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ANNALS OF MATHEMATICS 
Vol. 47, No. 4, October, 1946 

A GENERALIZATION OF THE RELATIVISTIC THEORY OF 
GRAVITATION, II 

By A. EINSTEIN AND E. G. STRAUS 

(Received January 24, 1946) 

In a previous paper (Ann. of Math., Vol. 46, No. 4) one of us developed a 
generally relativistic theory, which is characterized as follows: 

(1) Group of real transformations of the four coordinates (xi, ,X4) 

(2) As only dependent variable to which everything is reduced we have 
the tensor gik, which is taken there to be complex and of Hermitian symmetry. 
W. Pauli noted, that the theory developed on this basis is such that the limita- 
tion to the case of the Hermitian tensor is not needed for the formalism. 

(3) It was added in proof that it seems natural to assume that the field satisfy 
the equations 

(1) ri = 2(rFa - rai) = 0. 

It was asserted but not proven, that there exist identities which allow us to 
adjoin these equations without introducing an impermissible overdetermination. 
This assertion was, however, based on an error. The introduction of equation 
(1) implies a different derivation of the field equations from the original one and 
a (slight) deviation of the latter from the field equations of the first paper. 

The mathematical formalism of the theory is preserved here except for an 
alteration relative to the rules for absolute differentiation of tensor densities. 
Otherwise knowledge of that formalism is assumed here. 

?1. The dependence of the infinitesimal parallel translation of the fundamental 
tensor. Absolute differentiation of densities. 

The connection between the gik and the rPk is characteristic for the theory. 
It is given by the equation: 

(2) (gik;a =)9ika - gskrta 9i8 gaPk = 0. 

This determination of the r from the g has the following property: 
If to the tensor gik corresponds the translation rFk according to (2), then to the 
tensor Pik = gki corresponds flk = rk. 

PROOF: If one forms the left side of (2) for the Pih and the I** one gets 

gik.a - gk P,8 -is tak; 

if we introduce here the g and r, according to the above definition, and exchange 
the last two terms we get 

gki,a - gisi F r8 ~k Nin fat ka -9ks rai 

This expression vanishes according to our assumption, since it becomes the left 
side of equation (2) if wte interchange the free indices i and k. 
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732 A. EINSTEIN AND E. G. STRAUS 

REMARK: The property just established has nothing to do with the assump- 
tion that gik and FLk are Hermitian with respect to the indices i and k. It is 
as possible and as natural to consider these quantities to be real but not sym- 
metric; the number of independent components of g and r is then the same as 
in the case of Hermitian symmetry. One thus obtains a theory which differs 
from the previously developed one by the signs of certain terms only. 

Absolute differentiation of tensor densities 

If we multiply the left-hand side of (2) by 2g"i we get (see -loc. cit) the vector 

(2.1) .1,(Vg),a - 2I(rI' + rFe); 
(2.1) 

multiplying by V/-g we get the vector density 

(V g),a - ,V-g(rFs. + r:a). (-\/-9 ,a 2 \/- (as 8 sa 

This we define as the absolute derivative (A/-g),a of the scalor density -V/Z. 
Correspondingly we define the absolute derivative of every scalor density p 

(3) P;a -P a - p (raS + ra)- 

From this the rules of differentiation for all tensor densities follow in a well 
known manner, e.g. 

ik ik skc i kaic _ iklr' (3.1) =s gik +~ Fsk a + gia gi 2 
(ra. + r8a). 

It can be easily shown that the equations 
goi ; k = 0; g-i ; 1 = 0; a+; = 0 

are equivalent here too. 
When (2) is satisfied, then the rule of differentiation for tensor densities cor- 

responds to the one defined previously. 
For a contravariant vector density WP we get 

+;a= a + F r -s a 2r(Fa + r:a) 

and for the divergence 
(3.2) 2a ;a = 1a a + a rarX 

also 

(3.3) !a = 2a a - 21 ra. 

Here we see how natural it is to specialize the field by equation (1). For 
on the right-hand sides of (3.2) and (3.3) each term has tensor character, but 
according to (1) there will be only one term. 

There are other formal reasons for postulating equations (1) which we should 
mention here. Like in the theory of symmetrical gik the once contracted cur- 
vature tensor plays an important part. The curvature tensor 

Riim F rIm - F1Fm - rm, + rFm rF 
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RELATIVISTIC THEORY OF GRAVITATION 733 

has a contraction with respect to the indices i and k which vanishes identically 
in the original theory of gravitation. 

Here we get 
D a _a 

Ra1m = rat- am, 

which in general does not vanish even if (2) is satisfied. Namely, if we trans- 
form the right-hand side using the equation following from (2.1) 

(2.2) (raI + rla),m - (ram + rma), I 0 

we get 

RaIm = (rF, m - rm,1) 

This will not vanish in general, but, it will vanish when the field satisfies equa- 
tion (1). 

If we contract RkIm according to the indices i and m, we get the tensor 

Rkl = Rkla -rla - rb a b r- a p + r a rpb 

This tensor is, in general, not Hermitian, i.e., it is not transformed into itself 
if we replace the r by the I and interchange the indices k and 1. (In the follow- 
ing we shall use the terminology Hermitian in this sense.) For the anti-Her- 
mitian part we get: 

2RkZ = -ra.d + raPk + 2rkP F4; 

considering (2.2) this becomes 

k14 = - (rk; I + rL;k), 

hence the anti-Hermitian part of Rkz vanishes when (1) and (2) are satisfied. 
It would be easy to give further arguments to show that equation (1) is 

suitable for the space structure used. However, the above should suffice. 
It is now our task to find compatible field equations (on the basis of a variational 
principle) so that equations (1) and (2) are part of the field equations. 

First we want to make another formal remark, which serves to prepare the 
derivation of the field equations. If in (3.1) we contract to form 0tt'+ ;aand 9+ ;, 
then by subtraction we get 

(3.4) 2 a- g;a) -ia- ,_ ra 

where gia is the symmetric, g i the anti-symmetric part of gAi. Hence, if (2) 
is satisfied we have identically 

(3.5) (-ra).i 0 

The equations (1) satisfy, therefore, a scalar identity as a result of (2). From 
equation (3.4) we see that equations (1) and (2) imply 

(3.6) =via 0. 
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734 A. EINSTEIN AND E. G. STRAUS 

?2. Hamiltona. Field equations 
We now choose the Hamiltonian 

gikPk + giri ?bigiV a. 

Pik is the Hermitianized curvature tensor 

Pik = rzka 
- 2(Ptak + rak,i) - rib Pbk + rk Pab. 

The variation is performed according to the variables g ri, Pk, 21, bi which play 
the role of independent field variables, where the latter two (purely imaginary) 
quantities play the role of Lagrange multipliers. (Neither (1) nor (2) are 
assumed satisfied a priori.) 

The variation according to the WI and bi yields the equations 

(4) ri = 0 

(5) gvia = 0. 

For the variation according to the r we use the method which has been 
established by Palatini for the case of symmetric g and r. It is easy to verify 
that 

3Pik = (sr .b) ;a - I, (ar) ;k - I(6Fa) ;i 

considering this the variation of the &~-integral according to r (for sr which 
vanish at the boundaries of integration). 

0 = -g+-;a + 2?+;;8sa + 2g+A;8aa 

(6) + 1gi8= r k - _ I r a 2 
1g ak _Y1O L +2215k - i21&. 

The second line of (6) vanishes because of (4). If we contract (6) first according 
to k and a, then according to i and a we get the two equations 

(6.1) {g+-;. + 2g+;8 + 4d 0 
Si + Ig+-;s-ma = 0. 

Adding these two equations we get 

(6.2) . + + = 0. 

Equation (3.4) which was based on the definition of absolute differentiation 
yields considering (4) and (5) 

(3.7) - i 0. 
Hence g+-;. and g'+-;8 vanish and therefore (6.1) implies that W2 vanishes. Equa- 
tion (6) reduces therefore to 

(6.3)1 9+-;a = 0. 
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RELATIVISTIC THEORY OF GRAVITATION 735 

Equation (5) is implied by equations (4) and (6.3) according to (3.4). 
The variation of the &S-integral according to the gik yields 

(7) Pik - (bik - bk,i) = 0 

or separating according to symmetry 

(7-1) Pik = 0 

(7.2) Pik - 2(bik - bki) = 0 
V 

or, after elimination of the auxiliary variables b 

(7.3) Pik,1 + Pk1,i + Pli,k = 0. 
V V V 

Compiling the results of the variation, we get the field equations (which deviate 
slightly from (15b) of the first paper) 

(8.1) 9+-;a = 0 

(8.2) ri = 0 

(8.3) Pik = 0 

(8.4) Pie, + Pkl,i + Pli,k = 0 
V V V 

The derivation of these equations from a variational principle (with real ) 

guarantees their compatibility sufficiently. 
If we compare the system of equations with that of the previous paper, we 

realize that equation (8.2) is introduced at the cost of weakening the equations 
which are derived from the curvature. Of the equations (8.4) only three are 
independent, while in the original formulation of the theory it corresponded 
to six equations; in addition the order of differentiation of the last equation 
has been raised by one. The introduction of the last term in the Hamiltonian, 
which caused this raise of the degree of differentiation, is necessary in order 
that (8.1) will hold, which is obviously the only reasonable determination of 
the r from the g. 

Considering equations (8) the question arises, whether (8.3) and (8.4) could not be 
replaced by the stronger equation. 

(9) Pik = 0. 

The question of the justification of such an equation caused us considerable trouble. 
This equation would obviously be justified if the equations (9), (8.1) and (8.2) would satisfy 
3 independent additional identities. The assumption of the existence of such identities is 
strengthened by the fact that for infinitely weak fields such additional identities do indeed 
exist. 

Namely, if we put (neglecting the special character of time) 

gik = 5ik + -Yik 
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736 A. EINSEEIN AND E. G. STRAUS 

and neglect the square of y as compared to 1, then we may replace equations (8.1), (8.2) 
and (9) by the linearized ones 

ysk ,a -ra -rak=o? 
k.- rag) = 0 

r6.,. - -k - rxki = O. 

From the first equation we solve for r 
rid = i(-Ytb 

? 
7iaik + 7Yak,i) 

the second equation then gives 

(MM5 )Yia.a = 0 
V 

and the third, considering this 

(GiL- ) - 7ki.aG + Yia.ala + Yakc.ai - 'Yaa.ik = 0- 

The latter antisymmetrized can be replaced considering G, = 0 by 

(Uik =) 'Yik.aa = 
V V 

We now have the identity 

Uikk- - Gik - 0. 
V 

If to this identity of the equations for the infinitely weak fields, there would correspond 
an identity of the rigorous equations, then the introduction of the stronger equation (9) 
would be justified. A complicated systematic investigation has shown that no such rigor- 
ous identity exists. 

One may ask, if not despite the absence of these identities, the introduction of equation 
(9) may be considered. This, too, has to be answered in the negative on the basis of a 
consideration which is applicable also in other cases. 

Let us assume that we have a system of equations G = 0 for which there exists a rigorous 
identity, which is linear and homogeneous in the equations. Written symbolically 

L(G) _ 0 

where L is an operator which is linear and homogeneous in the G. Now L and G can be 
developed according to the powers of the field quantities and their derivatives. 

(Lo + LI + -..)(G, + G2+ -) = ? 

whereby the identity divides according to powers of the field quantities. The first two are 

Lo(G1) 0 

Lo(G2) + Ll(G) --0. 

We now assume that we have a parameter solution for G of the field quantities g 

G(eor+e2g2+ 0 

or 

(G, + G2 + *-(.Eg, + E2g2 + ) 0 

or 
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RELATIVISTIC THEORY OF GRAVITATION 737 

This shall be identically satisfied in e. This yields the first two equations. 

GI(egi) = 0 or GI(gi) = 0 (linear in g) 

GI(e2g2) + G2(egl) = 0 or GI(g2) + G2(gl) = 0. 

We now apply our identity. Since we had Lo(G) _0 we get, applying Lo to the second 
equation 

(a) Lo(G2(gi)) = 0. 

This is an equation of the second degree in g. Since we saw above that 

(b) Lo(G2) + L1(G1) 0 0 

we know that this quadratic equation is a result of the linear equations 

GI(gl) = 0. 

If a linear identity exists for the first approximation to which there corresponds no 
rigorous identity, (as in the case of our equations) then we derive equations (a) as before 
but since the identity (b) will not hold in general this equation is no longer a result of the 
linearized field equations G, (g1) = 0. They are therefore additional equations for the first 
approximation. In the case of the field equations under our consideration they are so 
constructed that each of their terms is a product of a symmetric by an antisymmetric 
9 (Yik) (or derivatives of these quantities). 

If we interpret the symmetric 'Yik as an expression of the gravitation field and the 'Yil 
V 

as an expression of the electromagnetic field, then for the first approximation of the field 
we get a dependence of the electric of the gravitation field which cannot be brought in 
accord with our physical knowledge, therefore the considered strengthemnng of equations 
(8) is out of the question. 

The linearized equations which according to (8) hold for an antisymmetric 
(electromagnetic) field are 

7ik,k = 0 
V 

('Yikl + ykli + 7li~k) ,,8 = 0 
V V V 

If, in the second equation, the expression inside the parentheses would itself 
vanish, then we would have Maxwell's equations for empty space, whose solu- 
tions therefore satisfy our equations. The latter seem to be too weak. This, 
however, is not a (justified) objection to the theory since we do not know to 
which solutions of the linearized equations there correspond rigorous solutions 
which are regular in the entire space. It is clear from the start that in a con- 
sistent field theory which claims to be complete (in contrast e.g. to the pure 
theory of gravitation) only those solutions are to be considered which are regular 
in the entire space. Whether such (non-trivial) solutions exist is as yet unknown. 

?3. Conditions for the gik which follow from equat on (2) 

We now wish to investigate what conditions the gik have to satisfy in order 
that equations (2) determine the r uniquely and without singularities. 

In the following we write: gik = Sik; ik = ak . At each point we can trans- 
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738 A. EINSTEIN AND E. G. STRAUS 

form the coordinates so that Sik= Sibik (i not an index of summation). Equatioir 
(2) becomes: 

(2.3) ask sia + ai8rask + sArka + SiIak = gik,a (i, k not indices of summation). 

If we let i = a = k we get 

(2.4) 2siri- giii. 
Hence we must have 

(10) si $ 0 

or, in other words, at every point we have for the determinant I sik 

(10.1) |sih I | 0. 

This result is important since it implies the existence of a "light cone" whose 
signature is the same everywhere. The division of the line elements into 
spacelike and timelike elements is thereby secured. 

If the signature is now chosen as is customary in the theory of relativity, 
we can specialize the coordinates further so that 

/ r ik i = 1, 2, 3\ 
Sik = nikS > O and = Ii = 

b ik f or i = 4 

We can also perform a (local) Lorentz transformation so that at our point all 
aik except a12 = -a2 and a34 = -a43 vanish. We write a12 = ale12 ; an = a2634 . 

In the following, we shall use capital Roman indices for 1, 2, and Greek indices 
for 3, 4. 

Consider first the equations 

(2.5) al(eSK rIA + eIS rI K) + S(PA + FAK) = IKA 

Where all indices are 1, 2 and not all A, I, K are equal. We then get six equa- 
tions in six unknowns (ignoring F+A which we got from (2.2)) with the deter- 
mninant 

r= | r2 ri2 r22 ri r,2 r2l 

(AI , K)= (1, 1, 2) s 0 0 s a, 0 

(1, 2, 1) 0 s 0 s 0 - a1 

(1, 2, 2) - a, a, 0 0 8 8 = -4S2(S2 + al)2. 

(2,1,1) s s 0 0 -a, a, 

(2, 1, 2) a, 0 s 0 s 0 

(2, 2, 1) 0 -a, s 0 0 s 
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RELATIVISTIC THEORY OF GRAVITATION 739 

In an analogous manner the determinant of the equations 

(2.6) a2(e~K F6, + 
e., 

1r) + s(71, r 
a 

+ 
77.a 

rP?) = 

is 

4S2(_2 + a2)2. 

Hence: 

(11) (S2 + a S)(-S2 + 2) iZ 0 

or 

(11.1) 9 =giAk 0 . 

We now know that the gik exist (a fact which we had tacitly assumed before). 
We have in fact: 

(12) 9g = 2 + a2 (sarK +aieix); g' = er)+ ga (-8?7,, + a2e ,). 

Then, if in the three equations: 

g9krFl + gt8'rlk = gik. 

g8Irks + gkra = gkli 

g8Prlk + g1Prks = 9gi.k 

we multiply the first by gmglak the second by -gkagml and the third by glmgka 
and add, we get: 

(2.7) ( =g ml + gkaggjm r _ ml9akgik,1 + g9m9kagSik 
_ 

9imka gkzt- 

Let us first consider the case 

s = o;l = L;k = K;i = L;m = M;a = A 

using (12) the left-side of (2.7) becomes 

(2.8) (, +a2)2 [(8aAXOML + 
a2eA 

eML)711f + ala2(SAK eML + 
5MLeAK)esIreP 
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740 A. EINSTEIN AND E. G. STRAUS 

The determinant is 

r rl r,2 r12 r22 rl1 r12 r2l r22 

(i, A, M)= (3,1, 1) s2 0 0 a2 0 aja2 aja2 0 

2 2 (3, 1, 2) 0 s2 -a, 0 -aia2 0 0 aia2 

2 (3, 2, 1) 0 -ai 82 0 -aja2 0 0 aja2 

(3, 2, 2) a2 0 0 82 0 -aja2 -aja2 0 

(4,1,1) 0 -aja2 - aa2 0 0 0 -al 

_'2 2 (4, 1, 2) ala2 0 0 -aja2 0 -s al 0 

(4, 2, 1) aja2 0 0 -aja2 0 a - 2 0 

(4, 2, 2) 0 aja2 ala2 0 -a2 0 0 82 

2 2 2 8s al al a2 a, a2 

(2s)8 ai S -aja2 -aa2 (2s)8 

(82 + a2)16 a2a2 -aa2 -s a2 (s2 + a2)16 

2 
al a2 -aja2 al 82 

(2s)8 
(2+ a)12 [(s2 -a2)2 + 4a2 aI2J 

which gives us the condition 

(13) (s2 - a2)2 + 4a2a2 5 0 

or, in other words, we cannot at the same time have 

a, = s8 and a2 = 0- 

We see immediately that the equations for F'K and r' have the determinants 

(2s)8 )2 22 

(s2 + a2)4(-s2 + a2)8 [(R2 -al)2 + 4ala22 

and therefore yield no new inequalities. 
In an analogous manner the equations of rs, have the determinant 

(2s)8 2 2)2 2 2a2 
2 

i-)12 [ (8 + a)2 + 4al222 
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RELATIVISTIC THEORY OF GRAVITATION 741 

which gives us the condition 

(14) (s2 + a2)2 + 4a42a2 i 0 

or in other words we cannot at the same time have 

a2 = hjis and a, = 0. 

The equations for rFK and TL respectively have the determinants: 

(2s)822 222 

(S2 + 2)4(82+ a)8 [(2 + 2 + 4a44a]2 

which again yields no new condition. 
If we introduce the covariant expressions (scalar densities) 

1I = ISik I 
i2 = we eij ' slips akkn al 
13 = I aik I. 

Then we can sum up the conditions (10), (11), (13) and (14) as follows: 
The necessary and sufficient conditions for the existence of a unique non- 

singular solution of equations (2) are 

(A) h1 s 0 
(B) g= I1 + I2 + I3 #0 

(C) UIl I2) 2 + IS 0 O 

(A) and (B) imply in the physically meaningful case the inequalities 

I gik I < 0 and I Sik I < 0 

where the latter guarantees the existence of a non-degenerate "light cone" 
in every point. Equation (C) states that in no point can the two equations 
II = I2 and I3 = 0 be satisfied simultaneously. In order that this be excluded 
it is sufficient that e.g. everywhere in space the antisymmetric field be restricted 
by the inequality 

I III > 2 I1 

( i i stands here for the absolute values). 
THE INSTITUTE FOR ADVANCED STUDY 
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