denoted α∗
1,

see Eq. (15)). From these weights we will then compute
a compromise cross product matrix (denoted S∗

[+]1, see
Eq. (34)). Finally we will compute the bootstrapped
factor scores (denoted F∗

1) from this compromise
by projecting the bootstrapped compromise on the
compromise as a supplementary element (see Eqs
(40) and (51)). Interestingly, as a consequence of
the barycentric properties of the factor scores (see
Eq. (28)), this last step can also directly obtained by
computing F∗

1 as the weighted (by the α∗’s) average
of the corresponding partial factor scores. We then
repeat the procedure for a large number of times (e.g.,
L = 1000) and generate L bootstrapped matrices of
factor scores F∗

� . From these bootstrapped matrices of
factor scores, we can derive confidence intervals and
estimate the mean factor scores as the mean of the
bootstrapped factor scores. Formally, F

∗
denotes the

bootstrap estimated factor scores, and is computed as

F
∗ = 1

L

L∑
�

F∗
�. (62)

In a similar way, the bootstrapped estimate of the
variance is obtained as the variance of the F∗

� matrices.
Formally, σ̂ 2

F∗ denoted the bootstrapped estimate of
the variance and is computed as

σ̂ 2
F∗ = 1

L

(
L∑
�

(
F∗

� − F
∗) ◦

(
F∗

� − F
∗))

(63)

(where ◦ denotes the Hadamard product). Bootstrap
ratios are computed by dividing the bootstrapped
mean by the bootstrapped standard deviation
(denoted σ̂F∗ and is the square root of the bootstrapped
estimate of the variance).

Bootstrapped Confidence Intervals
The bootstrap factor scores (i.e., the F∗

� ’s) can also
be used to compute confidence intervals (CI) for the
observations. For a given dimension, the bootstrapped
factor scores of an observation can be ordered from
the smallest to the largest and a confidence interval for
a given p value can be obtained by trimming the upper
and lower 1

p proportion of the distribution. In general,
for a given dimension, the bootstrap ratios, and the
CIs will agree to detect the relevant observations. In
addition, CIs can also be plotted directly on the factor
scores map as confidence ellipsoids or confidence
convex-hulls which comprise a 1 − p proportion
of the bootstrapped factor scores (see Ref 42 and
our example below for an illustration). When the
ellipsoids or convex-hulls of two observations do not
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overlap, these two observations can be considered as
reliably different. Like for the bootstrap ratios, in
order to correct for the potential problem of multiple
comparisons, a Bonferroni type of correction can also
be implemented when plotting hulls or ellipsoids (see
Ref 42 for details).

WHAT DOES STATIS OPTIMIZE?

Intuitively, the goal of the STATIS method is to find
a set of weights (i.e., the αk’s) such that the factor
scores of matrix X are as close as possible to the set
of the partial factor scores of the K tables comprising
X. This intuition can be formalized by two main types
of criteria (which are equivalent as they correspond to
maximizing the same quantities). We express formally
these criteria in this section and give the proofs in
Appendix.

Largest Variance of the Compromise
The first criterion can be expressed in several
equivalent ways. The simplest one indicates that
the variance of the compromise is maximal (and
therefore that the factor scores of X have maximal
variance as they are obtained from its GSVD).
Formally, this amounts to maximizing the following
criterion:

V = ||S[+]||2 = 〈
S[+], S[+]

〉
with αTα = 1. (64)

This criterion can be re-expressed as a
minimization problem, for which STATIS seeks the
minimum distance between the individual cross-
product matrices and the compromise. Namely,
STATIS minimizes:

D =
K∑
k

‖S[k] − αkS[+]‖2 with αTα = 1. (65)

Compromise Most Similar to Tables
An alternative criterion maximized by STATIS is
the overall similarity between the tables and the
compromise. Specifically, STATIS maximizes21:

S =
K∑
k

〈
S[k], S[+]

〉2 with αTα = 1. (66)

Note that, for the STATIS criterion, the
similarity between two cross-product matrices is
evaluated by the squared inner product of these two
matrices.

DUAL-STATIS
In dual-STATIS, the data consist of K sets of
observations measured on the same set of variables.
Here, instead of computing K cross-product matrices
between the observations, we compute K covariance
matrices between the variables (one per set of
observations). The dual-STATIS approach then
follows the same steps as standard STATIS and will
provide a compromise map for the variables (instead
of the observations in STATIS), and partial loadings
for each table.

AN EXAMPLE
A typical example of using STATIS is the description
of a set of products by a group of expert assessors.
This type of data could be analyzed using a standard
PCA, but this approach obviously neglects the inter-
assessor differences. STATIS has the advantages of
providing a compromise space for the products as
well as evaluating differences between the assessors.
We illustrate STATIS with a fictitious example from
wine tasting.

For our example, we selected twelve wines made
from Sauvignon Blanc grapes coming from three
wine regions (four wines from each region): New
Zealand, France, and Canada. We then asked 10
expert assessors to evaluate these wines. The assessors
were asked (1) to evaluate the wines on 9-point rating
scales, using four variables considered as standard
for the evaluation of these wines (cat-pee, passion-
fruit, green pepper, and mineral) and, (2) if they felt
the need, to add some variables of their own (some
assessors choose none, some choose one or two more
variables). The raw data are presented in Table 1. The
goals of the analysis were twofold: (1) to obtain a
typology of the wines, and (2) to discover agreement
(if any) between the assessors.

For the example, the data consist of K = 10
tables (one for each assessor) shown in Table 1. For
example, the first table denoted Y[1] is equal to

Y[1] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

8 6 7 4 1 6
7 5 8 1 2 8
6 5 6 5 3 4
9 6 8 4 3 5
2 2 2 8 7 3
3 4 4 9 6 1
5 3 5 4 8 3
5 2 4 8 7 4
8 6 8 4 4 7
4 6 2 5 3 4
8 4 8 1 3 3
5 3 6 4 4 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (67)
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Each table was then preprocessed by first
centering and normalizing each column and then by
normalizing the whole table such that the sum of the
square values of all elements of this table was equal to
one. For example, X[1], the preprocessed matrix for
Assessor 1, is equal to:

X[1] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.12 0.13 0.07 −0.04 −0.18 0.11
0.07 0.05 0.13 −0.18 −0.12 0.23
0.01 0.05 0.02 0.01 −0.07 −0.01
0.18 0.13 0.13 −0.04 −0.07 0.05

−0.21 −0.18 −0.20 0.16 0.15 −0.07
−0.16 −0.03 −0.09 0.21 0.10 −0.19
−0.05 −0.11 −0.04 −0.04 0.21 −0.07
−0.05 −0.18 −0.09 0.16 0.15 −0.01

0.12 0.13 0.13 −0.04 −0.01 0.17
−0.10 0.13 −0.20 0.01 −0.07 −0.01

0.12 −0.03 0.13 −0.18 −0.07 −0.07
−0.05 −0.11 0.02 −0.04 −0.01 −0.13

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(68)

Analyzing the Between-Table Structure
To each X[k] matrix, we associated its I × I cross-
product matrix, denoted S[k]. For example, the S[k]
matrix for Assessor 1 is obtained as (cf., Eq. (3)):

S[1] = X[1]XT
[1]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.08 0.08 0.02 0.07 −0.11 −0.08 −0.07 −0.07 0.06 0.00 0.03 −0.03
0.08 0.13 0.01 0.06 −0.11 −0.12 −0.05 −0.07 0.08 −0.02 0.05 −0.03
0.02 0.01 0.01 0.01 −0.02 −0.01 −0.02 −0.02 0.01 0.01 0.01 −0.00
0.07 0.06 0.01 0.07 −0.11 −0.07 −0.04 −0.06 0.07 −0.02 0.04 −0.02

−0.11 −0.11 −0.02 −0.11 0.17 0.12 0.07 0.11 −0.10 0.03 −0.08 0.03
−0.08 −0.12 −0.01 −0.07 0.12 0.12 0.04 0.07 −0.08 0.03 −0.06 0.02
−0.07 −0.05 −0.02 −0.04 0.07 0.04 0.06 0.05 −0.04 −0.02 −0.01 0.02
−0.07 −0.07 −0.02 −0.06 0.11 0.07 0.05 0.09 −0.05 −0.01 −0.05 0.01

0.06 0.08 0.01 0.07 −0.10 −0.08 −0.04 −0.05 0.08 −0.02 0.02 −0.04
0.00 −0.02 0.01 −0.02 0.03 0.03 −0.02 −0.01 −0.02 0.07 −0.04 −0.01
0.03 0.05 0.01 0.04 −0.08 −0.06 −0.01 −0.05 0.02 −0.04 0.07 0.02

−0.03 −0.03 −0.00 −0.02 0.03 0.02 0.02 0.01 −0.04 −0.01 0.02 0.03

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (69)

Next, the inner-products between all pairs of
S[k] tables (i.e., the coefficients ck,k′) are computed and
stored in matrix C. Using Eqs (8), (10), and (11), we
get the following C matrix:

C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.51 0.44 0.40 0.38 0.34 0.40 0.41 0.35 0.48 0.52
0.44 0.52 0.36 0.41 0.30 0.42 0.40 0.39 0.43 0.54
0.40 0.36 0.42 0.39 0.33 0.35 0.33 0.31 0.42 0.46
0.38 0.41 0.39 0.56 0.37 0.40 0.37 0.39 0.46 0.51
0.34 0.30 0.33 0.37 0.35 0.30 0.27 0.29 0.37 0.39
0.40 0.42 0.35 0.40 0.30 0.48 0.39 0.34 0.45 0.51
0.41 0.40 0.33 0.37 0.27 0.39 0.46 0.32 0.41 0.46
0.35 0.39 0.31 0.39 0.29 0.34 0.32 0.43 0.38 0.44
0.48 0.43 0.42 0.46 0.37 0.45 0.41 0.38 0.60 0.54
0.52 0.54 0.46 0.51 0.39 0.51 0.46 0.44 0.54 0.68

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (70)

The eigendecomposition of C is then obtained
as (cf., Eq. (12)):

C = U�UT =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.325 −0.212
0.326 −0.359
0.289 0.212
0.326 0.561
0.253 0.443
0.311 −0.237
0.294 −0.391
0.279 0.124
0.349 0.137
0.389 −0.165

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

× diag
{

4.135
0.224

}
×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.325 −0.212
0.326 −0.359
0.289 0.212
0.326 0.561
0.253 0.443
0.311 −0.237
0.294 −0.391
0.279 0.124
0.349 0.137
0.389 −0.165

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

(71)

for the first two components.

From the eigendecomposition of C, we obtain
the factor scores (for the first two components)
of the tables for the inner product matrix as
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(cf., Eq. 13):

G = U�
1
2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.662 −0.100
0.662 −0.170
0.588 0.100
0.662 0.265
0.515 0.209
0.633 −0.112
0.598 −0.185
0.567 0.059
0.710 0.065
0.791 −0.078

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The projections of the assessors onto the first
and second components are shown in Figure 2 (note
that the elements of the first column of U, denoted u1,
are all positive). From this visual display, we can see
that the 10 tables of the assessors should all receive
similar weights in the compromise.

Permutation Test: Significance of the First Two
Eigenvalues
When using STATIS two questions are important:
(1) Is the first dimension of the C matrix significant?
In practice, it seems to always be the case, however
it is useful to confirm that it indeed is so for a
specific analysis; but also (2) is the second dimension
larger than chance? This last question is particularly
relevant for the STATIS model, because a positive
answer suggests that there are clusters of tables and
that separate STATIS analyses (i.e., one per cluster)
would be more appropriate85–88 than an overall
analysis.

Because the data at hand do not seem to
follow the assumptions of the analytical approach, we
decided to evaluate the question of the significance of
the eigenvalues with a permutation test. To do so, we

2

3

98

4

10

6

7

5

1

2

1

FIGURE 2 | Inner product map. Projection of the assessors onto the
first and second components. Note that the first dimension is positive
because all the inner products are positive.

started by permuting the entries within each column
of the matrices X[k]. For example, the first permuted
matrix denoted X∗

[1] would be:

X∗
[1] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.16 −0.11 0.13 0.16 −0.07 0.17
−0.05 0.05 −0.09 0.21 0.15 −0.19
−0.05 0.13 −0.20 −0.04 −0.01 −0.01

0.12 −0.11 −0.20 0.01 −0.07 0.23
0.07 0.05 0.07 −0.04 0.15 −0.07
0.12 0.13 0.02 −0.04 −0.07 −0.07

−0.05 0.13 −0.04 0.01 0.21 −0.13
−0.10 −0.18 0.13 −0.04 −0.12 −0.07

0.12 0.13 0.02 −0.18 −0.07 −0.01
0.18 −0.03 0.13 −0.04 −0.01 0.05
0.01 −0.18 0.13 0.16 −0.18 −0.01

−0.21 −0.03 −0.09 −0.18 0.10 0.11

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(72)

We then computed all the corresponding
permuted cross product matrices (denoted S∗

[k]). For
example S∗

[1] is equal to (see Eq. (69)):

S∗
[1] = X∗

[1]X
∗
[1]

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.11 −0.02 −0.04 0.01 −0.04 −0.04 −0.05 0.04 −0.06 −0.01 0.07 0.01
−0.02 0.12 0.02 −0.05 0.02 −0.00 0.07 −0.03 −0.05 −0.04 −0.01 −0.03
−0.04 0.02 0.06 0.02 −0.01 0.01 0.02 −0.04 0.02 −0.04 −0.05 0.03

0.01 −0.05 0.02 0.12 −0.04 −0.01 −0.06 −0.03 −0.00 0.01 0.01 0.01
−0.04 0.02 −0.01 −0.04 0.04 0.01 0.04 −0.02 0.01 0.01 −0.03 −0.01
−0.04 −0.00 0.01 −0.01 0.01 0.04 0.01 −0.02 0.04 0.02 −0.01 −0.04
−0.05 0.07 0.02 −0.06 0.04 0.01 0.08 −0.04 −0.00 −0.03 −0.06 0.01

0.04 −0.03 −0.04 −0.03 −0.02 −0.02 −0.04 0.08 −0.02 0.00 0.07 0.00
−0.06 −0.05 0.02 −0.00 0.01 0.04 −0.00 −0.02 0.07 0.03 −0.04 −0.01
−0.01 −0.04 −0.04 0.01 0.01 0.02 −0.03 0.00 0.03 0.05 0.02 −0.04

0.07 −0.01 −0.05 0.01 −0.03 −0.01 −0.06 0.07 −0.04 0.02 0.11 −0.06
0.01 −0.03 0.03 0.01 −0.01 −0.04 0.01 0.00 −0.01 −0.04 −0.06 0.11

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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With these permuted cross-product matrices, we
computed a permuted inner product matrix denoted
C∗ equal to (cf., Eq. (70)):

C∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.24 0.09 0.08 0.10 0.07 0.12 0.11 0.10 0.09 0.05
0.09 0.22 0.08 0.11 0.12 0.11 0.10 0.12 0.06 0.05
0.08 0.08 0.22 0.08 0.12 0.05 0.08 0.10 0.07 0.08
0.10 0.11 0.08 0.26 0.07 0.11 0.11 0.08 0.09 0.12
0.07 0.12 0.12 0.07 0.25 0.05 0.06 0.12 0.06 0.08
0.12 0.11 0.05 0.11 0.05 0.30 0.13 0.09 0.11 0.08
0.11 0.10 0.08 0.11 0.06 0.13 0.32 0.10 0.10 0.05
0.10 0.12 0.10 0.08 0.12 0.09 0.10 0.24 0.10 0.06
0.09 0.06 0.07 0.09 0.06 0.11 0.10 0.10 0.23 0.11
0.05 0.05 0.08 0.12 0.08 0.08 0.05 0.06 0.11 0.30

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (73)

The eigendecomposition of C∗ gave the
following eigenvalues:

�∗ = diag
{[

1.070 0.298 0.282 0.192 0.178 0.143 0.129 0.109 0.097 0.084
]}

. (74)

We repeated this procedure 10,000 times and
found that the first eigenvalue of matrix C was larger
than the first eigenvalue of all 10,000 permuted C∗
matrices. From that pattern we can conclude that the
first eigenvalue is highly significant (i.e., p < 0.0001).
By contrast, all 10,000, but four, second eigenvalues
turned out to be larger than the second eigenvalue of
C (i.e., p = 0.9996) and this pattern strongly suggests
that there is no cluster (or subpopulation or ‘segment’)
in the sample of assessors used for this example.

Finding the Optimal Weights from the First
Eigenvector of C
From u1 (see Eq. (71)), we find the optimum set of
weights, denoted α, by rescaling u1 so that the sum of
its elements is equal to 1 (cf., Eq. (15)):

α = u1 × (u11)−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.325
0.326
0.289
0.326
0.253
0.311
0.294
0.279
0.349
0.389

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
× 3.141−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.104
0.104
0.092
0.104
0.081
0.099
0.094
0.089
0.111
0.124

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(75)

There are K = 10 values in α (see Eqs (75),
(2) and (15)–(17)). These values are stored in the

J = 53 × 1 vector a, which can itself be used to fill
in the diagonal elements of the 53 × 53 diagonal
matrix A:

a =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1[1] × 0.104
1[2] × 0.104
1[3] × 0.092
1[4] × 0.104
1[5] × 0.081
1[6] × 0.099
1[7] × 0.094
1[8] × 0.089
1[9] × 0.111
1[10] × 0.124

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and

A = diag {a} = diag

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1[1] × 0.104
1[2] × 0.104
1[3] × 0.092
1[4] × 0.104
1[5] × 0.081
1[6] × 0.099
1[7] × 0.094
1[8] × 0.089
1[9] × 0.111
1[10] × 0.124

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (76)

where 1[k] is an J[k] vector of ones.

Generalized PCA of X
The 12 × 12 diagonal mass matrix M for the
observations (with equal masses set to mi = 1

I = 0.08)
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is given as

M = diag {m} = diag
{

1
12

× 1
}

= diag

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (77)

The GSVD of X with matrices M (Eq. (77))
and A (Eq. (76)) gives X = P�QT. The eigenvalues
(denoted λ) are equal to the squares of the singular
values and are often used to informally decide upon the
number of components to keep for further inspection.
The eigenvalues and the percentage of the inertia that
they explain are given in Table 2.

The pattern of the eigenvalue distribution
suggests to keep two or three dimensions for future
examination and we decided (somewhat arbitrarily)
to keep only the first two dimensions for this example.
So, in the remainder of this example we show only
these first two dimensions.

The matrix Q of the right singular vectors
(loadings for the variables) is given in Table 3, the
matrix P of the right singular vectors and the matrix
� of the singular values are given below:

P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1.098 0.460
−0.921 0.185
−0.876 −1.297
−1.275 −0.507

1.557 −0.405
1.415 −0.351
0.958 0.663
1.068 0.968

−0.781 0.810
0.083 −2.212

−0.535 1.612
0.406 0.073

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� = diag
{[

0.229
0.089

]}
. (78)

Factor Scores
The factor scores for X show the best two-dimensional
representation of the compromise of the K tables.
Using Eqs (23), (25), and (78), we obtain:

F = P� = XAQ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.252 0.041
−0.211 0.016
−0.201 −0.115
−0.292 −0.045

0.357 −0.036
0.324 −0.031
0.220 0.059
0.245 0.086

−0.179 0.072
0.019 −0.196

−0.123 0.143
0.093 0.006

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (79)

In the F matrix, each row represents a wine
and each column is a component. Figure 3a shows the
wines in the space created by the first two components.
The first component (with an eigenvalue equal to λ1 =
0.2292 = 0.053) explains 63% of the inertia, and
contrasts the French and New Zealand wines. The sec-
ond component (with an eigenvalue of λ2 = 0.0892 =
0.008) explains 9% of the inertia and is more delicate
to interpret from the wines alone (its interpretation
will become clearer after looking at the loadings).

Partial Factor Scores
The partial factor scores (which are the projection of
a table onto the compromise) are computed from Eq.
(27). For example, for the first assessor, the partial
factor scores of the 12 wines are obtained as:

F[1] = X[1]Q[1] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.275 0.044
−0.312 0.173
−0.057 −0.028
−0.250 0.125

0.409 −0.201
0.311 −0.217
0.185 0.048
0.266 −0.033

−0.244 0.126
0.050 −0.266

−0.170 0.203
0.086 0.026

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (80)

TABLE 2 Eigenvalues and Percentage of Explained Inertia

Component

1 2 3 4 5 6 7 8 9 10 11 12

Eigenvalue (λ) 0.053 0.008 0.006 0.004 0.004 0.002 0.002 0.002 0.001 0.001 0.001 0

cumulative 0.053 0.060 0.066 0.071 0.074 0.077 0.079 0.081 0.082 0.083 0.083 0.083

% Inertia (τ ) 63 9 7 5 5 3 2 2 1 1 1 0

cumulative 63 72 79 84 89 92 94 96 97 98 100 100

142 © 2012 Wiley Per iodica ls, Inc. Volume 4, March/Apr i l 2012



WIREs Computational Statistics STATIS and DISTATIS

TA
B

LE
3

α
W

ei
gh

ts
,L

oa
di

ng
s,

an
d

Sq
ua

re
d

Lo
ad

in
gs

As
se

ss
or

1
As

se
ss

or
2

As
se

ss
or

3

V1
V2

V3
V4

V5
V6

V1
V2

V3
V4

V7
V8

V1
V2

V3
V4

V9
V1

0

α
-w

ei
gh

ts
0.

10
4

0.
10

4
0.

10
4

0.
10

4
0.

10
4

0.
10

4
0.

10
4

0.
10

4
0.

10
4

0.
10

4
0.

10
4

0.
10

4
0.

09
2

0.
09

2
0.

09
2

0.
09

2
0.

09
2

0.
09

2

Lo
ad

in
gs

(Q
)

Di
m

1
−0

.4
59

−0
.4

18
−0

.4
06

0.
37

4
0.

44
9

−0
.3

63
−0

.4
65

−0
.4

64
−0

.4
19

0.
39

8
−0

.3
73

−0
.3

49
−0

.4
75

−0
.2

12
−0

.4
03

0.
31

5
−0

. 4
34

0.
41

8

Di
m

2
−0

.5
14

0.
43

6
−0

.6
74

0.
38

5
−0

.2
23

−0
.1

49
−0

.2
90

0.
33

9
−0

.3
23

0.
44

1
0.

07
3

0.
50

7
−0

.3
65

0.
35

9
−0

.5
47

0.
60

9
0.

45
3

−0
.4

34

Sq
ua

re
d

Lo
ad

in
gs

Di
m

1
0.

21
0

0.
17

5
0.

16
5

0.
14

0
0.

20
1

0.
13

2
0.

21
6

0.
21

5
0.

17
6

0.
15

9
0.

13
9

0.
12

2
0.

22
6

0.
04

5
0.

16
2

0.
09

9
0.

18
9

0.
17

4

Di
m

2
0.

26
5

0.
19

0
0 .

45
5

0.
14

8
0.

05
0

0.
02

2
0.

08
4

0.
11

5
0.

10
4

0.
19

5
0.

00
5

0.
25

7
0.

13
3

0.
12

9
0.

29
9

0.
37

1
0.

20
5

0.
18

8

As
se

ss
or

4
As

se
ss

or
5

As
se

ss
or

6
As

se
ss

or
7

V1
V2

V3
V4

V8
V1

V2
V3

V4
V1

1
V1

2
V1

V2
V3

V4
V1

3
V1

V2
V3

V4

α
-w

ei
gh

ts
0.

10
4

0.
10

4
0.

10
4

0.
10

4
0.

10
4

0.
08

1
0.

08
1

0.
08

1
0.

08
1

0.
08

1
0.

08
1

0.
09

9
0.

09
9

0.
09

9
0.

09
9

0.
09

9
0.

09
4

0.
09

4
0.

09
4

0.
09

4

Lo
ad

in
gs

(Q
)

Di
m

1
−0

.5
35

−0
.4

46
−0

.5
18

0.
39

5
−0

.3
49

−0
.4

60
−0

.3
33

−0
.4

17
0.

19
2

−0
.4

03
0.

27
3

−0
.5

16
−0

.4
78

−0
.4

53
0.

39
6

−0
. 3

51
−0

.5
26

−0
.4

73
−0

.5
30

0.
34

7

Di
m

2
−0

.1
46

0.
64

5
0.

31
0

−0
.0

82
0.

10
3

−0
.2

90
0.

44
8

−0
.4

14
−0

.1
87

0.
19

1
0.

10
3

−0
.3

56
0.

50
5

−0
.5

56
0.

00
5

0.
56

6
−0

.7
18

0.
81

5
−0

.5
43

−0
.6

43

Sq
ua

re
d

Lo
ad

in
gs

Di
m

1
0.

28
7

0.
19

9
0.

26
9

0.
15

6
0.

12
2

0.
21

2
0.

11
1

0.
17

4
0.

03
7

0.
16

2
0.

07
4

0.
26

6
0.

22
9

0.
20

5
0.

15
7

0.
12

3
0.

27
6

0.
22

3
0.

28
0

0.
12

0

Di
m

2
0.

02
1

0.
41

6
0.

09
6

0.
00

7
0.

01
1

0.
08

4
0.

20
0

0.
17

1
0.

03
5

0.
03

6
0.

01
1

0.
12

6
0.

25
6

0.
30

9
0.

00
0

0.
32

0
0.

51
5

0.
66

4
0.

29
5

0.
41

3

As
se

ss
or

8
As

se
ss

or
9

As
se

ss
or

10

V1
V2

V3
V4

V1
4

V5
V1

V2
V3

V4
V1

5
V1

V2
V3

V4

α
-w

ei
gh

ts
0.

08
9

0.
08

9
0.

08
9

0.
08

9
0.

08
9

0.
08

9
0.

11
1

0.
11

1
0.

11
1

0.
11

1
0.

11
1

0.
12

4
0.

12
4

0.
12

4
0.

12
4

Lo
ad

in
gs

(Q
)

Di
m

1
−0

.4
30

−0
.3

88
−0

.3
65

0.
21

3
−0

.4
47

0.
37

3
−0

.5
19

−0
.4

03
−0

.4
91

0.
42

8
−0

.5
08

−0
.6

17
−0

.5
27

−0
.5

47
0.

54
2

Di
m

2
−0

.4
60

0.
66

4
−0

.4
26

0.
43

3
0 .

40
1

−0
.4

32
−0

.4
24

0.
46

4
−0

.3
79

0.
20

1
0.

36
2

−0
.1

69
0.

58
1

−0
.4

47
−0

.5
28

Sq
ua

re
d

Lo
ad

in
gs

Di
m

1
0.

18
5

0.
15

1
0.

13
3

0.
04

5
0.

20
0

0.
13

9
0.

27
0

0.
16

2
0.

24
1

0.
18

3
0.

25
8

0.
38

1
0.

27
8

0.
29

9
0.

29
4

Di
m

2
0.

21
1

0.
44

0
0.

18
1

0.
18

8
0.

16
1

0.
18

6
0.

17
9

0.
21

6
0.

14
3

0.
04

1
0.

13
1

0.
02

8
0.

33
7

0.
20

0
0.

27
9

V
1,

C
at

Pe
e;

V
2,

Pa
ss

io
n

Fr
ui

t;
V

3,
G

re
en

Pe
pp

er
;V

4,
M

in
er

al
;V

5,
Sm

ok
y;

V
6,

C
it

ru
s;

V
7,

T
ro

pi
ca

l;
V

8,
L

ea
fy

;V
9,

G
ra

ss
y;

V
10

,F
lin

ty
;V

11
,V

eg
et

al
;V

12
,H

ay
;V

13
,M

el
on

;V
14

,C
ut

G
ra

ss
;V

15
,P

ea
ch

.

Volume 4, March/Apr i l 2012 © 2012 Wiley Per iodica ls, Inc. 143



Advanced Review wires.wiley.com/compstats

(a) (b)

FIGURE 3 | Compromise of the 10 tables. (a) Factor scores (wines). (b) Assessors’ partial factor scores projected into the compromise as
supplementary elements. Each assessor is represented by a dot, and for each wine a line connects the wine factor scores to the partial factors scores
of a given assessor for this wine. (λ1 = 0.053, τ1 = 63%; λ2 = 0.008, τ2 = 9%).
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FIGURE 4 | Partial factor scores and variable loadings for the first two dimensions of the compromise space. The loadings have been re-scaled to
have a variance equal the singular values of the compromise analysis.

and are displayed in Figure 4a. From Figure 4, we
can see that, for all the assessors, Component 1 sep-
arates the New Zealand from the French Sauvignon
Blancs, a pattern replicating the pattern seen in the
compromise (Figure 3a). However, the assessors show
a large inter-individual differences in how they rated
the Canadian wines.

The original variables are analyzed, as in
standard PCA, by computing loadings which are given
in Table 3 for the first two dimensions. The loadings
are also plotted in a biplot fashion in Figure 4. Here
we show the partial factor scores (of the wines) along
with the loadings for each assessor (which we have
re-scaled so that their variance, for each dimension,
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is equal to the singular value of the compromise).
From these plots, we can see that for all the assessors,
the New Zealand wines are rated as having a more
cat-pee aroma, with some green pepper and passion
fruit, while the French wines are rated as being more
mineral, smoky, or hay-like.

Determining the Importance of the tables
in the Compromise
There are two ways to determine which tables play
the largest role in the compromise: contributions and
partial inertias. The contributions of a table reflect
the proportion of the variance of a dimension that
can be attributed to this table (see Eq. (33)). The
larger the contribution of a table to a component, the
more important this table is for this component. The
contributions for the tables are:

ctrk,� =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.106 0.117
0.106 0.079
0.082 0.122
0.107 0.057
0.062 0.043
0.097 0.100
0.084 0.177
0.076 0.121
0.124 0.079
0.155 0.105

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (81)

The contributions can also be plotted to obtain a
visual representation of the importance of the studies.
Figure 5 shows the relative contributions of each of
the tables to Components 1 and 2. From this figure,
we can see that Assessor 10 contributes the most

7

3
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6

10

9

2

45

1

1

2

FIGURE 5 | Contributions of the tables to the compromise. The sizes
of the assessors’ icons are proportional to their contribution to
components 1 and 2.

to the first component of the compromise, while
Assessor 7 contributes most to the second component.
Assessor 5, by contrast, contributes the least to both
Components 1 and 2.

In addition to using contributions, we can
determine a table’s importance with the partial
inertia that gives the proportion of the compromise
variance (i.e., inertia) explained by the table. This is
obtained by multiplying, for each dimension, the table
contribution by the eigenvalue of the dimension. For
our example, the partial inertias denoted Ipartial are:

Ipartial =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.0056 0.0009
0.0056 0.0006
0.0043 0.0010
0.0056 0.0004
0.0033 0.0003
0.0051 0.0008
0.0044 0.0014
0.0040 0.0010
0.0065 0.0006
0.0082 0.0008

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (82)

Like the contributions, the partial inertia can be
plotted to get a visual representation. From Figure 6,
we see that Assessor 10 accounts for the most inertia
on the first dimension, while Assessor 5 accounts for
the lowest proportion of the total variance.

Supplementary Table
Because we would like to know what qualities of
the wines are associated with the assessors’ ratings,
we wanted to include some chemical components
of the wines as variables, namely, titratable acidity,
pH, alcohol, and residual sugar. The values for these
variables are shown in Table 4. However, because
these properties are qualitatively different from the
assessors’ ratings (i.e., did not come from the same
population), we did not want to include them as active
elements in the analysis and therefore projected them
as a supplementary table.

To obtain the factor scores, we first compute
the supplementary loadings, which are obtained as

7
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5
4 2

9
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3
1

FIGURE 6 | Partial inertias of the studies. The sizes of the assessors’
icons are proportional to their explained inertia for Components 1 and 2.
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TABLE 4 Supplementary Table: Chemical Properties of the Wines

Chemical Properties

Titratable
Acidity pH Alcohol

Residual
Sugar

NZ1 5.60 3.38 14.00 3.00

NZ2 5.30 3.53 13.50 3.60

NZ3 6.20 3.27 14.00 3.00

NZ4 8.50 3.19 13.50 3.90

F1 5.00 3.60 12.50 1.50

F2 5.88 3.00 12.50 2.00

F3 4.50 3.33 13.00 0.80

F4 5.60 3.40 12.00 2.10

CA1 7.60 3.30 13.00 2.80

CA2 5.70 3.43 13.50 2.10

CA3 6.20 3.30 12.50 2.50

CA4 6.90 2.20 13.00 2.00

(cf., Eq. (50)):

Qsup = XT
supMP�−1 =

⎡⎢⎢⎣
−0.337 0.054
−0.059 0.036
−0.460 0.782
−0.537 0.124

⎤⎥⎥⎦ . (83)

From these loadings, we can see that, on
Component 1, the New Zealand Sauvignon Blancs

are more acidic, have a greater alcohol content, and
more residual sugar than the French wines.

Next, we compute the supplementary
factor scores for the first two components as

(cf., Eq. (51)):

Fsup = XsupQsup = XsupXT
supMP�−1

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.133 −0.181
−0.124 −0.101
−0.158 −0.184
−0.289 −0.125

0.191 0.131
0.120 0.123
0.231 0.061
0.168 0.210

−0.094 −0.004
−0.001 −0.070

0.052 0.106
0.038 0.035

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (84)

In a manner similar to the biplot approach
we used for the assessors (see Figure 4) we plotted
together, in a biplot way, the supplementary partial
factor scores and loadings for the chemical properties
of the wines (see Figure 7). This figure confirms the
interpretation that we reached from the numerical
values.

Inner Product Map Projection
To evaluate the similarity between the supplementary
and the active tables, we first compute the cross-
product matrix associated to Xsup (cf., Eq. (52)):

Ssup = XsupXT
sup

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.06 0.05 0.06 0.02 −0.03 −0.04 −0.02 −0.05 −0.01 0.02 −0.03 −0.04
0.05 0.07 0.04 0.02 −0.01 −0.04 −0.03 −0.02 −0.01 0.01 −0.01 −0.08
0.06 0.04 0.06 0.05 −0.05 −0.04 −0.03 −0.06 0.01 0.02 −0.03 −0.01
0.02 0.02 0.05 0.18 −0.11 −0.04 −0.14 −0.06 0.08 −0.02 −0.01 0.02

−0.03 −0.01 −0.05 −0.11 0.09 0.02 0.08 0.06 −0.03 0.01 0.02 −0.06
−0.04 −0.04 −0.04 −0.04 0.02 0.04 0.03 0.04 −0.01 −0.02 0.02 0.05
−0.02 −0.03 −0.03 −0.14 0.08 0.03 0.13 0.04 −0.06 0.03 −0.00 −0.02
−0.05 −0.02 −0.06 −0.06 0.06 0.04 0.04 0.08 −0.01 −0.01 0.04 −0.03
−0.01 −0.01 0.01 0.08 −0.03 −0.01 −0.06 −0.01 0.05 −0.01 0.01 0.01

0.02 0.01 0.02 −0.02 0.01 −0.02 0.03 −0.01 −0.01 0.02 −0.01 −0.04
−0.03 −0.01 −0.03 −0.01 0.02 0.02 −0.00 0.04 0.01 −0.01 0.02 −0.01
−0.04 −0.08 −0.01 0.02 −0.06 0.05 −0.02 −0.03 0.01 −0.04 −0.01 0.21

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (85)

Then, we compute the K inner products between
Ssup and each of the S[k] matrices (cf., Eq. (8)):

csup,k = 〈
Ssup, S[k]

〉 = trace
{
SsupS[k]

}
, (86)
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Acidity pH

Alcohol

Sugar

FIGURE 7 | Supplementary table: Chemical components of the
wines. Supplementary partial scores and loadings. (cf., Figure 3a).

which gives:

csup = [
0.247 0.269 0.233 0.281 0.205 0.297 0.254 0.230 0.317 0.326

]
. (87)

The factor scores of the supplementary table in
the inner product map are obtained as (cf., Eqs (54)
and (55)):

gsup = csupU�
1
2

= [
0.417 −0.006 −0.008 0.136 −0.038 −0.031 −0.051 0.013 −0.038 0.058

]
. (88)

When gsup is projected onto the inner product
map (Figure 8), we can see that the chemical properties
of the wines are most similar to the ratings of Assessors
1, 8, 9, and 10. This suggests that for the sample of
Sauvignon Blanc wines, these four assessors may be
quite sensitive to the chemical properties of the wines.

1

2

3

4

5

6

7

8
9

10
1

2

FIGURE 8 | Projection of the supplementary table into the inner
product map.

To get the α weight of the supplementary table,
we compute αsup (from Eqs (56), (71), and (75)) as:

αsup = γ
− 1

2
1 × gsup,1 × (uT

11)−1 = 4.135− 1
2 × 0.417

× 3.141−1 = 0.417
2.034 × 3.141

= 0.065. (89)

Inferential Steps

Jackknife
To estimate the reliability of the α-weights, we use the
jackknife procedure as described in Eqs 57–60.

This gives the following estimates of the elements
of the vector α:

α∗ = 1
I

I∑
i

α∗
i = α − I − 1

I

I∑
i

α−i (90)

= [
0.105 0.105 0.089 0.103 0.076 0.100 0.092 0.087 0.113 0.129

]
.
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Then, the standard error of the vector α∗
i (cf.,

Eq. (60)) is obtained as:

σ̂ 2
α∗ = [

0.016 0.014 0.016 0.023 0.017 0.019 0.016 0.018 0.016 0.010
]
. (91)

Finally, using a critical value of 2 (for an
approximate value of p < 0.05), we find, according to
the jackknife estimator, the following 95% confidence
intervals for the α-weights for each table:

[
0.137 0.134 0.121 0.150 0.109 0.138 0.124 0.122 0.146 0.149
0.073 0.077 0.057 0.057 0.043 0.061 0.059 0.052 0.081 0.109

]
. (92)

With one (slight) exception, the value of 0.100
is contained within all confidence intervals. This value
corresponds to an equal weighting scheme of αi = 1

I .
This suggests that the STATIS solution differs little
from a simple multitable approach. Also, only the 10th
assessor can be considered as having a ‘commonality’
higher than the group average.

Bootstrap
To estimate the stability of the compromise factor
scores, we used a bootstrap approach. We generated
1000 bootstrap samples that gave 1000 estimated
bootstrapped factor scores. For example, for the first
bootstrapped sample, we sampled with replacement
in the set of the integers from 1 to 10 and obtained
the following bootstrap set

B = {
6 4 4 2 9 3 1 1 2 8

}
. (93)

We then computed the C∗
1 matrix using the

following inner product matrices:

{
S[6] S[4] S[4] S[2] S[9] S[3] S[1] S[1] S[2] S[8]

}
.

(94)

From the eigendecomposition of C∗
1, we obtained

the following bootstrapped values for the α weights:

α∗
1 = [

0.096 0.103 0.103 0.103 0.109 0.090 0.102 0.102 0.103 0.088
]
. (95)

With these weights, we then computed the
bootstrapped estimate of the factor scores as

F∗
1 =

∑
k∈B

F[k] = 0.096 × F[6] + 0.103 × F[4]

+ 0.103 × F[4] + 0.103 × F[2] + 0.109 × F[9]

+ 0.090 × F[3] + 0.102 × F[1] + 0.102 × F[1]

+ 0.103 × F[2] + 0.088 × F[8]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.262 −0.020
−0.219 −0.022
−0.203 0.108
−0.289 0.005

0.352 0.045
0.328 0.050
0.228 −0.035
0.246 −0.091

−0.163 −0.055
0.027 0.185

−0.137 −0.133
0.092 −0.038

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (96)

From the bootstrap estimates, we can also
compute bootstrap ratios, which, like t statistics,
can be used to find the observations that reliably
contribute to a given component. To get the bootstrap
ratios, we first computed the mean of the bootstrap
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samples which are equal to (see Eq. (62))

F
∗ = 1

L

L∑
�

F∗
� =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.252 −0.041
−0.211 −0.016
−0.201 0.116
−0.292 0.045

0.356 0.036
0.325 0.031
0.219 −0.060
0.245 −0.086

−0.179 −0.073
0.019 0.196

−0.122 −0.143
0.094 −0.006

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (97)

and the standard deviations as (see Eq. (63)):

σ̂F∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.010 0.029
0.023 0.028
0.030 0.022
0.023 0.037
0.022 0.032
0.022 0.037
0.026 0.031
0.022 0.028
0.030 0.036
0.021 0.030
0.021 0.018
0.021 0.033

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (98)

Then, the bootstrap ratios are computed by
dividing the bootstrap mean by its standard deviation.
This gives the following bootstrap ratios:

Bootratio =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−24.204 −1.385
−9.258 −0.561
−6.820 5.347

−12.721 1.208
16.041 1.121
15.079 0.833

8.328 −1.951
11.155 −3.084
−6.035 −2.004

0.898 6.478
−5.955 −7.769

4.510 −0.172

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (99)

These bootstrap ratios can be plotted as a
bar chart to give a visual representation of which
observations most reliably contribute to a component
(see Figure 9). To be conservative and to take into
account the multiple comparisons problem, we chose
a bootstrap ratio critical value of ±3. This value
correspond roughly to a Bonferroni corrected p-value
for J = 53 comparisons (i.e., p-corrected is equal to
0.05
53 ≈ 0.001 which approximately corresponds to a t

value of 3).

From the bootstrap ratios shown in Figure 9
(see also Figure 10), we can see that all of
the wines—except the second Canadian Sauvignon
Blanc—contribute reliably to the first component,
with the New Zealand wines separated from
the French wines. This confirms our previous
interpretation of Figure 3a. However, only four wines
contribute reliably to the second component, with the
third New Zealand Sauvignon Blanc grouping with
the second Canadian wine and the fourth French
wine grouping together with the third Canadian
wine.

We also used the set of bootstrapped factors
scores to obtain the 95% confidence intervals (CI)
around the factor scores (see Figure 10). Here,
around each wine, we fitted an ellipsoid that
comprises 95% of the bootstrapped factor scores.
This ellipsoid represents the possible positions of a
wine for replications of the analysis (assuming that the
assessors were randomly sampled from a population
of assessors). When the ellipses of two wines do not
overlap, these two wines can be considered as reliably
differentiated by the assessors.

RECENT DEVELOPMENTS
AND VARIATIONS OVER STATIS

Recently, several papers have been dedicated to
exploring the developments of various aspects of the
STATIS approach. We briefly review some of the most
relevant ones.

X-STATIS or Partial Triadic Analysis
Partial triadic analysis (PTA), also called X-STATIS,
was first named and described by Jaffrenou.96 This
simple variation over STATIS can be used when all
the X[k] tables are measuring the same variables for
the same observations32,33,97–101 and can be seen also
as a particular simplified case of Tucker three-mode
factor analysis,102,103 hence the name partial (for
simplified) triadic (for three mode) analysis (the X-
STATIS name is also used because it is a STATIS
analysis on the X[k] matrices, see below). The
procedure for PTA mirrors the STATIS procedure
with two small differences: (1) the inner product
matrix used for the computation of the α weights
is obtained from the X[k] matrices rather than from
the S[k] matrices; and (2) the compromise is obtained
as the weighted average of the X[k] matrices (instead
of the weighted average of the S[k] matrices).

In PTA, the alpha weights are obtained from
the eigendecomposition of the inner product matrix
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FIGURE 9 | Bootstrap ratio plot for Components 1 and 2.

FIGURE 10 | Bootstrap confidence ellipses plotted on
Components 1 and 2.

C′ whose general term is obtained as (compare
with Eq. (8))

c′
k,� = vec

{
X[k]

}T × vec
{
X[�]

}
(100)

(note that, contrary to standard STATIS, the terms
c′

k,� are not guaranteed to be non-negative but PTA

requires them to be non-negative; a negative c′
k,�, indi-

cates that, e.g. STATIS should be used rather than
PTA, but also that the reason of a negative value
needs to be explored). The first eigenvector for C′,
gives after re-scaling (see Eq. (15)), α′, the vector of
the optimum weights. These weights are then used
to compute the compromise denoted X[+] which is
obtained as the weighted average of the X[k] matrices
(instead of the weighted average of the S[k] matrices).
Specifically, X[+] is computed as

X[+] =
K∑
k

α′
kX[k]. (101)

The SVD of X[+] provides factors scores for the obser-
vations and loadings for the variables. Note that the
loadings are computed for the common variables, (i.e.,
not for the K sets of variables). The loadings for the
variables of an X[k] table can be recovered by project-
ing this table as a supplementary table (from Eq. (50)).
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PTA maximizes a criterion akin to (but different
from) the criterion of STATIS. Specifically, PTA
maximizes: (see Ref 100, compare with Eq. (66))

Spta =
K∑
k

(
vec

{
α′

kX[k]
}T × vec

{
X[+]

})2
with

α′Tα′ = 1. (102)

Recent models called STATICO32,33,98 and
COSTATIS33 generalizes PTA to two sets of tables by
combining co-inertia analysis (which relates one set of
tables to the other set) with PTA (which integrates the
information within one set of tables). These models are
closely related to double-STATIS which is described
later in this article. These models can also be seen as
a generalization of Tucker inter battery analysis,104

partial least square correlation,105,106 and STATIS.

Example X-STATIS
As an illustration, the results of a PTA on the four vari-
ables common to all the wines are shown in Figure 11.
Here the results are very close to those of the STATIS
analysis with these four variables (not shown here, but
the two figures would be almost identical). In practice,
this similarity of the results between PTA and STATIS
is often observed, but the computational load of PTA
is smaller (a feature of interest for large data sets such
as brain imaging or ‘-omics’ data). In PTA, the K
tables are often considered as i.i.d. observations and,
in this case, a bootstrap resampling scheme on the K
matrices X[k] can be used to estimate the variability
(and derive confidence interval, and bootstrap ratios)
of factor scores and loadings. Here, because the vari-
ables are put in correspondence, the variability of the
estimates is likely to be smaller for PTA than in plain
STATIS because of the larger number of measure-
ments per variable. However, in PTA as in STATIS,
when using the bootstrap to estimate the variability
of the factor scores or the loadings, the estimation of
the α vector needs to be performed for each bootstrap
sample and this can add to the computational load of
the procedure.

COVSTATIS and DISTATIS
COVSTATIS and DISTATIS21,27,34,42 are straightfor-
ward adaptations of the STATIS methodology to the
problem of integrating, respectively, covariance (or
correlation), and distance matrices. Here the raw data
consists of K covariance or distance matrices collected
on the same observations. As such, COVSTATIS and
DISTATIS can be considered as three-way extensions
of metric multidimensional scaling (see e.g., Ref 107
for an earlier closely related approach).

Cat
Pee

Passion
Fruit

Green
Pepper

Mineral 1

2

FIGURE 11 | X-STATIS or partial triadic analysis. Biplot of the wines
and the four common variables.

COVSTATIS
COVSTATIS is used to analyze a set of covariance
(or correlation) matrices. When dealing with a set
of covariance matrices, the problem is similar to
the cross-product approach for STATIS (we have
covariance matrices instead of cross-products), and
a first idea could be to use directly the covariance or
correlation matrices in lieu of the S[k] in Eqs (34)–(40).
However, when dealing with covariance matrices, the
problem of having different units for the different
covariance matrices needs to be eliminated by some
normalization scheme (e.g., by ensuring that all the
covariance matrices have a norm of 1, or have a first
eigenvalue equal to 1).

An additional problem remains, however,
because each covariance (or correlation) matrix can
be interpreted as a space in which points are scattered
from their origin, but each matrix has its own origin
(see Ref 108 for a detailed account of this problem
and also Refs 20, 21, 34). Covariance matrices with
different origins cannot be meaningfully compared
for the same reason that variables with different
means cannot be compared. In order to guarantee
that all covariance matrices have a common origin,
each matrix is double centered (this is equivalent
to subtracting the mean for simple variables). This is
obtained by first computing an I by I centering matrix,
denoted �, and defined as

� =
(
I − 1mT

)
. (103)

So, if R[k] is a (normalized) covariance or
correlation matrix, the corresponding double centered
cross-product matrix (i.e., S[k]) will be obtained as

S[k] = 1
2

�R[k]�. (104)

These S[k] matrices are then used as in the standard
cross-product approach for the STATIS procedure.21

With COVSTATIS, the distances on the map
between observations are approximately inversely
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proportional to their covariance or correlation in the
original data matrices.

DISTATIS
DISTATIS is used when we have K distance matrices
collected on the same set of I observations. The main
idea behind DISTATIS is to transform the distance
matrices into cross-product matrices and then use the
cross-product approach to STATIS. This idea intro-
duced in Ref 21 was developed later in Refs 27, 34, 42
and subsequently used in different domains such as
sensory evaluation,27–29,109–112 brain imaging,42,113

survey analysis,3 computer science114 or molecular
biology.46

Distance matrices cannot be directly analyzed
with STATIS because distance, having a diagonal of
zero values, are not positive semidefinite (i.e., are
not cross-product matrices). To alleviate this prob-
lem, a traditional approach is to first transform the
distance matrices into cross-product matrices. This
transformation (originally proposed by Young and
Householder,115 see also Ref 116), constitutes the
basis of metric multidimensional scaling,117 and is par-
ticularly appropriate for squared Euclidean distance
matrices because this transformation is completely
reversible in the sense that a squared Euclidean dis-
tance matrix can be perfectly reconstituted from
its corresponding cross-product matrix and vice-
versa.115 When this transformation is applied to a
non-Euclidean distance, it gives a symmetric matrix
that has both positive and negative eigenvalues (the
larger the proportion of negative eigenvalues, the
more ‘non-Euclidean’ the distance). For a non-
Euclidean matrix, a cross-product matrix can be
obtained by keeping only the eigenvectors associ-
ated with positive eigenvalues and then reconstituting
the cross-product matrix with these eigenvectors and
eigenvalues (transforming this cross-product matrix
back into a distance matrix will provide a squared
Euclidean distance matrix).

In order to transform a distance matrix into
its corresponding cross-product matrix, we use a
double centering similar to the one described by
Eq. 104. Specifically a squared distance matrix D[k]
is transformed into a cross-product matrix R[k] by
the following transformation called ‘double-centering’
and computed as (compare to Eq. (104), note the
minus sign in front of the right term of the equation):

R[k] = −1
2

�D[k]�. (105)

The R[k] matrices are often normalized prior to the
analysis such that, for example, the sum of their
squared elements is equal to one (à la SUM-PCA) or

that they have a first eigenvalue equal to one (à la
MFA).

The normalized cross-product matrices are
denoted S[k] and are then used as the entries for
the cross-product approach of STATIS. Detailed
computational examples of DISTATIS can be found
in Refs 27, 28 and a short example can be found in
this article in the section on canonical-STATIS.

With DISTATIS, the distances on the map
between two observations are approximately
proportional to their distances in the original data
matrices.

So, in summary, with DISTATIS, we start with
K distance matrices D[k] of dimensions I by I. These
distance matrices are then transformed into K cross-
product matrices S[k] which are then plugged into the
cross-product approach of STATIS.

CANOSTATIS: Canonical STATIS
Recently, a new method called canonical-STATIS
(CANOSTATIS118) has been proposed that inte-
grates features of DISTATIS and discriminant anal-
ysis (as well as multiblock barycentric discriminant
analysis5,119). In this framework, the data consist in
K tables, denoted X[k] each of dimensions I by J[k]
collecting measurements on the same I observations
(the X[k] matrices are supposed to have been ade-
quately normalized). As an additional requirement of
CANOSTATIS, each of the X[k] matrix is required to
be full-rank on its columns (which implies that J[k] < I
for all K, this requirement comes from discriminant
analysis which is part of CANOSTATIS, see below for
more explanations). For convenience, the columns of
X[k] are supposed to be centered and normalized (and
the whole matrix itself can also be normalized).

In CANOSTATIS, the I observations come from
N a-priori known groups. The problem, here, is to
explore the relationship between these groups in order
for example to assess if these groups are differentiated
and also to assess if the observations can reliably (or
not) be assigned to their respective groups.

If the data were structured into only one
table (and if the data matrix were full rank on
its columns), the problem would correspond to a
classic problem of discriminant analysis.120 An equi-
valent way of performing discriminant analysis is
to compute the so-called Mahalanobis distance77

between the N groups and to compute a
multidimensional scaling117 analysis on this distance
matrix followed by a projection as supplementary
elements of the I observations. Canonical-STATIS
generalizes this discriminant analysis approach by
computing for each of the K tables an N by N
Mahalanobis distance matrix (see, Ref 77 for a
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detailed example of this computation). In order to
do so, the first step is to compute, for each table
two matrices: (1) the N by J[k] matrix of the groups
means denoted X[k] (i.e., an entry of X[k] collects the
mean of one column of X[k] for one of the N groups)
and (2) the J[k] by J[k] matrix denoted ̂	[k] of the
covariances between the variables of X[k] [i.e., the
(j, j′) entry of ̂	[k] contains the covariance between the
jth and the (j′)th variables of X[k]]. The computation
of the Mahalanobis distance matrix requires the
computation of the inverse of the covariance matrix.
This inverse is denoted ̂	

−1
[k] , and can be computed only

when ̂	[k] is full rank (hence the requirement that the
X[k] matrices should be full rank on their columns,
because these two statements are equivalent). With
these notations, the distance matrix for the kth group
is denoted D[k] and is computed as (see next section
for an example of this computation)

D[k] = diag
{
X[k]̂	

−1
[k] X

T
[k]

}
× 1T + 1

× diag
{
X[k]̂	

−1
[k] X

T
[k]

}T
− 2 × X[k]̂	

−1
[k] X

T
[k]. (106)

These K distance matrices are then used as the
input for a DISTATIS analysis. This provides an inner
product map that shows how the tables relate to each
other in terms of their discrimination and a com-
promise that gives the best common discrimination
pattern. On this map, the discrimination pattern of
each table can also be projected. As with DISTATIS
(and in metric multidimensional scaling42,117,121),
the original observations can also be projected

onto the group map to assess the quality of the
discrimination.

The constraint that each X[k] matrix be full rank
is necessary only if the (full) inverse of ̂	[k] is com-
puted. Using a pseudo-inverse will provide the same
distance matrix (cf., Ref 122, Lemma 2.2.4.iii) and
does not require the full rank assumption. Alterna-
tively, when an X[k] is not full rank, some form of
regularization or ridge could also work (see Ref 137).
These approaches are likely to constitute future devel-
opments of CANOSTATIS.

So, in brief, in CANOSTATIS we have groups
of observations described by several tables. For each
table we compute a Mahalanobis distance matrix—a
step which is equivalent to performing a linear discrim-
inant analysis. We then use these distance matrices as
the input to a DISTATIS analysis in order to integrate
them and represent them as a compromise map.

Example Canonical-STATIS
As an illustration, we use the same data as in the
STATIS example, with the X[k] matrices being now the
I = 12 by J[k] tables and the countries of origins of the
wines as defining the groups of wines to be classified.
We have N = 3 groups corresponding to the three
countries of origin of the wines (i.e., New Zealand,
France, and Canada). The goal of the analysis is
to evaluate if the assessors differentiate the wines
according to the country of origin.

If we look at the first assessor, the data matrix
X[1] is given by Eq. (68). The N = 3 by J[1] = 6 matrix
of means X[1] is equal to

X[1] =
⎡⎣ 0.0929 0.0922 0.0859 −0.0609 −0.1109 0.095

−0.1161 −0.1252 −0.1039 0.1218 0.1524 −0.0856
0.0232 0.0329 0.0181 −0.0609 −0.0416 −0.0101

⎤⎦ . (107)

The variance/covariance matrix is equal to

̂	[1] =

⎡⎢⎢⎢⎢⎢⎢⎣
0.0085 0.0010 0.0078 −0.0040 0.0007 0.0035
0.0010 0.0073 −0.0008 0.0020 −0.0010 0.0023
0.0078 −0.0008 0.0103 −0.0054 0.0009 0.0025

−0.0040 0.0020 −0.0054 0.0086 −0.0007 −0.0027
0.0007 −0.0010 0.0009 −0.0007 0.0020 0.0001
0.0035 0.0023 0.0025 −0.0027 0.0001 0.0112

⎤⎥⎥⎥⎥⎥⎥⎦ . (108)
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The Mahalanobis distance matrix between the
three countries of origin, for the first assessor is
equal to

D[1] =
⎡⎣ 0 51.0810 4.3609

51.0810 0 29.9891
4.3609 29.9891 0

⎤⎦ , (109)

which is then transformed into a cross-product matrix
(that, for convenience, has been normalized, à la MFA,
to have a first eigenvalue of 1) equal to:

S[1] =
⎡⎣ 0.3239 −0.4426 0.1187

−0.4426 0.6318 −0.1892
0.1187 −0.1892 0.0706

⎤⎦ . (110)

All 10 assessors are processed in a similar
fashion. From their cross-product matrices, we obtain
a matrix of inner products whose eigendecomposition
shows the relationship between assessors (see
Figure 12). From this eigendecomposition, we also
obtain the compromise whose analysis in turn gives the
compromise factor scores map shown in Figure 13a.

2

1
3

8

54

6

1

2

10

9

7

FIGURE 12 | Canonical-statis. PCA of the inner product map: the
assessors.

In order to assess the quality of the discrimination,
we have performed bootstrap resampling with 1000
iterations and projected on the compromise map the
95% confidence intervals (see Figure 13b). The figure
indicates that the regions are well discriminated and
that this discrimination is reliable.

Power STATIS
Recently, Benasséni and Bennani Dosse123 looked for
alternative criteria for STATIS-like techniques. Specif-
ically, they explored and generalized Criterion 2 (see
Eq. (66) and Appendix) and, instead of maximiz-
ing S = ∑〈

S[k], S[+]
〉2 (see Eq. (66)), they decided to

explore the solution of the more general problem

S′ =
K∑
k

〈
S[k], S[+]

〉p with αk ≥ 0 and αTα = 1,

(111)

where p can be any non-negative real number.
Of particular interest is the case of p = 1,

which we call power-1 STATIS (because it
maximizes the criterion with p = 1). In this case
the quantity to maximize corresponds to the sum
of the inner-products between the tables and the
compromise. Formally, in Power-1 STATIS, the
criterion to be maximized reduces to

S1 =
K∑
k

〈
S[k], S[+]

〉
with αk ≥ 0 and αTα = 1.

(112)

This expression seems to capture better the intuition
of a least squares minimization than the S criterion
because the inner product already behaves like
a ‘squared quantity’ and squaring it again seems
superfluous. Also, this minimization problem has a

2 2

Canada Canada

New 
Zealand

New 
Zealand

France France 11

FIGURE 13 | Canonical-STATIS. Left panel: Compromise factor scores for the three wine regions. Right panel: Compromise factor scores for the
three wine regions with bootstrapped 95% confidence intervals.
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very simple and elegant solution because then the
vector of optimal weights, can be obtained as

α[1] = C1 × ‖C1‖−1 (113)

(where 1 is a K by 1 vector of ones). For our example,
α computed with standard STATIS and α[1] computed
from power-1 STATIS were almost identical (an effect
also observed by Benasséni and Bennani Dosse123 with
several examples), and this suggests that the specific
choice of the criterion—which is a matter of important
theoretical interest—may not be a crucial problem for
practical applications.

Power-1 STATIS can also be straightforwardly
adapted to handle X-STATIS by replacing matrix C
in Eq. (113) by C′ from Eq. (100).

ANISOSTATIS
STATIS gives the same weight to each variable of a
given table (namely αk, see, e.g., Eqs (16) and (17)). A
more formal way of expressing this condition is to say
that STATIS is an isotropic technique. An interesting
extension of STATIS is to relax the isotropic condition
and to assign one weight per variable (whatever the
table) instead of having the same weight for all
variables of a table. This extension of STATIS is
anisotropic and is called ANISOSTATIS.124 So for
ANISOSTATIS, the goal is to find values for the
vector a (cf., Eq. (16)) that will make the map of the
compromise closer to the set of tables. Interestingly,
when generalizing STATIS, the two equivalent criteria
(i.e., Eqs (64) and (66)) maximized by STATIS give
rise to two different solutions. In addition, it is also
possible to derive a power-1 criterion analogous to
the criterion used by power-1 STATIS.123 We present
these three different criteria below. All three criteria
can also be directly adapted to work with PTA.

ANISOSTATIS Criterion 1
The first criterion maximized by ANISOSTATIS—
equivalent to Eq. (64)—is expressed as:

V1 = ||S[+]||2 = 〈
S[+], S[+]

〉
=
〈∑

k

S[k]A[k]S
T
[k],

∑
k

S[k]A[k]S
T
[k]

〉
(114)

with the constraint that aTa = 1.
The solution of this problem involves the

covariance matrix of X with all of its elements
squared. This J by J covariance matrix is denoted
̂	 and computed as:

̂	 = XTMX. (115)

Each entry of ̂	 stores the covariance between two
variables of X. This matrix is then used to compute
a matrix denoted C which is called the Hadamard
squared covariance matrix and whose elements are
the squares of the elements of ̂	. Specifically, C is
computed as

C = ̂	◦̂	 =
(
XTMX

)
◦
(
XTMX

)
(116)

(where ◦ denotes the Hadamard—i.e., the element-
wise—product between two matrices). This matrix C

is positive semi-definite (because ̂	 is positive semi-
definite) and all its elements, being squared numbers,
are positive.

The solution of the first criterion is obtained
directly from the eigendecomposition of C which is
expressed as

C = U
U
T with U

T
U = I. (117)

As stated by the Perron–Frobenius theorem, the
elements of the first eigenvector of C can be chosen
to be all positive and so the optimum weight vector is
obtained by rescaling this first eigenvector such that
the sum of its elements is equal to one. All the other
steps of ANISOSTATIS can then be performed in the
same way as for the standard version of STATIS.

As an illustration, the set of optimum weights
obtained with Criterion V1 is given in Table 5, and
the factor score solution is shown in Figure 14.

ANISOSTATIS Criterion 2
The second criterion of ANISOSTATIS generalizes
the criterion expressed in Eq. (66) and is expressed

TABLE 5 Numerical Values of the a Vector of the Optimum Weights
for Criterion 1 of ANISOSTATIS

Variables

V1 V2 V3 V4 V5 V6

Assessor 1 0.0215 0.0178 0.0174 0.0139 0.0196 0.0138

Assessor 2 0.0220 0.0216 0.0181 0.0160 0.0135 0.0124

Assessor 3 0.0229 0.0052 0.0179 0.0107 0.0184 0.0169

Assessor 4 0.0283 0.0200 0.0263 0.0158 0.0122

Assessor 5 0.0215 0.0118 0.0179 0.0044 0.0158 0.0076

Assessor 6 0.0271 0.0227 0.0218 0.0159 0.0126

Assessor 7 0.0295 0.0229 0.0293 0.0128

Assessor 8 0.0195 0.0158 0.0138 0.0051 0.0196 0.0137

Assessor 9 0.0274 0.0172 0.0247 0.0180 0.0254

Assessor 10 0.0375 0.0283 0.0297 0.0287
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2

1

FIGURE 14 | ANISOSTATIS. Map of the factor scores for Dimensions
1 and 2 using Criterion 1 of ANISOSTATIS (because the α weights are
very similar for all three criteria of ANISOSTATIS, this map also
corresponds to the solutions obtained with Criteria 2 and 3).

similarly as

S′ =
K∑
k

〈
S[k], S[+]

〉2 with aTa = 1. (118)

The solution of this problem involves a new J by
K matrix denoted B in which a 1 in row j and column
k indicates that the jth variable belongs to the kth
table and a value of 0 that it does not. The solution
of this problem is obtained by first computing the
(positive semidefinite) matrix

(CB) × (CB)T (119)

which is then eigen-decomposed as

(CB) × (CB)T = V�V
T with V

T
V = I. (120)

Note, that this eigendecomposition can also be
more efficiently obtained from the singular value
decomposition of the matrix CB.

As stated by the Perron–Frobenius theorem, the
elements of the first eigenvector of (CB) × (CB)T can
be chosen to be all positive and the optimum weight
vector is obtained by rescaling this first eigenvector to
a sum of 1. All the other steps of STATIS can then
be performed in the same way as for the standard
version.

As an additional benefit of using the singular
value decomposition of CB, we can plot the table
factor scores in a manner similar to the plot of matrix
C for standard STATIS (although in this case, because
we are using the squared values of a covariance matrix,
the first singular value is in general very much larger
than the second and it is therefore preferable to
plot Dimensions 2 versus 3 in order to explore the
similarity structure of the tables).

TABLE 6 Numerical Values of the a Vector of the Optimum Weights
for Criterion 2 of ANISOSTATIS

Variables

V1 V2 V3 V4 V5 V6

Assessor 1 0.0209 0.0177 0.0170 0.0146 0.0198 0.0137

Assessor 2 0.0213 0.0212 0.0176 0.0163 0.0145 0.0128

Assessor 3 0.0221 0.0059 0.0168 0.0109 0.0188 0.0175

Assessor 4 0.0278 0.0203 0.0262 0.0160 0.0133

Assessor 5 0.0207 0.0120 0.0173 0.0053 0.0164 0.0088

Assessor 6 0.0261 0.0228 0.0208 0.0162 0.0132

Assessor 7 0.0280 0.0233 0.0281 0.0142

Assessor 8 0.0187 0.0158 0.0140 0.0061 0.0198 0.0144

Assessor 9 0.0265 0.0171 0.0238 0.0185 0.0253

Assessor 10 0.0369 0.0280 0.0298 0.0292

The set of optimum weights obtained with
Criterion S′ is given in Table 6. As can be seen
by comparing Tables 5 and 6, the optimum weights
are almost identical for these two versions of
ANISOSTATIS, and the factor scores are also almost
identical (and so Figure 14 also shows the plot of the
factor scores obtained with Criterion S′).

ANISOSTATIS Criterion 3. Power-STATIS
In a manner equivalent to power-1 STATIS, the second
criterion can be modified in order to involve the
minimization of the sum of the inner products of the
cross-product matrices to the compromise rather than
the squared inner products. Specifically, the criterion
to maximize is then (compare with Eqs 111 and 118):

S′
1 =

K∑
k

〈
S[k], S[+]

〉
with aTa = 1. (121)

Like power-1 STATIS, the power-1 version of
ANISOSTATIS does not require the computation
of an eigendecomposition (a important feature
when dealing with very large matrices because the
eigendecomposition computational time depends on
the cube of the size of the matrix to be decomposed).
Specifically, the vector a of optimal weights is obtained
as (compare with Eq. (113))

a = C1 × ‖C1‖−1 (122)

(where 1 is a J by 1 vector of ones). This vector of
optimal weights is then used as in standard-STATIS
to compute factor scores and loadings.

The set of optimum weights obtained with
Criterion S′

1 is given in Table 7. As can be seen

156 © 2012 Wiley Per iodica ls, Inc. Volume 4, March/Apr i l 2012



WIREs Computational Statistics STATIS and DISTATIS

TABLE 7 Numerical Values of the a Vector of the Optimum Weights
for Criterion 3 (Power 1) of ANISOSTATIS

Variables

V1 V2 V3 V4 V5 V6

Assessor 1 0.0210 0.0176 0.0169 0.0147 0.0197 0.0137

Assessor 2 0.0212 0.0212 0.0175 0.0164 0.0145 0.0127

Assessor 3 0.0221 0.0061 0.0169 0.0110 0.0188 0.0175

Assessor 4 0.0278 0.0203 0.0262 0.0160 0.0135

Assessor 5 0.0208 0.0120 0.0174 0.0054 0.0165 0.0090

Assessor 6 0.0261 0.0226 0.0208 0.0161 0.0133

Assessor 7 0.0280 0.0233 0.0281 0.0142

Assessor 8 0.0187 0.0158 0.0142 0.0063 0.0198 0.0145

Assessor 9 0.0264 0.0170 0.0238 0.0185 0.0252

Assessor 10 0.0367 0.0278 0.0297 0.0291

by comparing Tables 5–7, the optimum weights
are almost identical for all three versions of
ANISOSTATIS, and, in fact, the factor scores
are also almost identical (and so Figure 14 also
shows the plot of the factor scores obtained with
Criterion S3).

(K + 1)-STATIS
An interesting extension to STATIS explores the
relationship of K tables with one external table. As
an illustration, in our example we have 10 tables
representing the assessors and one table representing
the chemical properties of the wines. An important
question is to explicitly evaluate the similarities among
the assessors relative to the way they relate to the
chemical properties of the wines. This problem is
called a (K + 1) table problem. Here, we have a set of
K tables (i.e., the K assessors), each of dimensions I
by J[k] and one external table [i.e., the (K + 1)th table
of the chemical properties of the wines] represented
by an I by M matrix denoted H. A recent extension
of STATIS called (K + 1)-STATIS or external-STATIS
has been proposed to handle this type of question.125

The goal of the method it to analyze the pattern
of similarity between the K tables in relation to
the (K + 1)th table. In addition to generalizing
STATIS, this methods can also be seen as an
extension of Tucker inter-battery,104 co-inertia,32,33

or partial-least square correlation.105,106,126 The basic
idea is to compute the optimal α weights using
correlation or covariance matrices between each of
the K tables and the (K + 1)th table (instead of the
cross-product matrices). The optimal weights thus
computed are then used in lieu of the α weights
of STATIS to compute a standard solution for

STATIS (based on the K matrices). The (K + 1)th
matrix is projected as a supplementary element in the
solution.

Formally, we have K matrices X[k] (each of order
I by J[k]) and one I by M ‘external matrix’ H, with
all these tables measuring variables on the same set
of I observations. These matrices are supposed to
have been preprocessed in an appropriate way. The
first step of the analysis is to compute a correlation
or covariance matrix (depending upon the type of
preprocessing) between each of the X[k] matrices and
H. These matrices, denoted W[k] (each or order M by
J[k]) are computed as

W[k] = HTX[k]. (123)

For the first step of STATIS (i.e., finding the optimum
weights) we use the cross-product matrices computed
from the W[k] matrices as

S∗
[k] = W[k]W

T
[k] = HTX[k]X

T
[k]H. (124)

As the term X[k]XT
[k] defines the standard cross-

product (see Eq. (3)), this last equation can be
rewritten as:

S∗
[k] = HTS[k]H. (125)

This makes explicit the relationships between (K + 1)-
STATIS and standard STATIS.

From the cross-product matrices S∗
[k], we then

compute the inner product matrix (cf., Eq. 11) denoted
C∗ whose generic term is

c∗
k,k′ =

〈
S∗

[k], S∗
[k′]

〉
=
〈
HTX[k]X

T
[k]H, HTX[t′]XT

[t′]H
〉
.

(126)

The eigendecomposition of matrix C∗ gives (cf.,
Eq. (120)):

C∗ = U∗�∗U∗T with U∗TU∗ = I. (127)

From the first eigenvector of C∗, denoted u∗
1, we obtain

the set of optimal weights for (K + 1)-STATIS in the
same way as for STATIS (cf., Eq. (15)) as:

α∗ = u∗
1 × (u∗T

11)−1. (128)

The elements of α∗ are then used in lieu of the elements
of α and the rest of the STATIS procedure is applied
with these weights.

As an illustration, we took the matrix of
chemical properties of the wines (e.g., Xsup, see
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Table 4) as our H matrix. The first covariance matrix
W[1] is

W[1] = HTX[1] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.065 0.056 0.218 0.096
−0.105 0.119 0.099 0.200

0.016 0.011 0.218 0.096
0.326 −0.023 0.099 0.251

−0.146 0.148 −0.139 −0.162
−0.027 −0.101 −0.139 −0.076
−0.213 0.036 −0.020 −0.283
−0.065 0.065 −0.258 −0.059

0.205 0.023 −0.020 0.062
−0.051 0.077 0.099 −0.059

0.016 0.023 −0.139 0.010
0.110 −0.433 −0.020 −0.076

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.12 0.13 0.07 −0.04 −0.18 0.11
0.07 0.05 0.13 −0.18 −0.12 0.23
0.01 0.05 0.02 0.01 −0.07 −0.01
0.18 0.13 0.13 −0.04 −0.07 0.05

−0.21 −0.18 −0.20 0.16 0.15 −0.07
−0.16 −0.03 −0.09 0.21 0.10 −0.19
−0.05 −0.11 −0.04 −0.04 0.21 −0.07
−0.05 −0.18 −0.09 0.16 0.15 −0.01

0.12 0.13 0.13 −0.04 −0.01 0.17
−0.10 0.13 −0.20 0.01 −0.07 −0.01

0.12 −0.03 0.13 −0.18 −0.07 −0.07
−0.05 −0.11 0.02 −0.04 −0.01 −0.13

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎣
0.118 0.100 0.109 −0.036 −0.080 0.036
0.008 0.029 −0.028 0.000 0.005 0.097
0.088 0.154 0.069 −0.090 −0.148 0.098
0.151 0.142 0.140 −0.090 −0.163 0.135

⎤⎥⎥⎦ . (129)

From W[1], we can compute S∗
[1] as

S∗
[1] = W[1]WT

[1]

=

⎡⎢⎢⎣
0.0037 0.0003 0.0043 0.0057
0.0003 0.0009 0.0010 0.0011
0.0043 0.0010 0.0063 0.0075
0.0057 0.0011 0.0075 0.0096

⎤⎥⎥⎦ .

(130)

This cross-product matrix (and the nine other ones)
are then used to compute the inner product matrix
C∗ (whose first element, for example, was equal to
c∗

1,2 = 0.00039, note that the elements of C∗ are likely
to be small and the use of the RV coefficient rather than
the inner product will eliminate this scale problem).

From the eigendecomposition of C∗, we obtain
the first eigenvector, which, in turn, is used to compute
the value of α∗ (compare with Eq. (75)) as:

α∗ = u∗
1 × (1Tu∗

1)−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.2910
0.3108
0.2596
0.3322
0.2216
0.3426
0.2867
0.2742
0.3916
0.4047

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
× 3.1149−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.0934
0.0998
0.0833
0.1066
0.0711
0.1100
0.0920
0.0880
0.1257
0.1299

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (131)

This vector α∗ is then plugged in the standard
STATIS algorithm (in lieu of α) and this will provide
factor scores and loadings. As an illustration, we show
in Figure 15, the factor scores for the compromise
and the H table. The comparison of these figures
with Figures 3a and 7 indicates that, here, taking into
account the similarity of the assessor with the chemical
properties of the wines did not change much the
overall solution. This is probably because of the fact
that the (fictitious) assessors were all roughly equally
sensitive to the chemical properties of the wines.

DOUBLE-STATIS or DO-ACT
A new method, called DO-ACT (for double-act)
or double-STATIS, further extends the (K + 1)-
STATIS methodology and generalizes Tucker
interbattery,104 coinertia,32,33 and partial-least square
correlation.105,106,126 In the double-STATIS approach,
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FIGURE 15 | (K + 1)-STATIS. (a) Compromise factor scores. (b) Factor scores for the H matrix: Chemical components of the wines (compare with
Figures 3a and 7).

we have one series of K matrices X[k] (each of order I
by J[k]) and one series of L matrices H[�] (each of order
I by M[�]) with all these matrices collecting measures
on the same I observations. The goal of the analysis is
to find two compromises—one for the X[k]’s and one
for the H[�]’s—such that these two compromises are as
similar as possible (with the similarity being measured
by the inner product between these two compromises).
So, more formally, if we denote, respectively, S[k] and
T[�] the I by I cross-product matrices of, respectively,
X[k] and H[�] and by, respectively, S[+], and T[+] the
I by I compromise cross-product matrices for, respec-
tively, the X[k]’s and H[�]’s, we are looking for two
sets of weights (α for the S[k]’s and β for the T[�]’s)
such that the two compromise matrices are computed
as (cf., Eq. 34)

S[+] =
K∑
k

αkS[k] and T[+] =
L∑
�

β�T[�] with

αTα = βTβ = 1. (132)

In a manner analogous to standard STATIS, the
solution of this problem requires the computation of
a K by L inner product matrix. But, by contrast,
with standard STATIS, this matrix (being K by L), is
obviously not, in general a square symmetric matrix
anymore, as its generic term gives the inner product
between an S[k] matrix and a T[�] matrix (instead of
between two S[k] matrices). Specifically, the value of
the element ck,� from the K by L inner product matrix

C is computed as (compare with Eq. (8)):

ck,� = 〈
S[k], T[�]

〉
(133)

= trace
{
X[k]X

T
[k] × H[�]HT

[�]

}
= trace

{
S[k] × H[�]

}
= vec

{
S[k]

}T × vec
{
H[�]

}
=

I∑
i

I∑
j

si,j,kti,j,�.

The singular value decomposition (as opposed to
the eigenvalue decomposition, for standard STATIS)
of C provides a set of right singular vectors
(corresponding to the X[k]’s), a set of left singular
vectors (corresponding to the H[�]’s) and a set of
singular values as:

C = U�VT with UTU = VTV = I. (134)

The first left singular vector (denoted u1) and the
first left singular vector (denoted v1) provide—after
re-scaling such that their respective sum is one—the
value of the two sets of optimal weights as (compare
with Eq. (15)):

α = u1 × (uT
11)−1 and β = v1 × (vT

11)−1. (135)

Each of the compromises in double-STATIS can
then be analyzed as in standard-STATIS. A detailed
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example is provided in Ref 127. The relationships
between the different extensions of STATIS for two
sets of tables such as STATICO, COSTATIS, and
double-STATIS remain to be explored.

The double-STATIS approach has also been,
recently, extended to multiple sets of data mat-
rices.60,61 This extension, called STATIS-4, uses a
iterative process to compute a compromise for each
of the set of tables and a global compromise (i.e., the
compromise of the compromises).

RELATED METHODS
STATIS is part of the multitable family and also
of the Procrustes family. A thorough evaluation
of the complex relationships between all these
techniques is beyond the scope of this article, but
some directions for comparisons could be of interest.
STATIS is also closely related to generalized canonical
correlation analysis GCCA. We will look first at the
relationship between STATIS and GCCA and then
at the relationships between STATIS and the other
techniques.

STATIS and Generalized Canonical
Correlation Analysis
An important anisotropic technique is general-
ized canonical correlation analysis (GCCA). In
GCCA,128–130 the goal is to maximize the inner-
product of the factor scores of the compromise under
a constraint that makes it equivalent to maximizing
the correlations between the compromise factor scores
and the partial factor scores. Specifically, in GCCA,
we seek a matrix of J weights by L dimensions (with
L being the number of dimensions for the solution)
Wgcca such that

Fgcca = XWgcca with trace
{
FT

gccaFgcca

}
= max .

(136)

under the constraints that

WT
gcca

˜	Wgcca = I, (137)

where ˜	 is a J by J block diagonal matrix with each
J[k] by J[k] diagonal block equal to 1

I XT
[k]X[k] (note

that, here, as in CANOSTATIS, the inverse can be
replaced by a pseudoinverse129,130).

The set of Wgcca weights is obtained from the
following GSVD of X:

X = Pgcca�gccaQT
gcca with

PT
gccaMPgcca = QT

gcca
˜	

−1
Qgcca = I. (138)

The factors scores Fgcca are obtained as

Fgcca = Pgcca�gcca = X˜	
−1

Qgcca

= XWgcca with Wgcca = ˜	
−1

Qgcca. (139)

So, in brief, GCCA and ANISOSTATIS are
both anisotropic techniques, but the criteria they
maximize are quite different: maximum correlation
for gcca and maximum squared inner product (or
inner product, depending upon the version) for
ANISOSTATIS. Further work is needed to further
develop the comparison between GCCA, STATIS, and
their variants.

STATIS and GPA
The relationship of STATIS and general Procrustes
analysis (GPA) is examined in Refs 12,131. An
obvious advantage of STATIS over GPA is to be an
eigendecomposition technique and therefore STATIS
does not require multiple iterations to reach a
consensus and is also guaranteed to converge. A main
point of difference between the two techniques is the
space they try to fit: STATIS considers the whole
space (i.e., the whole cross product matrices) in which
the K tables are, whereas GPA considers the specific
dimensions (i.e., the factor scores) and, is general,
restricted to a subset of these dimensions.

STATIS and Multiblock Analyses
STATIS is also part of the multitable or multiblock
family of PCA extensions.2–15 The well-known
members of this family—such as multiple factor
analysis, SUM-PCA, consensus PCA, and multiblock
correspondence analysis—reduce to the PCA of a
matrix X in which each X[k] has been normalized
in a specific way for each technique (see section on
table normalization). STATIS differs essentially by the
choice of the optimum weights which is an additional
step after table normalization has been performed
(see, e.g., Ref 132 for a comparison between STATIS
and multiple factor analysis). In this sense, STATIS
encompasses all these methods as particular cases
(i.e., when all the weights in STATIS are equal
and when the adequate table normalization has been
performed).

STATIS (and in particular DISTATIS) can be
seen also as a constrained simplified version of
INDSCAL (see Ref 13 for a comparison between
STATIS and INDSCAL, and Ref 133 for a geometrical
interpretation of INDSCAL and multitable analyses)
because STATIS uses isotropic weights on the tables,
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whereas INDSCAL uses anisotropic weights on the
dimensions (in addition STATIS, being an eigen-
vector base technique is guaranteed to converge,
whereas indscal is an iterative technique whose
convergence is not always certain). DISTATIS,
compared to INDSCAL, is obviously also an
isotropic technique tailored for Euclidean distance
matrices whereas INDSCAL can handle non Euclidean
similarity matrices. ANISOSTATIS and INDSCAL
are both anisotropic but ANISOSTATIS weights the
variables of the tables whereas indscal weights the
dimensions of the solutions.

COMPUTER PACKAGES

Several statistical packages implement STATIS and
some of their variants. A very comprehensive package
(oriented for ecologists) is the R-package ade4.56,134

STATIS-4 has been programmed in S (and is likely
to run with R) and is available from Ref 60. Also
all the techniques described in this article (with the
exception of STATIS-4) have been programmed in
MATLAB and are available from the senior author’s
home page at www.utdallas.edu/∼herve. In addition,
R-programs—implementing the techniques described
in this article—written by Derek Beaton are available
from this address. A simple DISTATIS program
written by Guillaume Blancher is also available at
this address.

CONCLUSION

STATIS is a simple, elegant, and robust technique that
can be used to integrate multiple data tables collected
on the same set of observations. In addition of being
of very practical importance, STATIS is also a domain
of recent vigourous theoretical developments; and its
simplicity (both theoretical and computational) makes
it an ideal tool for the very large data sets of modern
science.

APPENDIX
THE INNER-PRODUCT BETWEEN
POSITIVE SEMI-DEFINITE MATRICES
IS POSITIVE OR NULL

Here we show that the inner-product between positive
semidefinite matrices is always larger or equal to
zero. Recall that a matrix S is positive semidefinite
if there is a matrix X such that S can be written
as the product XXT. Let S and T be two positive

semidefinite matrices. The inner product between
these two matrices is equal to〈

S, T
〉 = trace

{
ST
}
. (140)

Because T is positive semidefinite, the left part of
Eq. (140) can be rewritten as

trace
{
T

1
2 ST

1
2

}
. (141)

Because S is positive semidefinite it can be expressed
as S = (S

1
2 )(S

1
2 )T, therefore, the matrix T

1
2 ST

1
2 =(

T
1
2 S

1
2

) (
T

1
2 S

1
2

)T
is also positive semidefinite, and

therefore all its eigenvalues are positive or null. Thus,
its trace being equal to the sum of its eigenvalues
is also positive or null and this completes the
proof.

STATIS. CRITERION 1

Preliminaries
First we note that the quadratic expression αTCα can
be rewritten as:

αTCα =
K∑
k

K∑
m

αkαmck,m. (142)

This can be obtained by developing αTCα to express
it as a sum.

Some properties of the trace operator will be
useful (see, for more details, e.g., Refs 135,136):

• Property P1: trace {α × S} = α × trace {S} for
any scalar α.

• Property P2: trace
{
S+T

}=trace {S}+trace
{
T
}

• Property P3: Combining Properties 2 and 3, we
have:

trace

{∑
k

αkS[k]

}
=
∑

t

αktrace
{
S[k]

}
.

• Property P4: trace
{
ST
} = trace

{
TS
} = trace{

TTST
}
.

Maximum Variance of Compromise
Here we show that Criterion 1 of STATIS maximizes:

V = ||S[+]||2 = 〈
S[+], S[+]

〉
with αTα = 1. (143)
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First we show that V = αTCα. This is shown by
developing Eq. (143) as

〈
S[+], S[+]

〉 = trace
{
S[+]S[+]

}
= trace

{(
K∑
k

αkS[k]

)(
K∑
m

αmS[m]

)}

= trace

{
K∑
k

K∑
m

αkαmS[k]S[m]

}

=
K∑
k

K∑
m

αkαmtrace
{
S[k]S[m]

}
from P1

=
K∑
k

K∑
m

αkαm
〈
S[k], S[m]

〉

=
K∑
k

K∑
m

αkαmck,m

= αTCα (From Eq. 142). (144)

Second, we show that αTCα is maximum when
α is first eigenvector of C under the constraint that
αTα = 1 (see Ref 136, p. 161 or Ref 50, p. 455, for
more details).

To do so, we start by writing the Lagrangian

L = 1
2

{
αTCα − λ

(
αTα − 1

)}
. (145)

Differentiating L with respect to α gives

∂L
∂α

= Cα − λα. (146)

The expression L is maximum when its derivative
vanishes and this implies that

Cα = λα (147)

which shows that α is an eigenvector of C and so
αTCα = λ. Therefore the maximum of L is reached
when α is the first eigenvector of C. Note, also that,
because of the Perron–Frobenius theorem, the ele-
ments of α can always be chosen to be positive (see
e.g., Ref 68 p. 34ff ).

Alternative Version: Minimizing
Dissimilarity
Criterion V from Eq. (143) can be rewritten as a min-
imization problem for which we minimize the sum
of the square distances between the cross-product
matrices and the compromise. Specifically, we want to
minimize:

D =
K∑
k

‖S[k] − αkS[+]‖2 with αTα = 1. (148)

Developing and simplifying Eq. (148) gives

D =
K∑
k

‖S[k]‖2 − αTCα, (149)

which, obviously, reaches its minimum when αTCα

reaches its maximum.

STATIS. CRITERION 2

Here we show that STATIS maximizes the following
criterion21

S =
K∑
k

〈
S[k], S[+]

〉2 with αTα = 1. (150)

This is obtained by first developing and simpli-
fying Eq. (150) to obtain

K∑
k

〈
S[k], S[+]

〉2 =
K∑
k

K∑
m

αkαm

K∑
n

trace
{
S[k]S[n]

}
× trace

{
S[n]S[m]

}
=

K∑
k

K∑
m

αkαm

K∑
n

ck,n × cn,m. (151)

The term
K∑
n

ck,n × cn,m corresponds to the element at

row k and column m of C2, and therefore Eq. (151)
can be rewritten as (cf., Eq. (142)):

S = αTC2α. (152)

Because C2 has the same eigenvectors as C (and its
eigenvalues are the squared of the eigenvalues of C),
the approach use previously shows S reaches its max-
imum when α is the first eigenvector of C2 which is
also the first eigenvector of C.
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torielle multiple et la méthode STATIS. Revue Stat
Appl 1996, 44:81–95.

133. Husson F, Pagès J. INDSCAL model: geometrical inter-
pretation and methodology. Comp Stat Data Anal
2006, 50:358–378.

134. Dray S, Dufour AB, Chessel D. The ade4 package-
II: two-table and K-table methods. R News 2007, 7:
47–52.

135. Harville DA. Matrix Algebra from a Statistician’s Per-
spective. New York: Springer-Verlag; 2008.

136. Gentle JE. Matrix Algebra: Theory, Computation and
Applications in Statistics. New York: Springer-Verlag;
2007.

137. Mkhadri A, Celeux G, Nasroallah A. Regularization
in discriminant analysis: an overview. Comp Stat Data
Anal 1997, 23:403–423.

Volume 4, March/Apr i l 2012 © 2012 Wiley Per iodica ls, Inc. 167


